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PEEFACE. 


Teachers  of  mathematics  have  for  some  time  felt  that  the 
Algebras  now  in  use  in  our  High  Schools  and  Collegiate  Insti- 
tutes are  not  adapted  to  the  wants  and  requirements  of  the 
present  day.  In  these  works  some  of  the  most  important  depart- 
ments of  Elementary  Algebra,  such  as  Factoring,  Symmetry, 
Theory  of  Divisors  and  Theory  of  Equations,  are  treated  so 
briefly  or  so  superficially  that  the  pupil  has  found  it  impossible 
to  obtain  a  satisfactory  knowledge  of  these  subjects  without 
drawing  heavily  on  the  resources  of  the  teacher. 

In  the  following  pages  an  effort  has  been  made  to  treat  with 
considerable  fullness  the  various  departments  either  deficient  or 
wholly  absent  in  the  ordinary  text-books.  While  no  branch  has 
been  slighted,  special  attention  has  been  devoted  to  the  Theory 
of  Positive  and  Negative  Numbers,  to  Factoring,  Surds,  Sym- 
metry, Theory  of  Divisors  and  Theory  of  Quadratics.  Convinced 
that  a  large  and  well-graded  selection  of  problems  is  a  desider- 
atum in  any  manual  intended  for  class  work,  we  have  selected 
and  constructed  with  great  care  such  as  we  hope  will  meet  the 
wants  of  both  teachers  and  pupils.  An  effort  has  been  made 
to  secure  accuracy,  but  it  is  quite  possible  that  errors  may  have 
crept  in  despite  our  vigilance.  We  shall  be  glad  to  have  such 
pointed  out  so  that  they  may  be  removed  from  subsequent  edi- 
tions. 

Some  difference  of  opinion  may  exist  as  to  the  propriety  of 
the  order  in  which  the  different  subjects  have  been  introduced. 


IV  PREFACE. 

The  treatment  of  Symmetrical  Expressions  and  the  Theory  of 
Divisors  has  been  delayed  until  the  pupil  has  acquired  consider- 
able familiarity  with  algebraic  symbols  and  their  manipulation. 
We  trust  that  this  arrangement  will  commend  itself  to  the  expe- 
rience of  the  mathematical  teachers  of  the  country.  Surds  and 
the  Theory  of  Indices  have  been  introduced  before  Quadratic 
Equations,  as  we  did  not  think  it  possible  to  deal  satisfactorily 
with  the  Theory  of  Quadratics  without  some  knowledge  of  Surds. 
An  effort  has  been  made  in  this  work  to  encourage  pupils  to  re- 
sort to  factoring  as  much  as  possible  in  solving  equations.  In 
pursuance  of  this  object  at  a  very  early  stage  equations  of  an 
easy  character,  capable  of  solution  by  resolution  into  factors, 
have  been  introduced. 

This  Algebra  is  intended  for  all  classes  of  pupils  whose  studies 
do  not  extend  beyond  the  limits  prescribed  for  Second  Class  Cer- 
tificates and  Pass  Junior  Matriculation.  Having  in  view  the 
fact  that  pupils  of  very  different  algebraic  attainments  study 
within  these  limits  we  have  so  graded  the  problems  that  the 
judicious  teacher  can  easily  select  such  as  are  adapted  to  a  junior 
pupil,  and  leave  those  more  difficult  until  he  becomes  well  ad- 
vanced in  his  work.  It  should,  however,  be  understood  that 
many  of  the  problems  in  Factoring  and  Symmetry  go  beyond  the 
requirements  for  Second  Class  work.  Should  this  venture  prove 
successful  it  is  the  intention  of  the  authors  to  follow  it  up  with 
Part  II.,  which  will  deal  with  the  subjects  required  for  Junior 
Matriculation  with  Honors  and  for  First  Class  "  C  "  Cortiflcatos 

W.  J.  ROBERTSON, 
I.  J.  BIRCHARD. 
July,  1886. 
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ELEMENTS  OF  ALGEBRA. 


CHAPTEE    I. 


DEFINITIONS  AND  EXPLANATIONS  OP  SIGNS. 

1.  Algebra  is  the  science  which  teaches  the  use  of  Symbols 

to  denote  both  numbers  and  the  operations  to  which  numbers 
may  be  subjected. 

2.  The  symbols  employed  in  Algebra  to  denote  numbers  are 
Figures,  as  in  Arithmetic,  and  the  Letters  of  some  Alphabet. 

Thus  a,b,c, ;  x,  y,  z;  a,  /9,  y;  a',  b',  c, (read  a  dash,  b  dash, 

cdash);  a^,  bi,  c^, ....;  a^,  b.,,  c^,  —  (read  a  one,  b  one,  c  one, .... ; 
a  two,  b  two,  c  two, ....),  are  used  as  symbols  to  denote  numbers. 

3.  The  signs  >,  =,  <,  stand  for  the  words  "is  greater  than," 
"is  equal  to,"  "is  less  than,"  respectively.  The  signs  .*.  and 
*.•  stand  for  the  words  "therefore"  and  "because." 

4.  The  sign  + ,  plus,  written  between  two  symbols,  signifies 
that  the  numbers  which  these  symbols  denote  are  to  be  added. 

Thus  7  +  5  =  12,  read  7  pliis  5  is  equal  to  12;  a  +  b,  read 
a  plus  b,  signifies  that  the  numbers  denoted  by  a  and  b  are  to  be 
added.  But  unless  we  know  the  numbers  for  which  they  stand 
there  is  no  other  way  of  expressing  their  sum.  A  similar  remark 
applies  to  subtraction,  multiplication,  etc. 

5.  The  sign  - ,  minus,  written  between  two  symbols,  signifies 
that  the  number  denoted  by  the  second  is  to  be  subtracted  from 
the  number  denoted  by  the  first. 
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Thus  7-5  =  2,  read  7  minus  5  is  equal  to  2 ;  a-b,  read 
a  miirns  b,  signifies  that  the  number  denoted  by  b  is  to  be  sub- 
tracted from  the  number  denoted  by  a. 

The  sign  ~  is  sometimes  used  to  denote  the  difierence  between 
two  numbers  when  we  do  not  know  which  is  the  greater. 

6.  The  sign  x ,  called  the  sign  of  multiplication,  written  be- 
tween two  symbols,  signifies  that  the  numbers  which  they  denote 
are  to  be  multiplied  together;  thus  axb,  read  a  into  b,  signities 
that  the  number  denoted  by  a  is  to  be  multiplied  by  that  denoted 
by  6.  The  sign,  however,  is  usually  omitted  between  two  letters, 
or  between  a  figure  and  a  letter;  thus  ab,  36  mean  the  same  as 
rt  X  6,  3  X  6.  A  point  is  sometimes  used  instead  of  the  sign  x , 
especially  when  several  numbers  expressed  in  figures  are  to  be 
multiplied  together;  thus  3.4.5  means  the  same  as  3  x  4  x  5. 

The  numbers  multiplied  together  are  called  the  Factors  of  the 
product. 

7.  The  sign  -i-,  called  the  sign  of  division,  written  between 
two  symbols,  signifies  that  tlic  number  denoted  by  the  former  is 
to  be  divided  by  that  denoted  by  the  latter;  thus  a-^6,  read 
a  by  b,  signifies  that  the  number  denoted  by  a  is  to  be  divided  by 
that  denoted  by  b.  The  line  between  the  points  is  sometimes 
omitted,  thus  a :  6,  and  sometimes  the  points  are  omitted  and  the 

a 
symboU  written  in  their  places,  thus  — . 

8.  When  two  numbers  are  multiplied  together  ciich  is  called 
a  Ooefflcient  of  the  other.  When  one  factor  is  expressed  m 
figures  and  the  other  by  letters  the  former  is  considered  the 
coefficient.  Thu>  in  76,  ab;  7  and  a  are  the  co<!fiicients  of  b. 
A  coefficient  denoted  by  a  figure  is  called  a  nnmerinil  coefticient; 
by  a  letter,  a  literal  oooflicient.  When  no  nunxM-icul  cocHiciiMit 
iJi  written  1  i«  always  understood. 

NrrTK.-  -It  in  cimtiitniiry,  in  onlor  t«>  itvoiil  ciiiiiltrouH  phrikMcoloKy,  t<)  uh«i 
(he  word  "  iiiitnljor"  wIhui  wo  nimti  "iiyinlKtl  ilitiuiting  itiiiiilHir  ";  also  wq 
•ftjr  "  the  nuutb«r  a  "  wbou  we  meau  "  the  uumUr  JuiioUkI  by  a." 
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9.  A  Power  of  a  number  is  the  product  obtained  by  multi- 
plying it  by  itself  any  number  of  times. 

Thus  ax  ax  a,  or  aaa,  is  called  the  Third  Power  of  a.  The 
Second  and  Third  Powers  are  also  called  the  square  and  cube 
respectively. 

10.  An  Exponent,  or  Index,  is  a  small  figure  placed  above 
and  to  the  right  of  a  number  to  show  the  Power  to  which  the 
number  is  to  be  raised. 

Thus  a*  (read  a  to  the  fourth)  is  a  short  way  of  writing  aaaa. 
When  no  exponent  is  written  1  is  understood. 

11.  A  Root  of  a  number  is  one  of  two  or  more  equal  factors 
whose  product  equals  the  given  number. 

12.  The  Index  of  a  Root  is  a  figure  which  shows  how  many 
equal  factors  are  to  be  found.  The  roots  of  numbers  are  indi- 
cated thus  :  v/o,  V'a,  V^a,  etc.,  which  denote  the  second,  third, 
fourth  roots,  etc.,  of  a. 

The  second  and  third  roots  aie  usually  called  the  square  and 
cube  roots  respectively.  The  index  2  is  usually  omitted  from 
the  sign  for  the  square  root. 

The  sign  -v/  is  a  corruption  of  the  letter  r  in  radix,  and  is 
called  the  radical  sign. 

13.  One  or  more  numbers  represented  by  algebi-aic  symbols  is 
called  an  Expression. 

Thus  5a,  Sorb,  Gx  -  Ty,  etc.,  are  algebraic  expressions. 

14.  The  numbei's  connected  by  the  signs  +  and   -  are  called 

Terms. 

15.  Like  Terms  are  those  which  differ  only  in  their  numerical 
coefficients ;  thus  'dab  and  5ab,  4iX^y  and  7x'i/  are  like  terms,  but 
5ax  and  5ay,  3a-b  and  5a6^  are  unlike  terms. 

16.  An  expression  consisting  of  one  term  is  called  a  Mono- 
mial ;  an  expression  consisting  of  two  terms  is  called  a  Binomial ; 
an  expression  consisting  of  three  terms  is  called  a  Trinomial ; 
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an  expression  consisting  of  four  or  more  terms  is  called  a  Multi- 
nomial or  Polynomial.  The  woid  Polynomial,  however,  is  fre- 
quently used  to  denote  any  algebraic  expression  except  a  Mono- 
mial. 

17.  The  Dimensions  of  a  term  are  the  literal  factors  in  it ; 
the  Degree  is  the  number  of  such  factors. 

Thus  ia-b'c  is  a  term  of  2  +  3-1-1  =  6  dimensions,  or  of  the 
sixth  degree. 

18.  An  expression  is  HomogeneoilS  when  all  the  tei-ms  are 
of  the  same  number  of  dimensions. 

Thus  or  +  2ab  ■>-  b-  is  homogeneous  and  of  two  dimensions. 

19.  A  polynomial  is  said  to  be  arranged  according  to  the 
powers  of  a  letter  when  the  exponents  of  that  letter  in  the  various 
terms  are  in  order  of  magnitude. 

Thus  3a'  +  ia'x  -  baa?  -h  Gar'  is  arranged  in  descending  powere 
of  a,  but  in  ascending  powers  of  x. 

20.  The  signs  (),  {  },  [],  called  Brackets,  signify  that  the 
terms  enclosed  form  a  group,  which  is  to  bo  treated  as  a  single 
term. 

Titus  a  —  (p  +  c)  signifies  that  the  sum  of  b  and  c  is  to  be  taken 
from  a;  {o-(i+c)}'  signifies  that  the  former  result  is  to  be 
cubed;  [m  -  {a  -  (6  +  c)]^y  signifies  that  the  sum  of  b  and  c  is  to 
be  taken  from  a,  the  remainder  subtracted  from  m,  and  this  last 
remainder  iiiultipliod  by  y.  A  line,  called  a  Vinculum,  dmwn 
over  a  nuuilH;r  of  terms,  is  soiiintiino.H  used  instead  uf  a  bracket ; 
thus  a-b  -^  c  sigaifies  the  same  as  a  -  (6  -»■  e). 

KwampU$.—U  a  - 12,  6  -  4, 

Then  a6- 12x4-48;   ~-!^-8; 

0       4 

7a*-7x  12x12- 1008;  a'-<a-6)'- 144 -64-30, 
>^a«-^a*  +  6»-  v^l44-96+T6-  v^64»8. 
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EXERCISE   I. 

If  a=l,  6  =  2,  c  =  3,  (/=4,  e  =  5,  m  =  0,  find  the  value  of  the 
following  expressions : — 

1.  2a  +  3b-c.  2.  2c  +  3d+ie-7. 

3.  a^  +  ab  +  b^.  4.  be  +  cd  +  de. 

5.  c^  +  2cd  +  cP.  6.  fl6c  +  bed  +  cde. 

7.  3&2-4a2  +  7e2.  8.  26V  -  a='6  -  ?/ie\ 

9.  3(a  +  6)2  -  (m  +  e)2.  v  10.  ie'' -  {{d  -  cf  +  U-} . 

11.  (a  +  b){c  +  d).  12.  e(«  +  bed  -  e^  +  {e  -  {d  -  6)^}l 

Prove  the  following  equalities  : — 

13.  a  +  b  +  c  +  d=^de.        14.    Vc-  +  d^  =  e. 

15.    \^ d' +  d'' +  e"  =  ^cd.     16.    ^10  v/e^-  rf2^  2c  =  rt  +  e. 

17.  a^  +  b^  +  c^  +  d^  +  e^={a  +  b  +  C  +  d  +  ef. 

1 8.  §(c  +  d  +  ef  =  c^{d  +  e)  +  d*{e  +  c)  +  e'{c  +  c?). 

19.  a26V/^(i+i  +  i)=a3  +  63^c/«. 

20.  2a-6-  +  26V  +  2c V  -  a*  -  6*  -  c*  =  md.. 

„,    8a'  +  36'^     4c'  +  66^     c"  +  d''     ,^      ,, 

21.  -r-+      , ^— =6"*  =  ^/*. 

a-6-  c*  -  0  e 

22.  If  «  =  16,  6  =  10,  £c  =  5  and  y  =  1,  find  the  valuo  of 

(6  -  a;)(  \/ rt  +  6)  +  V {{a  -  b){x  +  y)]  ,     and  of 
(a-2/){V26^  +  a;-}  +  v'{(a  -  x-)(6  +  y)}. 

ALGEBRAIC    NOTATION. 

21.  The  following  examples  are  designed  to  furnish  additional 
pxercise  in  Algebraic  Notation.  It  is  very  important  that  the 
student  should  be  able  to  express  the  various  mathematical  rela- 
tions and  the  operations  to  which  numbers  may  be  subjected, 
either  in  words  or  in  algebraic  symbols,  and  to  accurately  trans- 
late the  one  form  of  expression  into  the  otlier. 
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Example  1. — Express  the  following  statement  in  algebraic 
symbols : — The  diflerence  of  the  squares  of  any  two  numbers  is 
equal  to  their  sum  multiplied  by  their  difference. 

Let  a  and  h  represent  the  numbers,  a  being  the  greater. 

Then  a-  and  }?  represent  their  squares ;  a-  -h"  represents  the 
difTerence  of  their  squares;  a  +  h  and  a-h  represent  their  sum 
and  their  difference.  .*.  a'  -  6'  =  (a  +  h){a  -  6)  is  the  expression 
required. 

Example  2. — A  pedestrian  having  agreed  to  walk  a  miles  in 
h  hours  travels  the  first  k  hours  at  the  rate  of  m  miles  an  hour. 
At  what  rate  must  lie  travel  the  remainder  of  the  timel 

In  k  hours  at  in  miles  an  hour  he  would  travel  k  times  vi  miles, 
».«.,  km  miles  ;  a  -  km  is  the  remaining  distance  in  miles ;  h-  k 
is  the  remaining  time  in  hours.      .'.    a  -  km  divided  by  h~  k, 

i^ts     — r—  is  the  number  of  miles  an  hour  required. 

h-k 

EXERCISE    II. 

Express  in  algebraic  symbols  the  following  : — 

1.  The  sum  of  any  two  numbers.       (Use  a  and  b). 

2.  The  sum  of  the  squares  of  any  two  numbers 

3.  The  square  of  the  sum  of  two  numbers. 

4.  Six  times  the  product  of  two  numbers. 

5.  The  sum  of  the  cubes  of  two  numbers  divided  by  the  sum 
of  the  numbers. 

6.  The  square  root  of  the  sum  of  the  squares  of  two  numbers. 

7.  The  square  of  the  sum  of  two  numbers  is  equal  to  the  sum 
of  their  iqaares  together  with  twice  their  product. 

8.  The  diflferenoo  of  the  culies  of  two  numbers,  divided  by  the 
difTerenoe  of  the  numtiert,  it  equal  to  the  sum  of  the  squares  of 
the  narobert,  together  with  thoir  product. 

9.  How  many  loiiLs  in  x  (iolliirHt     Huw  many  dollars  in  x 

onto. 
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1 0.  How  many  inches  in  x  feet  and  y  inches  1     In  ic  yards  and 

y  feet  ? 

11.  Find  the  cost  of  7  hats  at  x  dollars  each. 

12.  A  man  gives  x  dollars  in  payment  for  5  books  at  a  dollars 
each  and  7  books  at  b  dollars  each ;  how  much  change  should  he 
receive  'i 

13.  How  far  will  a  person  travel  in  x  hours  at  y  miles  an  hour  1 

14.  How  long  will  it  take  to  travel  a  miles  at  x  miles  per  hour  1 

15.  A  man  works  q  hours  a  day  for  n  days  and  p  hours  a  day 
for  m  days.  He  receives  x  cents  per  hour;  how  many  dollars  does 
he  receive  altogether  ? 

16.  Find*  the  sum  oi  x  +  x  +  x  +  ....  where  x  is  written  in  times. 

17.  A  flower  bed  is  x  feet  long  and  y  feet  wide;  how  many 
square  feet  in  the  bed  1 

18.  A  block  is  x  feet  long  y  feet  wide  and  z  feet  thick  ;  how 
many  cubic  feet  in  it  1  How  many  square  feet  on  all  the  faces  ? 
How  many  feet  in  the  sum  of  the  lengths  of  all  the  edges  1 

19.  A  book  has  x  pages  ;  each  leaf  is  y  inches  long  and  z  inches 
wide ;  how  many  square  yards  of  paper  in  the  book  ] 

20.  From  a  rod  x  inches  long  I  cut  off  y  inches,  and  divide  the 
remainder  into  m  equal  parts ;  how  many  inches  in  each  part  1 

21.  A  boy  is  x  years  old  and  his  brother  y  years;  find  the 
sum  of  their  ages  after  five  years. 

22.  What  number  subtracted  from  x  will  leave  10'! 

23.  What  number  subtracted  from  x  will  leave  y  ? 

24.  The  dividend  island  the  quotient  y/  what  is  the  divisor? 

25.  The  divisor  is  x,  the  quotient  y,  and  remainder  r;  what  is 
the  dividend  1 

26.  What  value  of  x  will  make  7x  equal  to  35  ?  —  equal  to  14  ? 
x  +  2  equal  to  20  ?  3a;  +  5  equal  to  26 1  ia^  greater  than  7  by  29  1 
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27.  The  number  x  is  to  be  increased  by  3,  twice  the  sum  is  to 
be  multiplied  hy  a+  b,  and  the  product,  diminished  by  d,  is  to  be 
divided  by  the  sum  of  m  and  n.  Express  these  operations  alge- 
braically. 

28.  A  grocer  mixed  a  pounds  of  tea  worth  x  cents  a  pound 
with  b  pounds  worth  y  cents  a  pound ;  what  was  the  mixture 
worth  a  pound  1 

29.  x  +  y  houses  have  each  a  +  b  rooms,  and  in  each  room  are 
p  +  q  persons  ;  how  many  persons  in  all '? 

30.  There  are  x  +  y  rows  of  trees,  x  +  y  trees  in  a  row,  on  each 
tree  x  +  y  bushels  of  apples  worth  x  +  y  cents  a  bushel ;  how 
many  dollars'  worth  of  apples  in  all  1 

31.  A  man  having  m  dollars  buys  x  pounds  sugar  at  a  cents  a 
pound  and  y  pounds  of  tea  at  b  cents  a  pound ;  how  many  pounds 
of  coffee,  at  c  cents  a  pound,  can  he  buy  with  the  remainder  of 
his  money "? 

32.  A  man  divided  x  dollars  among  m  boys  and  y  dollars 
among  n  girls.  Two  boys  and  three  girls  put  their  money  to- 
gether and  bought  p  pounds  of  candy ;  how  many  cents  a  pound 
was  the  candy  1 

33.  A  man  has  a  journey  of  x  miles ;  he  travels  a  hours  at 
b  miles  per  hour  and  c  hours  at  d  miles  per  hour ;  how  long  will 
it  take  to  finish  the  journey  at  y  miles  per  hour  1 

34.  A  train,  having  to  make  a  journey  of  x  miles  in  h  hours, 
ran  for  k  hours  at  the  rate  of  r  miles  an  hour  and  thou  made  a 
stop  of  m  minutes ;  how  fast  must  it  run  during  the  remainder 
of  its  journey  to  arrive  on  time  1 

35.  Two  cities  are  m  miles  distant  from  each  other ;  two 
travellers  start  at  the  same  time,  one-  from  each  city,  and  travel 
Upwards  each  other  at  the  rate  of  x  and  y  miles,  rt'sp(ictively,  per 
hour.  How  long  before  they  will  meet?  How  far  will  each 
travel  1 
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QUANTITY  AND  NUMBER. 

22.  A  Quantity  is  that  which  is  capable  of  being  divided  into 
parts. 

Thus  Distance,  Time,  Weight,  etc.,  are  Quantities. 

23.  A  Quantity  is  measured  and  its  magnitude  estimated  by 
selecting  some  known,  definite  Quantity  of  the  same  kind  as  a 
Standard  or  Unit,  and  then  finding  by  trial  how  many  times 
this  unit  must  be  repeated  to  make  up  the  given  Quantity. 

24.  Number  arises  from  considering  the  repetitions  of  the 
unit  necessajTy  to  make  up  a  given  Quantity. 

A  number  taken  in  connection  with  a  particular  unit  is  called 

Concrete ;  without  a  particular  unit,  Abstract.    Thus  the  mag- 
nitude of  a  Quantity  is  represented  by  a  Concrete  Number. 

25.  When  two  Quantities  are  so  related  to  each  other  that, 
being  taken  together,  they  cancel  or  destroy  each  other,  either 
in  whole  or  in  part,  one  of  them  is  called  a  Positive  Quantity, 

the  other  a  Negative  Quantity. 

26.  The  preceding  Arts,  may  be  illustrated  as  follows  : — 

f  «/         d'  d  V         a'         A  a  b  c  d  «  / 

1 ^J I  I  I  I  I  I  I  I  I  I  I 

-6        -6         -4         -3         -2         -1  0  +1        +2        +3        +4        +5       +6 

1.  Draw  any  straight  line  A/;  its  length  will  be  a  Quantity. 

2.  To  measure  that  Quantity  select  any  length  Aa  for  a  unit, 
and  mark  off  portions  each  equal  to  the  unit  Aa. 

3.  The  numbers  1,  2,  3,  4,  5,  6,  in  connection  with  unit  Aa, 
represent  the  distances  of  the  points  a,  b,  c,  d,  e,/,  from  A. 

4.  Similarly,  if  the  line  be  produced  to/',  4/"  may  be  measured 
in  the  same  way,  and  the  numbers  1,  2,  3,  4,  5,  6,  will  represent 
the  distances  of  the  points  a',  b',  c',  d',  e',/",  from  A. 

5.  If  a  point  move  from  A  through  any  number  of  units  of 
distance  to  the  right,  and  then  through  the  same  number  of  units 
to  the  left,  its  distance  from  A  will  be  zero,  the  two  motions 
having  cancelled  each  other  ;  therefore 
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6.  If  distance  to  the  right  be  called  a  positive  Quantity,  dis- 
tance to  the  left  is  a  negative  Quantity. 

7.  Positive  Quantities  are  represented  by  numbers  with  the 
sign  +  before  them,  negative  Quantities  by  numbers  with  the 
sign  -  before  them  ;  hence  the  signs  +  and  —  are  called  the 
positive  and  the  negative  sign. 

ALGEBRAIC   NUMBERS. 

27.  Numbers  taken  in  connection  with  the  signs  +  and  -  are 

called  Algebraic  Numbers— the  former.  Positive  Numbers ; 

the  latter,  Negative  Numbers.     Without  any  sign  they  are 
called  Absolute  or  Arithmetical  Numbers. 

28.  Two  algebraic  numbers,  the  one  preceded  by  the  sign  +, 
the  other  by  the  sign  -,  are  said  to  have  unlike  signS.  In 
practice  the  sign  +  is  usually  omitted,  and  the- sign  -  is  used  to 
signify  that  the  number  before  which  it  stands  represents  a  Quan- 
tity of  a  nature  opposite  to  some  other  Quantity  previously  con- 
udered,  and  which  was  represented  by  a  number  without  regard 
to  sign  ;  hence  absolute  numbers  are  tacitly  considered  to  be  posi- 
tive, and  when  no  sign  is  written  +  may  always  be  understood. 

29.  Two  Quantities,  one  positive  the  otlier  negative,  containing 
the  same  absf)luto  number  of  units,  have  the  same  magnitude,  or 
in  other  words,  a  negative  Quantity  is  as  lanje  as  the  correspond- 
ing positive  Quantity  :  the  signs  +  and  -  have  notiiing  to  do 
with  the  magnitude  of  a  Quantity. 

30.  One  number  is  said  to  be  algebraically  greater  than  an- 
other when  in  a  scale  of  numbers,  as  in  Art.  2G,  it  lies  in  a  2)08t- 
tive  direction  from  the  other. 

Thus  -  2  is  said  to  bo  algebraically  greater  than  -  6,  0  greater 
than  -  2,  etc. 

This  is  only  a  convenient  way  of  speaking,  and  so  long  as  the 
meaning  of  such  expressions  is  clearly  defined  no  confusion  can 
arise.  It  would,  of  coureo,  be  absurd  to  consider  either  a  number 
or  a  Quantity  as  really  less  than  nothing. 
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31.  The  following  examples  show  how  algebraic  numbers  are 
applied  to  represent  positive  and  negative  Quantities.  To  find 
the  numbers  which  represent  the  lines  bf,  ea,  a'f,  e'c,  in  magnitude 
and  direction. 

From  b  to  f  the  disjiance  is  4,  the  direction  positive. 
''      e  to  a     "         "  4,    "  "         negative. 

«     a'  to  /'    "         "  5,    "  "         negative. 

"      e  to  c     "         "  8,    "  "         positive. 

Hence  the  lines  are  represented  by  the  numbers   +4,   —  4,   —  5, 
+  8,  respectively. 

In  these  examples  the  signs  +  and  -  denote  direction;  in 
other  applications  their  signification  will  be  readily  perceived. 

Note. — The  word  "quantity"  is  frequently  used  instead  of  "alge- 
braical expression. "  When  used  according  to  definition,  Art.  22,  it  will 
be  written  with  a  capital,  otherwise  without. 

EXERCISE   III. 

1.  If  a  line  8  inches  long  be  the  unit,  what  number  will  repre- 
sent 22  yards  1  a  quarter  of  a  mile  1 

2.  The  number  25  represents  half  a  ton,  what  is  the  unit] 

3.  A  certain  distance  is  represented  by  36  when  the  unit  is 
2  feet  6  inches ;  what  number  will  represent  the  same  distajice 
if  the  unit  be  changed  to  10  inches'?  to  40  inches'? 

4.  Tke  sum  of  the  lengths  of  the  edges  of  a  cube  is  represented 
by  36,  and  the  unit  of  length  is  7  inches :  find  the  numbers 
which  represent  the  area  of  a  face  and  the  volume  respectively. 

5.  If  5  miles  to  the  east  of  any  place  be  represented  by  +  5, 
what  will  -  5  represent  1 

6.  If  a  tree  100  feet  high  be  represented  by  -f-20,  what  -svill 
correctly  represent  the  depth  of  a  well  40  feet  deep  1 

7.  If  cash  in  hand  be  represented  by  positive  numbers,  what 
will  negative  numbers  represent  1 

8.  If  we  denote  a  pound  weight  by  -f- 1,  what  will  denote  the 
force  of  a  balloon  lifting  100  pounds? 


CHAPTEE    II. 


ADDITION-SUBTRACTION-USB   OF   BRACKETS. 
ADDITION. 

32.  The  Sum  of  two  or  more  algebraic  numbers  is  the  single 
number  which  correctly , represents  the  Quantity  formed  by  com- 
bining the  Quantities  represented  by  the  several  numbers.  The 
process  of  finding  the  sum  is  called  Addition. 

33.  The  signs  +  and  - ,  when  used  to  designate  positive  and 
negative  numbers,  are  distinguished  from  the  same  signs  when 
used  to  indicate  the  operations  of  addition  and  subtraction  by 
enclosing  them  with  the  number  in  a  bracket. 

Thus  (  +  4) +  (-3)  indicates  the  addition  of  4  positive  and  3 
negative  units  ;  ( +  4)  -  (  -  3)  indicates  the  subtraction  of  3  nega- 
tive from  4  positive  units. 

34.  Let  it  be  required  to  perform  the  following  additions : — 

1.  (.♦.5)  +  (  +  2).  2    (_5)  +  (_2). 

3.  (f5)  +  (-2).  4.  (_5)  +  (  +  2). 

Referring  to  the  scale  of  algebraic  numbers,  Art.  2Gf  we  see 
that's  positive  units  and  2  positive  units  make  7  positive  units, 
just  as  5  inches  and  2  inches  make  7  inches.  Similarly,  5  nega- 
tive units  and  2  negative  units  make  7  negative  units.  To  add 
5  positive  and  2  negative  units  we  start  from  A,  the  z;v.*o  point, 
move  6  units  to  the  rUjht,  and  then  2  units  to  the  left;  this  leaves 
us  at  e,  whose  position  is  denoted  by  +3..  Similarly,  moving 
5  units  to  the  left  and  two  units  to  the  rlffht  brings  us  to  c,  whoso 
position  is  denoted  by  -  3.  We  have  then  the  following  results  : — 
1.  (  +  6)  +  (  +  2)=+7.  2.  (-fi)-f-(-2).=  -7. 

3.  (  +  5)  +  (-2)=  -1-3.  4.  (-r))  +  (  +  2)--  -3. 
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35.  To  add  algebraic  numbers  we  have  from  Art.  34  the  fol- 
lowing 

Rule. — Take  tlie  sum  of  the  absolute  values  of  numhers  having 
like  signs  and  prefix  the  common  sign.  Take  tJie  difference  of  the 
absolute  values  of  numbers  having  unlike  signs  and  prefix  tJie  sign 
of  tlie  greater. 

36.  If  there  are  several  numbers  to  be  added  we  may  proceed 
in  the  same  way  until  all  are  combined  into  a  single  number.  It 
may  be  assumed,  however,  that  the  result  will  be  the  same  in 
whatever  oi'dcr  the  numbers  are  taken,  and  it  will  be  found  more 
convenient  to  add  the  positive  and  the  negative  numbers  sepa- 
rately and  then  to  combine  the  results. 

37.  If  we  divide  each  of  the  units  of  length  (Art.  26)  into 
m  parts  the  lines  there  denoted  by  2,  3,  4,  -  2,  -  3,  -  4,  etc., 
will  be  denoted  by  2m,  3/h,  4//i,  -  2m,  —  3;^,  -  4m,  etc. ;  and  by 
the  same  reasoning  as  before  we  shall  get  such  results  as 

1.  (  +  5m)  +  (  +  2m)  =  +  7m.         2.  (  -  5m)  -+  (  -  2m)  =  -  7m. 
3.  ( +  5m)  +  (  -  2m)  ^  +  3m.         4.  (  -  5m)  4-  ( +  2m)  =  -  3m. 

From  which  we  learn  that 

Like  terms  are  added  by  taking  the  algebraic  sum  of  their 
coefficients  and  annexing  the  common  literal  factors. 

The  addition  of  unlike  terms  can  only  be  indicated  by  con- 
necting the  terms  with  the  proper  signs. 

38.  In  practice  the  brackets  used  to  distinguish  the  different 
uses  of  the  positive  and  negative  signs  are  omitted,  and  the  ex- 
pressions ( -H  a)  -f-  ( -(-  6)  and  ( -H  a)  -f-  (  -  6)  are  written  a  +  b  and 
a  —  b.  The  latter  expression  has  already  been  defined  to  mean 
that  b  is  to  be  subtracted  from  a.  So  long  as  a  is  greater  than  b 
it  is  evident  from  Art.  34  that  the  two  interpretations  give  the 
same  result,  and  it  will  be  shown  hereafter  (Art.  44)  that  this  is 
always  true.  From  these  considerations  we  deduce  two  conclu- 
.sions  : — 

1.  An  algebraical  expi'ession,  being  the  sum  of  the  several 
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algebraical  numbers  composing  its  terms,  is  itself  an  algebraical 
number,  and  may  be  treated  as  such. 

2.  The  terms  of  an  algebraical  expression  may  be  arranged  in 
any  order.  This  enables  us  to  simplify  expressions  by  collecting 
the  like  terms, 

39.  The  addition  of  algebraical  expressions  is  indicated  by 
■writing  the  terms  in  succession,  each  preceded  by  its  proper  sign  ; 
and  the  addition  is  performed  by  collecting  like  terms,  and  thus 
reducing  the  expression  to  its  simplest  form. 

Ex. — Add  +3a,  +26,  -56,  +7a,  +6,   -4a. 

3a  +  26  -  56  +  7a  +  6  -  4a  =  3a  +  7a  -  4a  +  26  +  6  -  56  =  6a  -  26. 

EXERCISE   IV. 

Add  the  following  : — 

1.    +7,  +8. 
3.    +12,  -3. 

6.  -7,   -20,  +3. 

7.  +  5a6,   -  3a6,   -  7a6. 
9.    +4m'-,   —Zn\   —  lO/i",   +9>itv,   —lirv. 

10.  +2a,  +36,-26,  -5a,  +7c,  +rf. 

11.  4a;  +  (-3y)  +  (  +  2x)  +  (  +  3.y)  +  (-7«)  +  (-22). 

12.  5a;-7y-3y- 2a;  +  4a;-3y  +  2«. 

13.  +7a2  +  (-36^)  +  (-4a')  +  (-5a6)  +  (  +  460. 

14.  Express  in  algebraical  numbers  the  dates  44  B.C.  and 
1885  A.D.     What  dates  are  25  years  after  each  of  thein  ? 

15.  A  person  travels  20  miles  and  then  returns  15  miles.  Ex- 
press his  journeys  algebraically  and  add  thoin  :  add  thoni  arith- 
raeticJiUy.  What  is  taken  into  account  algebraically  wlii -li  !< 
neglected  arithmetically  f 

16.  A  merchant  has  SIOOO  ca.sh  and  goods'  worth  ^3000,  but 
he  owes  $2000  to  ouo  man  and  $2500  to  uuothor ;  iind  his  net 
capital. 


2. 

-7,  -8. 

4. 

-17,  +7. 

6. 

+  13,  -20,  -8. 

8. 

-9>m\   -3w-,  +20nil 
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40.  When  two  or  more  polynomials  are  to  be  added  it  is  con- 
venient to  arrange  the  terras  in  columns  so  that  like  terms  shall 
stand  in  the  same  column.  The  columns  are  usually  added  in 
succession,  beginning  at  the  left ;  but  they  may  be  taken  in  any 
order,  care  being  taken  to  prefix  the  proper  sign  to  the  sum  of 
«ach  column  as  it  is  written  down. 

Examples. 

1.      ix^  +  ^xy-2y'^  2.      2a-U  +  ic 

-  3«2  +  Txy  +  3ya  5a  -  76  +  2c 
ba?  -  Ixy  +2/*                         -  5a  -I-  36  -  6c  +  a; 

-  2a;'  -  ^xij  -  If  -  26 


^3?  -xy  2a  -  96  +  a; 

^(J(J  EXERCISE    V. 

1.  2a  +  36  +  c,  4a -6  + 2c,    -2a +  56  + 4c. 

2.  4a  +  56  -  6t',  46  +  5c  -  6a,   4c  +  5a  -  66. 

3.  7a -46 -3c,  26 -5c -4a,  6a- 116  + 4c. 

4.  2a6  -  36c  +  4ac,  56c  -  3a6,  4ac  -  76c. 

5.  3.r^  -  5a;^  -  2?/'^,   2a;y  +  ^tft  7ar  —  4a;^  -  5^'. 

6.  a  +  6-2c,  b  +  c-ld,  c  +  d-2a,  d  +  a-2b. 

7.  7{x  +  y),   i(x  +  y),    -5(x  +  y). 

8.  5(a'^  +  6)  +  2c,    3{ar  +  b)-7c  +  d,    2c -id,    3<i-6(a^  +  6), 

7(a'^  +  6)  +  3c. 

9.  3a{x~y),  ia(x-y),    -9a{x-y),  a(x-y). 

10.  {in-\-ii)-  +  x,   2{m  +  n)-  +  y,  z-5{m  +  ny. 

11.  4(2a-36)  +  2c,    5(2a  -  36)  -  3c^,    5c +  4^/,    2a  -  36, 

3(2a-36)-9c-cZ. 

12.  9{x^  +  y-)  ~  3xy,  x'-7xy  +  y\   I0xy-l0(x'  +  ?f). 

13.  7a-36  +  5c-10cZ,     26-3c  +  c/-4e,     5c  -  6a  -  4c  +  2(/, 

-36-8c  +  7a-e,     2le- IQc  +  a- 5d. 

14.  3a6'^  -  4a'^6  +  a^     -  4ac- +  5a6- -  c-\      -  76' +  2a-6  -  6ac''=, 

5a^-lla6'^-12ac-. 
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15.  a'+  3a-b  +  Sab-  +  b\      -  5ab'  +  Sorb  -  6^  +  Sa\ 

Sab""  -  6o?b  +  W  -  Sa^,      -  5¥  +  '2a?b  -  ia?  +  Zab\ 
la?  +  66'  -  Wb  +  bab\     4:a''b  +  Sab''  -  3P  +  ia\ 

16.  a''  +  5a*b  +  6a-Pc  -  lab,     6a^  -  a^b  -  6a-b~G  +  lOab, 

-  2a«  +  4a*6  +  1 2a-b''c  -lOab,  Sa^  _  1 6a^6  -  1 1  a-b'c  +  1 3a6, 
-I0a^  +  8a*b  +  a-b-c  -  Gab. 

17.  2(x  +  i/  +  z),  S{x  +  y-z),  b{x  +  z-y),  l{z  +  y-x). 

18.  S{x-2y  +  Sz),  %-22;  +  3iB),  5(2  -  2a;  +  3?/). 

19.  If  a;  =  a  +  26  +  3c,  2/  =  6  +  2c  +  3a,  «  =  c+2a  +  36,  find  the 
value  of  x-¥y  +  z. 

20.  If  a;  =  a  +  6  -  2c,  y  =  6  +  o  -  2a,  z  =  c  +  a  -  2b,  find  the 
value  oi  x  +  y  +  z. 

ADDITION    WITH    LITERAL    COEFFICIENTS. 

41.  When  several  unlike  terms,  having  one  or  more  literal 
factors  in  common,  are  to  be  added,  it  is  frequently  convenient 
to  collect  them  into  a  single  term  by  the  aid  of  brackets,  as  in 
the  following  example. 

We  reduce  such  an  expression  as  6x  +  4a;  -  3a;  to  a  single  term 
by  adding  the  coefficients ;  thus  6a;  +  4a;  -  3x  -  (6  +  4  -  3)a;  =  Ix. 
Similarly,  ax  +  bx-  cx=  (a  +  b  -  c)x.  The  only  difference  between 
the  two  examples  is,  in  the  first  case  we  have  a  single  symbol,  7, 
to  represent  the  sum  of  the  coefficients  6,  4  and  -  3,  but  in  the 
second  we  have  no  such  symbol,  and  consequently  we  must  write 
the  coefficients  themselves. 

Ex.     Sax  +  iay  -  2hx  +  Zhy  =  (3a  -  26).r  +  (4a  +  36)y, 
or     =  (3a;  +  4?/)a  +  (3y  -  2x)b, 

according  as  we  collect  the  coefficients  of  x  and  y,  or  of  a  and  h. 

To  find  the  algebraic  sum  of  the  coeffioinuts  of  any  given  jnttor 
it  is  convenient  to  arrange  the  terms  containing  that  letter  in 
columns,  aJs  in  the  last  exercise. 
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EXERCISE  VI. 
Collect  the  coefficients  of  x  and  y  in  the  following  examples  • — 

1.  ax  +  hy +  mx  +  nij. 

2.  2ax-Uy-1x+\Q7j. 

3.  mx  +  ny  -  ay  —  bx  +  X  —  y. 

4.  iay +  7by -3ay —I0dx  +  5cx. 

5.  ax  -1-  by  +  bx  +  ay  -  (a  +  b)x  +  (a  +  b)y. 

6.  (2a  —  ?)b)x  +  (m  -  n)y  +  36x  +  ?iy  +  aa;  -  my. 

7.  (m  —  3)y  +  (3  -  w),^  +  4_y  +  2na:  -  3aj  -  m?/. 

8.  mx  -^  ny  ■¥  [m  —  n)x  +  (/?i  —  n)y  —  Imx  —  my. 

9.  (a  -  6)x  +  (6  -  c)y  +  (6  -  c)a;  +  (c  -  a)^/  +  (c  -  rt)a;  +  (a  -  6)?/. 
10.  (a  +  6  -  c)x  +  (a -  6 - c)y  +  (6  +  c - a)x  +  (b  -c- a)y 

+  (c  +  a- l)x ■\-{c-a~  b)y  +  (a  +  6  +  c)y. 

SUBTRACTION. 

42.  When  the  sum  of  two  numbers  and  one  of  the  numbers 
are  given,  Subtraction  is  the  process  by  which  the  other  may 
be  found. 

The  given  number  is  called  the  Subtrahend,  the  sum  of  the 
numbers  is  called  the  Minuend,  and  the  number  to  be  found  is 
called  the  Difference.  The  DitFerence  is,  therefore,  the  number 
to  be  added  to  the  Subtraliend  to  make  it  equal  to  the  Minuend. 

43.  Let  it  be  required  to  perform  the  following  subtractions  : — 

1.  (  +  2)-(  +  5).  2.  (  +  2)-(-5). 

3.  (-2)-(  +  5).  4.  (-2)-(-5). 

To  find  what  number  must  be  added  to  the  subtrahend  to  make 
it  equal  to  the  minuend,  find  on  the  scale  of  numbers  (Art.  26)  the 
distance  and  direction  from  the  former  to  the  latter ;  the  distance 
will  be  denoted  by  a  number  of  units,  the  direction  by  a  sign. 
From  +  5  to  +2  the  distance  is  3,  the  direction  negative. 
"       -  5  to  +  2    "  "  7,    "  "         positive. 

"       +  5  to  -  2    "  «  7,    "  "         negative. 

«      -  5  to  -  2    "  «  3,    "  **         positive. 
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We  have,  therefore,  the  following  results  : — 

i.  (  +  2)-(  +  5)=---3.  2.  (  +  2)-(-5)= +7. 

3.  (-2)-(  +  5)= -7.  4.  (-2)-(-5)=+3. 

44.  With  the  preceding  results  compare  the  following  examples 
in  addition  : — 

1.  (  +  2)  +  (-5)=  -3.  2.  (  +  2)  +  (  +  5)=  +7. 

3.  (-2)  +  (-5)=-7.  4.  (-2)  +  (  +  5)=+3. 

These  examples  show — - 

1.  To  subtract  any  number  of  positive  units  is  the  same  as  to 
add  the  same  number  of  negative  units. 

2.  To  subtract  any  number  of  negative  units  is  the  same  as  to 
add  the  same  number  of  positive  units. 

These  statements  may  be  briefly  expressed  in  symbols  as 
follows : — 

1.  a-(  +  b)  =  a  +  (;-b)  =  a-b,         (Art.  38.) 

2.  a-{-b)  =  a+{  +  b)  =  a  +  b, 

which  show  that,  when  taken  in  connection  with  another  term, 
-{  +  b)=  -b    and     -{-b)=  +b. 

45.  When  the  sign  -  stands  between  two  numbers  it  indicates 
the  operation  of  subtraction ;  but  when  the  preceding  number  is 
removed  that  meaning  can  be  no  longer  retained.  The  meaning 
we  assign  it  in  such  cases  is  to  indicate  that  the  number  before 
which  it  stands  represents  a  Quantity  of  a  nature  opposite  to  that 
which  the  number  would  represent  without  the  negative  sign. 
Thus  if  distance  and  direction  be  denoted  by  ( -  b),  then  -  ( -  6) 
denotes  the  same  distance  in  the  direction  opposite  to  that  de- 
noted by  (-6),  i.e.,  in  the  direction  denoted  by  (  +  6).  This 
meaning  being  in  harmony  with  Art.  44  enables  us  to  us5  such 
combinations  of  symbols  either  separately  or  in  connection  with 
otlior  terms,  the  meaning  in  each  case  being  the  same,  viz.  :— 

-(t6)--6    and     -(-6)- +6. 


SUBTRACTION.  27 

46.  From  Art.  44  we  derive,  for  the  subtraction  of  algebraic 
numbers,  the  following 

Rule. — Change  the  sign  of  the  subtra/iend  and  add  it  to  the 
minuend. 

47.  By  reasoning  similar  to  Art.  37  we  learn  that 

Like  terms  are  subtracted  by  the  algebraic  subtraction  of 
their  coefficients  and  annexing  the  common  literal  factors. 

The  subtraction  of  unlike  terms  can  only  be  indicated  by 
connecting  the  terxns  with  the  proper  signs. 

EXERCISE   VII. 

1.  From  +25   take  +17.  2.  From  +17    take  +25. 

3.  From  -50   take  -20.  4.  From  -20   take  -50. 

5.  From  +16    take  -25.  G.  From  -35    take  +40. 

7.  From    13a   take      la.  8.   From      la   take    13a. 

9.  From  -  ^m  take      3/».  10.   From      8x   take      bx. 

11.  From     2>ah   take  lla6.  12.  From   ba^x   take  -  3a-x. 

13.  From  -6a?/ take  -  3ay.        14.  From     aby   take  4a6y. 
15.   Um-x- -  {- inn-3r).  16.   Zxij-lbxij. 

17.  9x-  -  1  \x-  +  3a;-  -  (  -  5x--). 

18.  8y2+12/-14y2-(-3/). 

19.  5r'-(-3.r^)-(  +  8x-3)  +  m-n. 

20.  5a- (-36) +  86- (-7a)- 12a- 116. 

21.  Rome  wa,s  founded  753  B.C.  and  overthrown  476  A.D. 
Express  these  dates  by  algebraical  numbers,  and  find  the  number 
of  years  between  them. 

22.  At  the  beginning  of  a  year  a  merchant  was  $1500  in  debt ; 
at  the  end  he  had  $2000  cash.  Find  by  algebraic  subtraction  his 
gain  during  the  year. 
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SUBTRACTION    OF    POLYNOMIALS. 

4-8.  One  polynomial  is  subtracted  from  another  by  subtracting 
each  term  in  succession,  *.e.,  by  changing  the  sign  of  each  term  of 
the  subtrahend  and  adding  it  to  the  minuend.  It  is  convenient 
to  place  like  terms  under  each  other  as  in  addition. 

Ex.  1. — From  Za?  -  1a?y  +  bxi^  -   y* 

take  23?  -  Sx^y  +  7xif  +  S?/* 

Result  a?  +    s(?y  —  Ixy^  —  4^* 

The  signs  should  only  be  changed  mentally.  For  a  time  the 
student  should  test  the  correctness  of  each  result  by  adding  it  to 
the  subtrahend:  the  sum  should  equal  the  minuend. 

Ex.  2. — From  (a  +  h)x  +  (6  +  c)y  +  (c  +  (x)z 
take  (6  +  c)x  +  (c  +  a)y  +  (a  +  h)z 
Result    (a  -  c)x  +  (6  —  a)y  +  (c  —  6)2 

To  perform  the  above  subtraction  we  subtract  the  coefficients 
of  X,  y  and  z  in  succession,  i.e.,  we  have  to  perform  the  following 
three  easy  subtractions  : — 

From  0  +  6  6  +  c  c  ■\-  a 

take  6  +  c  c  -^  a  a+6 

Results  a  —  c  h  —  a  c  —  b 

EXERCISE   Vin. 

1.  From  3a  -  26  +  6c  take  2a  +  6  +  7c. 

2.  From  6a  +  26  -  7c  take  7a  -  5c  +  36. 

3.  From  a  -  6  +  c  take  c  -  a  +  6  +  x. 

4.  From  4^*  -  bxhj  -  Txif  -  y*  take    -  x*  +  4xy'  -  y*. 

6.  From  x*  -  Sa^y  +  Sxy*  -  y*  take    -x^  +  3x*y  -  Zxy*  +  tf. 

6.  From  6ac»  -  7x'  +  3a;  -  1  take  3  +  4x  -  ex*  +  Gr". 

7.  From  2  -  3x  +  6x*  -  6x*  take  x*  -  4x'  +  7x  -  6. 

8.  From  a'  -  i'  -  c»  +  26c  take  6'  -  o"  -  a»  +  2ac. 
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9.  From  x^  +  X7/  -  a  take  y^  +  ixi/  -  h. 

10.  From  a* +  6*  take  4a''6  -  6a-6^  +  4a5',  and  from  the  result 

take  a*  -  ba^b  +  6a'6'  -  bab^  +  6*. 

11.  From  8a;2  -  9a;^  +  2^  -  3a;c  +  2y«  -  z^ 

take  Sa::'  -  if-  -  i?  +  Ixy  -  Zyz  +  4ar2. 

12.  .From  a^bc  -  ab'^c  +  ahc^  -  abc  take  abc  -  a^bc  -  ah\  -  cU>c\ 

13.  From  ax"-  -  by"'  take  ca^  -  dy^. 

14.  From  aa;'^  +  Ihxy  +  cy'  take  ^a;'  +  %nxy  +  ny'. 

15.  From  (a  -  b)x^  +  {b  -  c)xy  +  (c  -  a)y* 

take  (a  -  c)a?  +  (6  -  a)xy  +  (c  -  b)y* 

16.  From  4(a  -  6)  +  3(a;  +  y)  take  3(a  ~b)-  b{x  +  y). 

17.  From  3(a  +  6)  -  5(c  +  o?)  +  7(x  +  y)  +  w 

take  (a  +  6)  -  3(c  +  rf)  -  3(a;  +  y)  +  tk 

18.  From  (a  +  6  -  c)a;  +  (6  +  c  -  a)y  +  (c  +  a  -  6)« 

take  (a  -  6  -  c)a;  -  (a  -  6  +  c)y  -  (6  -  c  +  a)z. 

1 9.  What  must  be  subtracted  from  the  sum  of  4ar'  +  3x-y  -  y*", 
ix-y  -  3a:^,  7x-y  +  9y^  -  2x-y,  to  leave  the  remainder  ^s?  —  Zx'y  +  y*. 

BRACKETS. 

49.  The  addition  and  subtraction  of  polynomials  is  frequently 
indicated  by  enclosing  the  expression  to  be  added  to,  or  subtracted 
from  another  expression,  in  a  bracket,  preceded  by  the  sign  +  or  - . 

50.  To  add  a  polynomial  to  another  expression  we  add  each 
term  in  succession;  hence  a  bracket  preceded  by  tJie  sign  +  may 
be  removed. 

To  subtract  a  polynomial  from  another  expression  we  subtract 
each  term  in  succession,  i.e.,  we  change  the  sign  of  each  term  and 
proceed  as  in  addition;  hence  a  bracket  preceded  by  the  sign  - 
may  be  removed  if  we  at  the  same  time  cJiange  the  sign  of  every 
term  toithin  it. 

The  rules  for  introducing  brackets  follow  at  once  from  the 
rules  for  their  removal. 
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51.  If  two  or  more  pairs  of  brackets  be  used  in  the  same  ex- 
pression they  may  be  removed,  one  pair  at  a  time,  by  the  pre- 
ceding rules.  It  is  easiest  to  begin  with  the  inside  pair,  but  we 
may  begin  with  any  pair,  and  a  little  experience  will  enable  the 
student  to  remove  several  pairs  at  one  operation.  At  each  step 
of  the  operation  like  terms  should  be  combined,  to  save  labor  in 
writing. 

Ex.1,  a- {h  +  {c-d)]=a- [h  +  c- d} 

=  a-b-c  +  d. 

Ex.  2.     a  -\h  -  [a  -  {h  -  a)  -  b]  -  a\  =  a  -  h  -^  [a  -  {h  -  a)  -  h]  +  a 

=  2a-b  +  a-{b-a)-b 
=  Sa-2b-b  +  a 
=  4a-36. 

In  Ex.  2  the  outside  brackets  were  removed  each  time  and  like 
terms  combined. 

EXERCISE  IX. 

Remove  the  brackets  from  the  following  expressions  amd  com 
bine  like  terms  : — 

1.  {a-b)  +  (b-c)-(a-c). 

2.  {2a-b-c)-(a-2b  +  c)-{a  +  b-2c). 

3.  Sa-{b  +  {2a-b)-{a-b)}. 

4.  2a  +  {b-  3c)  -  {(3a  -  26)  +  c}  +  5a  -  (46  -  3c). 

5.  (3c  -  2d)  -  {2d  -Sc)+{-(c-d)-  (3c  +  2d)}. 

6.  x  +  [x-  a-  {2a  -  2x)  +  {a-  {a-  x)}]. 

7.  -  {{Sx  -  4y)  -  {2x  -  5>/)}  +  {4x  -  (2y  -  3x)  -  5</}. 

8.  a  -  [6  -  {a  -  (5  -  a  -  b)  -  a}  -  b]. 

9.  3a-[a  +  b-{a  +  b  +  c-{a  +  b-i-c  +  d)}]. 

10.  a  -  [26  +  {3c  -  3a  -  (a  +  6)}  +  2a  -  (6  +  3c)]. 

11.  aj  -  [3y  -  {2z  -x)-  {21/  -{x  +  2/)-z}  -{y-z)  +  x]. 

12.  ai  -  [y  -  (a;  -  y)  -  {«  -  (y  -  x)  -  2/}  -  {»  -  (y  -  »  -  y  -  «)}]• 
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13.  a -[5b-  {a-  (3c  -  3b)  +  2c  -  (a  -  2b  -  c)}]. 


U.  a-[b-  {a-{b-a-b-a)-{h-a)-b}  -{a-b)-a]-b. 

15.  {(3a-  2b)  +  (ic-a)}  -  {a-  {2b  -  3a)  -c}  +  {a-  {b-  5c -a)}. 

16.  Enclose  a-b  +  c-d-e  +/ in  alphabetical  order  in  brackets, 
two  letters  in  each :  three  letters  in  each. 

17.  Enclose  all  but  a  in  an  outer  bracket,  with  c,  d  and  e  en- ' 
closed  in  an  inner  bracket. 

18.  Enclose  b  and  c,  d  and  e,  in  brackets,  and  then  enclose 
these  groups  withy  in  another  bracket. 

19.  Enclose  e  and/  in  brackets,  then  this  group  with  d  m  a. 
.second  pair,  this  group  with  c  in  a  third,  and  this  last  group  with 
!>  in  a  fourth  pair. 

20.  Add  l-{l-(l-a:)},  l  +  {l-(l+a;)},  x-{x-{x-l)}, 
ia+  {x-(x+\)],  and  from  their  sum  subtract  a-b  +  c. 

1  1 

21.  If  a  =  1,  6  =  2,  c  =  — ,  c?=  — ,  find  the  value  of 

o  -  [3a -  56-  {7a  -  96 -  lie  -  (13a-  156-  i7c  -  19<^}']. 


CHAPTEE  III. 


MULTIPLICATION. 

52.  The  Product  of  two  algebraical  numbers  is  formed  by 
substituting  one  of  the  numbers  for  the  unit  in  the  other,  and 
reducing  the  resulting  expression  to  its  simplest  form. 

The  former  number  is  called  the  Multiplicand ;  the  latter 
the  Multiplier;  the  process  of  finding  the  product  is  called 
Multiplication. 

53.  Let  it  be  required  to  perform  the  folloAving  multiplications: 
Multiply 

1.    +7  by  +3.  2.    -7  by  +3. 

3.    +7  by  -3.  4.    -7  by  -3. 

Since  +3  =  1  +  1  +  1  and   -3=-l-l-l. 

Substituting  the  multiplicand  for  the  unit  in  the  multiplier  in 
the  several  cases  we  get 

1.  (  +  7)x(  +  3)  =  (  +  7)  +  (  +  7)  +  (  +  7)=+21.     (Art.  35.) 

2.  (-7)x(  +  3)  =  (-7)  +  (-7)  +  (-7)=  -2L     (Art.  35.) 

3.  (  +  7)x(-3)=-(  +  7)-(  +  7)-(  +  7) 

=  _7_7_7=_21.  (Art.  45.) 

4.  (-7)x(-3)--(-7)-(-7)-(-7) 

„7  +  7  +  7»21.  (Art.  45.) 

Snuilarly,  if  a  and  b  are  any  absolute  numbers, 

(  +  a)  X  ( +  6)  -  +  a6.  (  -  a)  x  ( +  i)  -  -  aft. 

(  +  a)  X  (  -  6)  -  -  a6.  (  -  a)  X  (  -  6)  -  +  a6. 
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54.  From  Art.  53  we  have  for  the  multiplication  of  algebraic 
numbers  tlie  following 

Rule. — Take  the  product  of  the  absolute  values  of  the  numbers 
and  prefix  the  si(/n  +  or  - ,  according  as  the  two  factors  have  like  or 
unlike  signs.  This  rule  is  often  abbreviated  thus  :  ^^Like  signs  give 
plus,  unlike  signs  give  minus"  and  is  called  ^^The  Rule  of  Signs." 

55.  The  following  points  should  be  carefully  noted  : — 

1.  The  product  of  any  number  of  positive  factors  is  positive. 

2.  The  product  of  any  even  number  of  negative  factors  is 
positive. 

3.  The  product  of  any  odd  number  of  negative  factors  is 

negative. 

4.  If  the  sign  of  one  factor  be  changed  the  sign  of  the  product 
is  changed. 

56.  The  absolute  value  of  the  product  of  any  number  of  nu- 
merical factors  does  not  depend  on  the  order  in  which  the  factors 
are  taken,  and  the  sign  depends  only  on  the  number  of  negative 
factors;  therefore  the  product  is  the  same  whatever  be  the 
arrangement  of  factors. 

57.  The  product  of  two  or  more  powers  of  any  number  is  that 
number  with  an  exponent  equal  to  the  sum  of  the  exponents  of 
the  factors.     For  example,  a^  x  a'  =  aax  aaa  =  aaaaa  =  a'. 

Similarly,  if  m  and  n  are  any  positive  integera,  af*xac^  =  af*+^, 
which  is  the  rule. 

58.  The  product  of  numbers  represented  by  different  letters 
can  only  be  indicated  by  writing  the  letters  side  by  side.  The 
product  of  the  same  powers  of  different  letters  may  be  represented 
by  a  single  exponent.     Thus 

a^6"  =  (ab)'-,  for  (aby  =  abxab  =  axaxbxb  =  a^xb^  =  a^b"^. 
Similarly,  a^Pc^  =  (aftc)',  and  so  on  for  any  number  of  factors. 

59.  The  product  of  any  monomial  factors  may  be  formed  by 
the  aid  of  the  preceding  Arts. 

Exs.  3ax  X  -  7a^bx=  -  21a'6a;'. 

- a'b X 36-c X  - 4ac^ x  -abc=  -1 2a*b*c*. 
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EXERCISE  X. 
1.   +3x+5.  2.*+3x-5.  3.    -7x+6. 

4.   -9X-11.  5.  {-Uy.  6.  (-1)2x15. 

7.  (-3)^x-5.         8.  {  +  3y  +  (-Sy.     9.  (  +  3)«  +  (-3)^ 
10.  (5-6)(-4  +  2)-2l  11.  (25-40)(40-25)-(-15)='. 

12.  (- 1)^(40- 16) -3(-l).    13.  (Q^'- IP) (9 -11)3. 
14.  7a-x-5al  15.    -5abxlQac. 

1 6.  Sa'x^  x-Uay.  1 7.    -  8m V  x  -  3mw> 

•  18.  2x'^//z  x  Sxyh  x  -  5x^z^  x  xr/z. 

19.  Sab  X  -  ibx  x  5x7/  x  -  ay  x  abxy. 

20.  Find  the  value  of  a^  +  b^  +  c^-  Sale  when 

1.  a  =  2  2,  a  =  4  3.  a=  -5 

6  =  3  6=-10  6=-5 

c=-5  c  =  6  c=10 

21.  (-l)X6  +  c)-[(-l)^(c  +  a)-(-l)>  +  6-(36-3c)}]. 

MULTIPLICATION    OF    POLYNOMIALS. 

60.  Let  a,  b,  c,  d,  represent  any  absolute  whole  numbers,  and 

1.  Let  it  be  required  to  multiply  a- 6  by  c. 

c((a  -b)  =  {a-b)  +  {a-b) with  (a  -  b)  written  c  times. 

'=a  +  a c  times,  -b-b- c  times 

=  ca-  cb. 

2.  Let  it  be  required  to  multiply  a-b  by  c-d. 
{c-d){a-b)=       (a-b)  +  (a-b)  + with  (a - 6)  written  c  times 

-  {{a  -b)  +  (a-b)  + with  (a - b)  written  d  times} 

mmca-cb-  {da  -  db) 
^ca-cb-da  +  db. 

61.  The  multiplication  of  algebraic  numbers  has  been  shown 
to  difTor  from  the  multiplication  of  absolute  numbers  only  in 
determining  Uie  sign  of  tho  i)roduct;  therefore,  by  taking  signs 
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into  consideration  in  accordance  with  the  rules  already  given, 
the  preceding  results  are  true  for  all  integral  values  of  a,  h,  c,  d. 

62.   From  Arts.  60  and  61  we  learn  that 

1.  To  multij)ly  a  polynomial  by  a  monomial  we  multiply  each 
term  in  succession,  and  connect  the  partial  products  by  the 
proper  signs. 

2.  To  multiply  a  polynomial  by  a  polynomial  we  multiply  each 
term  of  the  multiplicand  by  each  term  in  the  multiplier,  and  con 
nect  the  partial  products  by  the  proper  sign. 

Multiply  EXERCISE  XL 

1.  2a:'  -  3a;  +  4  by  3a;.  2.   Sx*  -  2x7f  by  3a;y. 

3.  a' -06  +  6'' by  -2a6'.  4.  2m'n  — Smn' by  —A.mnp. 

5.  la?x -  baby  +  \\¥y- Qay"^  by  -  5aby\ 

6.  Ba^-5y'^-7xy-4:x-3y  +  2hy  -8xy. 

Simplify 

7.  3a;(a;»-4x  +  3)  +  5a:(2a;--3a;  +  7). 

8.  4a(a  -b)-  5b{2a  -  3b)  +  3ab. 

9.  ix{2y-3{2x-y)}-2y{5x-2{2y-x)}. 

10.  20a;*-2a;[3ar»-4ar'-3a;{4x2-5x-2(3a:2-4a;+l)}]. 

11.  a{a  +  b-c)  +  b{b  +  c-a)  +  c{c  +  a-b). 

12.  a{b-c)  +  b{c-a)  +  c{a-b). 

13.  {a  +  b){c  +  d)-{a-b){c-d). 

14.  (a;  +  y){m -n)-(x-y){m  +  n). 

15.  {a-b){a  +  b-c)  +  {b-c){b  +  c-a)  +  {c-a){c  +  a-b). 

16.  3(a-6  +  c)-5(a-26  +  3c)  +  4(a-36  +  2c)-2(a-76-2c). 

17.  {ax  +  by)  +  {x+y)  +  {a-l)x-{b  +  l)y. 

18.  {a  +  b)x  +  {b-\-c)y-{{a-b)x-(b-c)y}.  ■ 

19.  {{a  +  b)x+(a  +  c)y}  +  {{b-c)x  +  {b-a)y}-{{a-c)x-{c-b)y}. 

20.  {a-b)x  +  {b-c)y  +  {c-a)z-{a{x-y)  +  b{y-z)  +  c{z-x)} 

~(ax+by+cz)  +  (a  +  b  +  c){x+y+z)-2(cx  +  ay  +  bz). 
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63.  In  the  multiplication  of  polynomials  like  terms  in  the 
several  partial  products  should  be  collected  so  as  to  give  the 
result  in  the  simplest  form.  The  following  examples  show  the 
best  methods  of  proceeding : — 

Ex.  1.  2a?-   0?+    Zx-\ 

3x2-   ^  +    2 


6a:« 

-3a;^  + 

9a;^  -  3x2 

-2x*  + 

a?  -  3x-2  + 

X 

+ 

4.T^  -  2a;2  + 

6aj 

-2 

6x^ 

-bx^+. 

14ar'-8ar'  + 

1x 

-2 

a?- 

- 

(a  +  h)x 

+  ah 

X  ■ 

- 

c 

a?- 

- 

{a-i  h)x 

^+  ahx 

-ex 

^  +  (ac  +  hc)x  - 1 

ahc 

Ex.  2. 


a?  -{a-{-h  +  c)x^  +  {ah  +  hc  +  ac)x  —  ahc 

64.  The  multiplicand  and  multiplier  should  be  arranged  in 
powers  of  the  leading  letter,  both  descending,  as  in  the  examples, 
or  both  ascending.  In  working  long  examples  it  is  frequently 
convenient  to  omit  the  letters  and  work  with  the  coefficients 
only.  The  student  should  work  the  following  example  in  full 
and  compare  with  the  work  given: — 

Multiply  af-33*  +  2x'^-5x+7  hya?-2z  +  3. 
l_3  +  0+   2-   5  +  7 
14-0-2+   3 
l_3  +  0+   2-   5  +  7 

_2+   6-   0-4+10-14 
+   3-    9  +  0+   6-15  +  21 


l_3_2  +  ll-14  +  3+16-29  +  21 

Result:  a^-3a;'-2a!»+ lla:»- 14a;*  +  3x»+ 16x»-29jj  +  21. 

A  cipher  is  introduced,  both  in  the  multiplicand  and  multiplier, 
In  place  of  a  regular  term  in  the  series  which  is  wanting,  to  keep 
the  other  terms  in  their  proper  coluums.     When  the  terms  are 
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written  in  full  this  is  unnecessary.     The  above  process  is  called 

"  multiplying  by  detached  coefficients." 

Multiply  EXERCISE  XII. 

1.  a^-3x  +  4by  a;+2.  2.  2x^-4:X  +  5hj  x-2. 

3.  ia^  +  3x-7hy2x-3.  4.  4a:*-3x-5by  -2x  +  S. 

5.  ic^  +  x+l  by  ic^-a  +  l.  6.  ii^  +  2x  +  2  hy  x^-2x  +  2, 

7.  a'  +  ab  +  b^  by  a-b.  8.  a'-aft  +  ft'  by  a  +  b. 

9.  a'-2a  +  3  by  a'  +  2a-3.     10.  2a2-  5a6  +  36^  by  2a'  +  5a6  +  36». 

11.  3a;3-7j;-  +  2x-5  by  2a;-3. 

12.  a;*-a;2  +  x+l  by  2x2-4x  +  7. 

13.  l-2x  +  3a:»+4a:»  by  l  +  2x-3a;'. 

14.  3-x^  +  5a^  +  a^  by  ar'-2x  +  l. 

15.  4x-Q  +  2ar>-x^  by   -Sx  +  x'-Q. 

16.  a;«  +  a:*-a*+l  by  a^-x-l. 

17.  a*  +  2ar'  +  3x«  +  2a:+l  by  a^- 2x'  +  3x*-2x  +  l. 

18.  ar'  +  4a:'  +  5x-24  by  ar'-4a;+ll. 

19.  ar'-4a;2+lla;-24  by  a^  +  ix  +  5. 

20.  a^  +  b'^  +  c'-ab-bc-ac  by  a  +  b  +  c. 

21.  a2  +  2a6  +  62_c2  y^y  c^ - a^  +  2a6 - 6'. 

22.  a^-xy  +  y'^  +  x  +  i/+l  by  cc  +  y-l. 

23.  x*  +  x''-4x-U  +  2a^  by  .x-'-2a;  +  3. 

24.  49a;«+ 56x^2/ +  64y2  by  Ix'-^y. 

25.  a^  +  4a::»// +  6xV  +  ^ajy*  +  y*  by  x*-^a?y  +  %3(?y*-iTi^  +  y^. 

26.  a:2  +  4v/2  +  2;2  +  2a:2/  +  2//»-iC2:  by  a;-2y  +  «.  * 

Find  the  continued  product  of 

27.  x  +  a,  x->rb  and  a;  +  c. 

28.  a; -a,  x-6  and  oj-c 

29.  aj  — 2,  a; -3  and  a; -4. 

30.  a; -3,  a;-l,  k+I  and  a; +  3. 
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31.  aP  +  ax  +  a\  x^  —  ax  +  a\  x  +  a  and  x-a. 

32.  x*-3i^y^  +  y\  a^-xi/  +  y^  and  x^  +  xy  +  y^. 

33.  9m*  +  3am  +  a^,  97n^-3am  +  a^,  3m  +  a  and  3m -a. 

65.  The   following    examples   are  of  great    importance   and 
should  be  carefully  remembered: — 


\.  a  +   b 

2. 

a  -   b 

3. 

a  +  b 

a  +   b 

a  -   b 

a  -   b 

a^+   ab 

a?-   ab 

a'+   ab 

+   ab  +  b* 

-   ab  +  b* 
a'-2ab  +  b^ 

-   ab-P 

a^  +  2ab  +  b^ 

a"          -6^ 

These  results  should  also  be  remembered  in  words  thus : — 

1.  The  square  of  the  sum  of  two  quantities  is  equal  to  the 
sum  of  their  squares  together  with  twice  their  product. 

2.  The  square  of  the  difference  between  two  quantities  is  less 
than  the  sum  of  their  squares  by  twice  their  product. 

3.  The  product  of  the  sum  and  the  difference  of  two  quantities 
is  equal  to  the  difference  of  their  squares. 

66.  A  truth  expressed  by  algebraic  symbols  is  called  a  formula 
Thus  (a  +  by  =  d?  +  2ab  +  6^  is  a  formula. 

67.  The  formulae  of  Art.  65  may  sometimes  be  used  to  obtain 
results  in  the  multiplication  of  numbers  thus : — 

51x51  =  (50  + 1)2  =  2500  +  2x50  + 1=2601. 
48  X  48  =  (50  -  2)'  =  2500  -  4  x  50  +  4  =  2304. 
67x73  =  (70- 3)  (70 +  3)  =4900-9  =  4891. 

EXERCISE   XIIL 
Perform  the  operations  indicated. 

1.  (x+y)'.                    2.  (x-y)».  3.  (x  +  y){x-7/). 

4.  {2x  +  yy.                  5.  {x-2y)\  6.  (x+2y){x-2y). 

7.  (2a;  +  3y)».                8.  (2a: -3^)'.  9.  (2x  +  :iy)(2x-\>/). 

10.  {z'  +  if)\                11.  {x'-yy.  12.  {x'  +  if){x'-yy 


MULTIPLICATION   OF   POLYNOMIALS. 


39 


13.  {a'  +  hcf. 
16.  (ax  +  bijy. 
19.  (l+a;^. 
22.  (5m'n  +  6mny. 


14.  {a?-bc)\ 
17.  {ax-by)\ 
20.  (3x--4)'. 
23.  (8/n3-5m/)l 


15.  {a?-^bc){a?-hc). 
18.  {ax  +  by) {ax -by). 
21.  (4a:^+l)(4ar>-l). 
24.  (9a:  +  7y)(7i/-9a:). 
26.  81  X  79. 
29.  257»-243». 


25.  {x-y){x  +  y){x'  +  f){x*  +  i/'). 
27.  97  X  97.  28.  88  x  92. 

30.9x11x101x10001.       (Use  Ex.  25.) 

31.  4(a-36)(a  +  36)-2(a-66)^-2(a2  +  66*). 

32.  x''{x''  +  fY  -  2xY-{x  +  y){x-y)-{a^-  f)\ 

33.  16(a^  +  62)(a2-62)-(2a-3)(2a  +  3X4a2  +  9) 

+  (26-3)(2&  +  3)(46'  +  9). 

34.  {a  -  2b){a  +  26)  +  (26  -  3c)(26  +  36-)  +  (3c  -  (/)(3c  +  d). 

35.  Show  that 

{{ac  +  bdf  +  (a^  -  bcf]  {{ac  +  6^)'  -  {ad  +  6c)'}  =  (a*  -  6*)(c<  -  d*). 

68.  To  form  the  square  of  a  trinomial. 


a  + 

6   + 

c 

a  + 

6   -   c 

a  + 

b  + 

c 

a  + 

6-0 

a^  + 

a6  + 

ac 

a2  + 

ab-   ac 

+ 

a6  + 

6'' 

+  bc 

+ 

ab+   P  -be 

+ 

ac 

+  bc  +  <? 

-   ac-bc  +  c* 

a^  +  2ab  +  2ac  +  b-  +  2bc  +  c- 
=  a-+P  +  c^  +  2ab  +  2ac  +  2bc. 


a;-+2ab-2ac  +  b^-2bc  +  c^ 
=  a2  +  62  +  c-  +  2a6-2ac-26c. 


Tliese  results  consist,  in  each  case,  of  two  sets  of  terms : — 

1.  The  sum  of  the  squares  of  each  term  of  the  trinomial. 

2.  Twice  the  product  of  each  pair  of  terms. 

The  sign  of  each  of  the  square  terms  is  positive.  The  sign 
of  any  product  is  positive  or  negative  according  as  the  signs  of 
the  terms  from  which  it  is  formed  are  alike  or  different.  It  is 
worthy  of  note  that  the  signs  of  the  products  in  the  square  of 
any  trinomial  are  either  all  positive,  or  two  are  negative  and 
one  positive. 
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69.  A  little  consideration  will  show  that  the  square  of  any 
polynomial  is  formed  in  the  same  way  as  that  of  a  trinomial. 
The  most  convenient  arrangement  of  terms  is  according  to  the 
following 

Rule, — To  the  sum  of  the  squares  of  each  term  add  twice  the 
product  of  each  term  into  each  of  the  terms  that  follow  it. 

EXERCISE  XIV. 

Perform  the  operations  indicated. 

1.  (x  +  y  +  zf.  2.  {x^y-zf.  3.  {x-y^-z)\ 

4.  {x-y—z)\  5.  {-x-y  +  z)\  6.  {-x  +  y  +  zf. 

7.  {a  +  h  +  2c)\         8.  (a -26  + 3c)'.  9.  {1a-b  +  2,c)\ 

10.  {l+x+x'f.        11.  {l-x  +  a?)\  12.  {x^  +  xy  +  yy 

13.  (2ar'-3x  +  4)».    14.  {x-a?  +  1)\  15.  {i-^x'  +  xf. 

16.  {a-b-¥c-d)\    17.  {a'  +  ah-ac-hcy.  18.  {x^-x'+x-iy. 

19.  {x  +  y  +  zf  +  {x->ry-zy-\'{x-y  +  zf  +  {-x  +  y  +  z)\ 

70.  To  form  the  product  of  two  expressions  which  differ  only 
in  the  sign  of  one  or  more  terms,  we  first  arrange  the  terms  of 
each  expression  in  two  groups,  placing  those  which  have  the 
same  sign  in  the  two  expressions  in  the  first  group  in  each  case, 
and  those  which  have  different  signs  in  the  second  group.  The 
terms  of  the  second  group  in  the  two  expressions,  having  different 
gigns  as  they  stand,  will  have  the  same  sign  after  being  enclosed 
in  brackets  with  a  positive  sign  befoi-e  one  group  and  a  negative 
sign  before  the  other.  "We  have  now  to  find  the  product  of  the 
sum  and  the  difference  of  two  quantities,  which,  by  Art.  65,  is 
the  difference  of  their  squares.  The  work  may  bo  arranged  as  in 
the  following  example: — 

Ex. — Multiply  a-b-\-c-d  by  a  +  h-c-d. 

(a-6  +  c-c0(a+6-c-t0=-{(«-'0-(6-c)}{(a-rf)  +  (6-c)} 
-  (o -(/)••'- (6 -c)> 
-a'-2ac/  +  (/'-(6»-26c  +  c') 
-a'-i'-c»  +  ti»-2ac/  +  26o. 
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EXERCISE   XV. 
Perform  the  operations  iiidicated. 
1.   {a  +  b  +  c){a  +  h-c).  2.  {a  +  h- c){a-h-¥c). 

3.  (2x-y-'6.-){2x-y  +  Zz).  4.  {x-2y¥2,z)(Zz-x^2y). 

5.   {u?-x+\){x^  +  x^\).  6.   ia?  +  ah  +  h"){a'^-ah  +  h-). 

7.   {?,a?-ah  +  2U')[Za?  +  ah  +  2b'').     8.  {x'  +  2ax  +  2a'){x' -^ax  +  'ld?). 
9.  {a^h  +  c-d){a  +  h-c  +  d).        10.  (a -6  +  c  +  (/)(-a  +  6  +  c  +  t£). 

11.  {f-1yz~z'){y'  +  2^jz-:^)-{f-yz-2z''){y'  +  yz-2:^). 

12.  (a-  +  62-c2  +  2a6)(c'^-a«-6='  +  2a6) 

-  {a?  -IP  +  c'^  2ac){b^  -0^-0"  +  2ac). 

13.  (a  +  b  +  c)(a  +  b-c){a-b  +  c)(-a  +  b  +  c). 

71.  To  form  the  product  of  two  binomials  which  differ  only  in 
their  second  terms,  the  coefficients  of  each  of  the  first  terms  being 
unity  and  positive. 

1.  CB  +2  2.  x-2 

X +3  X -3 


x''  +  2x 

x'-2x 

+  3a;  +  6 

-3a;  +  6 

aP  +  5x  +  Q 

a^-5x  +  Q 

3.  X  +2 

4. 

x-2 

X  -3 

X  +3 

a:2+2a; 

!c'-2x 

-3a;-6 

+  3x-Q 

jc*-  x-Q 

a^+  x-6 

In  these  examples  observe — 

1.  The  first  term  of  the  product  is  the  square  of  the  common 
term  of  the  binomials. 

2.  The  coefficient  of  the  second  term  is  the  algebraic  sum  of 
the  difierent  terms  of  the  binomials. 

4 


42  POWERS   OF  A  BINOMIAL. 

3.  The  third  term  is  the  product  of  the  different  terms  of  the 
binomials. 

The  substance  of  this  Art.  is  briefly  expressed  by  the  single 
formula — 

(x  +  a)(x  +  b)  =  x^  +{a  +  h)x  +  ah, 

which  also  includes  the  case  in  which  the  first  coefficient  is  any 
quantity  whatever. 

EXERCISE   XVL 
Perform  the  operations  indicated, 

1.  (a;  +  3)(a;  +  4).  2.  (a:  +  2)(a;  +  5).  3.  (a;+l)(.T  +  6). 

4.  (a;  +  9)(a:+12).         5.  (a:  +  6)(a;+15).  6.  (a;  +  9)(a;+ll). 

7.  {x-1){x-1).  8.  (x-3)(a;-10).  9.  (a:-5)(a;- 15). 

10.  (a;  +  3)(a:-2).         11.  (a;  +  8)(a;- 1).  12.  (a;  +  20)(«-5). 

13.  (a;-20)(a:  +  5).       14.  (x-30)(a;+10).         15.  (a;-21)(x+ 1). 
16.  {a?-\(i){x'  +  2).     17.  (af'+14)(a:»-4).         18.  (a;<  +  25)(a;*-5), 
19.  {x-^y){x-\-y).       20.  {x^-1yz){x'-1yz).    21.   {x^a){x-b). 
22.  {2x~1y){2x-\Qy).  23.  (5x-2)(5x-10). 

24.  (3a2-6)(3a2  +  c).  25.  {ax  +  h){ax  +  c). 

26.  Show  that  x(x  +  l){a:  +  2)(j:  +  3)  + 1  =  (a:*  +  3x  + 1)'. 

POWERS   OP  A   BINOMIAL. 

72.  From  Art.  65,   {a-\-hf  =  a?+2ab  +   6» 
Multiplying  by  a  + 6  a+   b 


we  get 


and  (a  +  hf  -  a*  +  \a^b  +  ^dV  +  4a6'  +  6* 


a'»  +  2a-6  + 

o6» 

hf 

a?b  + 

2rri'  + 

6» 

(a  + 

=  a='  +  3a'6  + 

ZaU'  + 

6» 

o  +  6 

a*  +  3a^A  + 

3a-6'  + 

rt6» 

a»6  + 

3rt»/>»  + 

3aft»  + 

5« 
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In  the  above  example  observe^ 

1.  The  first  term  in  each  result  is  a  raised  to  the  same  power 
as  the  binomial;  in  each  succeeding  term  its  exponent  is  reduced 
by  unity. 

2.  The  second  term  contains  the  first  power  of  b,  and  in  each 
succeeding  term  its  exponent  is  increased  by  unity. 

3.  Each  result  is  homogeneous,  and  of  the  number  of  dimen- 
sions indicated  by  the  exponent  of  the  binomial. 

73.  The  powers  oi  a  —  b  should  be  written  out  in  the  same  way 
as  those  oi  a  +  b  in  the  preceding  Art.  The  results  will  be  the 
same  except  that  the  terms  containing  odd  powers  of  b  will  have 
the  sign  —  prefixed.     (See  Art.  55,  3.) 

74.  It  is  sometimes  convenient  to  write  the  cube  of  a  bino- 
mial in  the  following  form,  which  may  easily  be  verified: — 

(a  +  by  =  a'  +  b'+'6ab(a  +  b)-, 
{a-bY  =  a?-b^-Zab{a-b). 

75.  The  coeflScients  of  the  terms  of  the  successive  powers  of  a 
binomial,  up  to  the  fifth,  should  be  committed  to  memory.  They 
may  be  arranged  thus : — 


1st  power, 
2nd      « 

1 

9 

1 

3rd      " 

3, 

3, 

1 

4th      " 

4, 

6, 

4, 

5th      " 

5, 

10, 

10, 

1 

5,     1 

This  list  may  be  continued  to  any  extent  by  carefully  studying 
Art  72. 

EXERCISE   XVIL 
Perform  the  operations  indicated. 

1.  {x+\)\                  2.  {x-\)\  3.  (x+l)*. 

4.  {x-iy.                  5.  (x  +  l)».  6.  {x-\)\ 

7.  (x  +  22/)».                 8.  {2x-y)\  9.  {2a-U)\ 

10.  (a -26)*.              11.  (2a +  6/.  12.  {x-y)\ 
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13.  {a  +  xf+{a-xf.  14.  (a +«)«-(« -a;)'. 

15.  {x  +  yf  +  {x-y)\  16.  {x  +  yY-{x-yy. 

17.  Find  the  value  of  a?  +  ¥-^(?-Zahc  in  terms  of  a  and  h 
(1)  if  c  =  (a  +  6);   (2)  ifc=-(a  +  6). 

18.  Find  the  value  of  a^  -\rW  +  c^  ■\-  ah  -irhc  -^^  ca  in  terms  of  x,  y 
and  zii  a  =  x-y,  b  =  y-z,  c  =  z-x. 

19.  Find  the  value  of  a' +  6' +  c' —  3a5c  in  terms  of  x,  y  and  z  if 

(1)  a  =  y  +  z,     b  =  z  +  x,     c  =  x  +  y; 

(2)  a  =  y-z,     h  =  z-x,     c  =  x—y. 

20.  Find  the  value  of  c^  +  h^  -k-  c^  -  ah  -he-  ca  in  terms  of  x,  y 
and  2  if  a  =  a; +2/,  b  =  y  +  z,  c  =  z+x. 


CHAPTEK    IV. 


DIVISION. 

76.  When  a  Product  and  one  of  its  factors  are  given,  Divi- 
Bion  is  the  process  by  which  the  other  factor  may  be  found. 

77.  With  regard  to  this  process  the  given  product  is  called 
the  Dividend,  the  given  factor  the  Divisor,  and  the  factor  to 
be  found  the  Quotient. 

Since  ( +  a)  x  (  +  6)  =  +  ai,    /.  —^  =  +  a,       (Art.  63) 
■    (  -  a)  X  (  +  6)  =  -  a6, 
(  +  a)x(-6)=  -  ub, 
(-a)x{-h)=  +ab,    ..     _  ^  ^, 

we  have  for  the  division  of  algebraic  numbers  the  following 

Rule. — Divide  as  in  absolute  nimibers  and  prefix  the  sign  + 
or  -,  according  as  the  divisor  and  the  dividend  have  like  or 
unlike  signs. 

78.  Since  the  dividend  contains  all  the  factors  of  both  divisor 
and  quotient,  we  have  for  the  division  of  monomials  the  following 

Rule. — Remove  from  the  dividend  all  tJie  factors  of  the  divisor, 
tlie  remaining  factors  will  be  the  quotient. 


+  ab 
+  b 

= 

+  a, 

-  ab 

= 

-a, 

-  ab 
-b 

= 

+  a, 

+  ab 

—  a. 
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79.  Should  the  divisor  contain  any  factor  not  found  in  the 
dividend,  the  division  can  be  indicated  but  cannot  really  be  per- 
formed. 

a 
Thus  the  quotient  of  a  by  6  is  ,— ;  liie  quotient  of  Sab  by  5bc  is 
3a  '  * 

80.  Since  all  factors  found  In  the  divisor  are  removed  from 
the  dividend  to  obtain  the  quotient,  it  is  evident  that  the  quo- 
tient will  not  be  changed  by  multiplying  or  dividing  both  divisor 
and  dividend  by  the  same  factor. 

81.  A  Power  of  a  number  is  divided  by  a  lower  power  of  the 
same  number  by  subtracting  the  index  of  the  latter  from  that  of 
the  former;  thus  x^-^x^  =  a^,  since  two  factors  removed  from  five 
factors  leave  three  factors,  etc 

82.  A  polynomial  is  divided  by  a  monomial  by  dividing  each 
of  its  terms  in  succession  and  connecting  the  partial  quotients 
by  the  proper  signs.  This  follows  at  once  from  multiplication 
(Art.  62). 

Examples: — 

1.    -12^4= -3.  2.    20-^-5= -4. 

3.    30abc^2ab  =  \0c.  4.    15a'b^ ^  Sa^'b  =  5ab\ 

5.    (6a'6  -  9a26'  +  1 2ai»)  -r  Zab  =  2a»  -  Sab  +  ib\ 

■pj^jg  EXERCISE  XVIII. 

1.  +20  by  +6.        2.    -20  by  +5.  3.    -750  by  -15. 

4.  +850bj-17.    5.  (-8)' by  (-2)'.      6.    -250  by  (-1)'. 

7.  a'i'  by  a»6'.         8.  8a*6V  by  iab\        9.  72a«6»  by  da'b\ 

10.  25(ia*xi/ hy  I6axy.  11.  OGa'o"  by  -iab 

12.  -i5a*i/'s?hy  -bxh/x?. 

13.  760a'»7nWby  -30a»mV. 

14.  -1728a"6>VJ«  by  -  864a''6Vd». 
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15.  {4:a^xi/xl5aa?f)  by  SOa'x*. 

16.  (-3axx  -5xyx  -12^2)  by  (5ayx  -3xz). 

17.  ar'-2a;2-7a;bya;.  IS.  y^- ay* +  h7/hj  -y*. 

19.  Sa" -  IGa^i -  24a6''  by  8a.    20.  25a''  -  30a^6 - iOa'i^  by  - 5a». 

21.  mpx*  -  m^p^x"^  +  mjjp  by  mp. 

22.  Ux*y  -  28ar'y  +  36xy  by  -  ^3?y. 

23.  -49a;''2/28  +  63xy»by  -1a?yz. 

24.  52a»63-65a*6^+78a»6»by  13a'6». 

25.  34a«6  +  51a<62-68a26*by  Ha^i. 
26.-1 44x^2/  + 1 32a;V  - 1 20x2^  by  - 1 2xy. 

27.   -46aWc  +  69a»6V-115a<6='cc/2by  -23  a«6'c 

83.  When  the  divisor  consists  of  more  than  one  term  we  pro- 
ceed according  to  the  following 

Rule. — Arrange  the  terms  of  both  divisor  and  dividend  accord- 
ing to  the  powers  of  some  common  letter,  both  in  descending  or 
both  in  ascending  order. 

Divide  the  first  term  of  the  dixndend  by  the  first  term  of  the 
divisor;  the  result  will  be  the  first  teirm  of  the  quotient. 

Multiply  each  term  of  the  divisor  by  the  first  teim  of  the  quotient 
and  subtract  the  product  from  the  dividend. 

If  there  be  a  remainder  co7isider  it  a  Tiew  dividend^  and  proceed 
as  before. 

If  a  remainder  occurs  of  lower  dimensions,  with  regard  to  the 
letter  of  reference,  than  the  divisor,  the  division  cannot  be  exactly 
performed.  Such  examples  will  be  considered  in  the  chapter  on 
Fractions. 

84.  The  reasons  for  the  preceding  rule  are  the  following: — 

1.  The  term  containing  the  highest  exponent  of  the  letter  of 
reference  in  the  dividend  must  be  the  product  of  the  terms  con- 
taining the  highest  exponents  of  that  letter  in  the  factors  of  the 
dividend,  i.e.,  the  divisor  and  the  quotient. 


48  DIVISION. 

2.  Since  the  dividend  is  the  sum  of  the  products  of  the  divisor 
by  each  term  of  the  quotient,  if  we  subtract  the  product  of  the 
divisor  by  one  term  of  the  quotient  the  remainder  must  be  the 
sum  of  the  products,  of  the  divisor  and  the  other  terms  of  the 
quotient. 

85.  The  following  examples  show  the  proper  arrangement  of 
the  work  in  the  division  of  polynomials  by  polynomials: — 

Divide 

1.  2a^  +  7a;^+5a;+100  by  aj  +  5. 

2.  a?  +  b^  by  a  +  b. 

3.  a?~¥  by  a^  +  ab  +  b\ 

4.  IQa'  +  ia'aP  +  x'  by  4a''-2ax  +  x*. 

1.   x  +  5J2a^+   7a;2+    5x  +  100f2a;2-3a;  +  20 
2x-3+10a;2 


-  3a;2+   5x 

-  3a;2-15a; 


20a; +100 
20a;+100 

2.    a  +  h)a'  +  b'  (a'^-ab  +  b''  3.    a'  +  ab  +  b'Jn'-b'  \a-b 

a^  +  a'b  a'  +  a'b  +  aP  ~ 

-a'b  +  b'^  -a-b-ab^-b^ 

-a'b-ab^  -a'b-ab^-b^ 


ab-'  +  b' 
db'  +  b* 

4.    4a'-2ax  +  xV16a*  +  4aV+   x^    [4a'  +  2ff.r  +  a^ 
1 6a*  -  %a?x  +  4«V 
Mx  +   a:* 
8rt»x  -4a'.x'  +  2aa:« 


4aV-2rta;'  +  a;* 
4aV-2aar'  +  a;* 


Horner's  method  of  division.  49 


HORNER'S   METHOD    OP   DIVISION. 

86.  Long  examples  in  division,  in  which  the  exponents  of  the 
terms  in  both  dividend  and  divisor  follow  each  other  in  regular 
order,  may  be  conveniently  worked  by  the  following 

Rule. — Arrange  both  divisor  and  dividend  in  descending 
powers  of  a  common  letter,  and  place  a  cipher  in  place  of  any 
term  of  the  regular  series  which  is  wanting.  Write  the  coeffi- 
cients of  the  dividend  in  a  horizontal  line,  and  those  of  the 
divisor  in  a  vertical  line  to  the  left  of  the  dividend,  changing  the 
sign  of  every  term  in  the  divisor  except  the  first. 

Divide  the  first  term  of  the  dividend  by  the  first  term  of  the 
divisor;  the  result  will  be  the  first  term  of  the  quotient. 

Multiply  all  the  terms  of  the  divisor,  except  the  first,  by  the 
first  term  of  the  quotient,  and  arrange  the  partial  products 
diagonally  under  the  second  and  following  terms  of  the  dividend. 

Add  the  terms  in  the  second  column;  divide  the  sum  by  the 
first  term  of  the  divisor;  the  result  will  be  the  second  term  of 
the  quotient. 

Multiply  as  before  and  arrange  the  partial  products  under  the 
third  and  following  terms  of  the  dividend.  Continue  the  process 
until  the  number  of  terms  in  the  quotient  is  greater  by  one  than 
tlie  difference  of  the  exponents  of  the  first  terms  of  the  dividend 
and  the  divisor. 

Add  up  the  remaining  columns;  their  suras  will  be  the  coeffi- 
cients of  the  remainder. 

Attach  the  proper  literal  factors  to  the  coefficients  of  the  quo- 
tient, the  exponent  of  the  first  term  being  the  difference  of  the 
exponents  of  the  first  terms  of  the  dividend  and  the  divisor,  and 
the  others  following  in  regular  order. 

The  literal  factors  of  the  terms  of  the  remainder  will  be  the 
same  as  those  of  the  terms  of  the  dividend  under  which  they 
stand. 
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6- 

-1- 

11  + 

16  +  1+8- 

19  +  20 

-3  + 

2  + 

0  +  1-5 

+ 

9- 

6+0-3+ 

16 

- 

12+8+0+ 

4- 

-20 

87.  The  following   examples   show  the   arrangement  of   the 
work : — 

Ex.  1. — Divide 

^x^-x^-l\a^-\-\^x*-\-a?+^a?-\^x  +  20  by  23?+x^-Zx  +  i. 

2 

-1 

+  3 

-4 

3-2+  0-    1+5 

Quotient,   3a;*-2ar'-a;+5.     Remainder,   0,  since  the  sum  of 
each  of  the  last  three  columns  is  zero. 

Ex.  ^.—Divide 

2a;'  +  aV  -  6a;y  - 1  l^y + 2a:»y  +  6a:y  + 1  Qxif  -  1 2/ 

by  a;'  +  2xV-37/». 

2  +  1-6-11+   2  +  6  +  16-12 
-4+6+  0+10-6 
+  0+  0+  0  +  0+  0 
+  6-  9  +  0-15+  9 


1 
-2 
+  0 
+  3 


2-3+0-  5+  3|     +1-3 
Quotient,  2a:*  -  Zs^y  -  bxif  +  3?/*.     Remainder,  ajy"  -  Zif. 

In  the  above  example  the  coefficient  of  the  first  term  being  - 1 
no  division  of  the  sums  of  the  columns  is  necessary. 

From  its  brevity  this  method  is  also  known  as  "Synthetic 
Division." 

EXERCISE  XIX. 


Divide 
1.  a:»+16a;  +  60by  a;+10. 
3.  a:*— a:  — 66  by  a:-8. 

6.  a;»+13z»  +  64a:  +  72  by  aj+6. 

7.  a' -6' by  a-h. 

9.  a»  +  6»bya»-a6  +  t». 


2.  x»-lla;  +  28by  a;-7. 
4.  a:*  +  a;-90by  x+10. 
6.  a:'  +  2z»+2x  +  l  by  a:+I. 
8.  a*-h*  hy  a~h. 
10.  o»  +  6»by  a  +  6. 
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11.  ar'-7a;-6  bya;-3.  12.  4a:»  +  5a;  +  21  by  2a;  +  3. 

13.  8x8  +  272/' by  43^-6xy+9y*.      14.  64a;»-l  by  l  +  4a:+16x». 

15.  a^-5a^+7x^  +  Qz+l  by  2:^  +  30;+ 1. 

1 6.  6a;*  -sc^y  +  2xV  + 1 3xif  +  iy*  by  2x»  +  4y'  -  Sxij. 

17.  a«-4a*6  +  4aW  +  4a26''-17a6*-12i'>  by  a'-3b^-2ab. 

18.  a«  +  1  Sa^x"  -Qa^x  +  4aV  - 1 2aV  by  a»  -  Sa'x  +  2ax\ 

19.  a* +  0,^6^+1*  hy  a^  +  ab  +  b\        20.  x-»  +  x*+l  by  a;*-a;2+l. 
21.  x^^  +  y^'^hy  x^'^-xY  +  y^".  22.  x^^-y^^hy  a?-tf. 

23.  a:»-2ar»+l  bya;»-2a;+l.  24.  a;«  +  2a--'+l  by  ic^.^.+  j^ 

25.  x^o-ar^y*  +  y^"  by  x^-a:^ ^y*.        26.  40?^  - ar"  +  4x  by  2  +  2x-  +  3a:. 

27.  2x*  +  2a:y  -  2a;y'  -  7a:'y  -  i/ hy  2oi?  +  y"^  -  xy. 

28.  1  -  51a'6'  -  b2a'b'  by  4aW  +  3a6  - 1. 

29.  a;^2/  ~  ^if  ^7  *^y  "^  ^^i/'  ~  23?y^  -  y*. 

30.  8y  -  a;"  +  2  Ir"^  -  24a:y  by  3xy  -x^-y*. 

.    31.  81xV  + 1 8xy  -  543X^2/' -18xy-18xy«-V  by  3a;«+a:y+y*. 

32.  2a^6  -  5a«6'  - 1  la'^i'  +  5a*6*  -  26a»6«  +  7a*6«  - 1 2ai>^ 

by  o*-4a»6  +  a''i'-3ai». 

33.  a:»-3aJ'-31x^+25x»  +  3«*-22x*  +  44ar»-2a:2_i5j.^lQ 

bya^-7x'  +  3x-2. 

34.  x"-x«2/'+a:"2/'-«'y  +  y"  by  ai^  -  a^y  +  a^f  -  xy^  +  y^. 

88.  When  several  terms  contain  the  same  power  of  the  letter 
of  reference  it  is  usually  best  to  collect  them  into  one  term  by 
the  use  of  brackets.     The  following  are  examples : — 

1.  Divide  a^-(a  +  b  +  c)a^  +  {ab  +  6c  +  ca)x  -  abc  hy  x-a. 

2.  Divide  a^  +  b^  +  c^-3abchy  a  +  b  +  c. 

1.    x-a^a:'-(a  +  6  +  c)x^  +  {ab  +  bc  +  ca)x -  abc  \x!*-(b  +  c)x  +  bc 

-  (6  +  c)a?  +  {ab  +  6c  +  ca)a> 

-  {b +  0)31?  + {ah        +ca)x 

bcx  —  abc 
bcx—abo 
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2.    a  +  b  +  c)a?  +  W   +<?   -?>ahc\a^-a{h  +  c)  +  W  -bc  +  <? 
a?  +  a?h  +  a?c 

-  a-{b  +  c)-  dabc  +  b^  +  c^ 
-a\b  +  c)-a{b''  +  2bc  +  c') 

a{¥-   bc  +  c'^)  +  b^-k-<^ 
alb''-  bc  +  (^)  +  b^  +  <? 

Beginners  usually  find  considerable  difficulty  in  examples  of 
this  kind,  especially  in  the  subtraction.  In  difficult  cases  the 
brackets  might  be  removed,  the  subtraction  performed,  and  the 
terms  again  arranged  in  order,  before  proceeding  with  the  divi- 
sion. 

1.  'j?-{a-\-b-\-c)x^  +  {ab  +  bc-¥ca)x  —  abc  by  x—h  and  by  x-c. 

2.  a?  +  {a  +  b  +  c)3?  +  {ab -\-bc  +  ca)x  +  abc  by  x^  +  (b  +  c)x  +  be. 

3.  x*-{a-\-b  +  c  +  d)3?  +  {ab  +  bc->rcd  +  ac-\-ad  +  bd)x'' 

—  (abc  +  bed  +  a^d + abd)x  +  abed 
by  each  of  the  divisors  a?  —  {a  +  c)x  +  ac  and  x^-(b  +  c)x  +  be. 

4.  X*  +  (5  +  a)x^  -  (4  -  5a  +  b)x^  -  (4a  +  5b)x  +  46  by  x-  +  5x-  4. 

5.  (1  +  m)x' - (m  +  n)x^y  +  {m  +  n)xif  -  {n  -  \)]f  hy  x'-xy  +  y\ 

6.  a='  +  6='-c=»  +  3a6c  by  a  +  6-c.       7.  a^-i^-c- +  26c  by  a- 6  + o. 

8.  8a'-6'  +  (r'  +  6a6c  by  2a-6  +  c. 

9.  x''  +  xy¥2xz-2if-vlyz-Zz^hyx-y-^^z. 

10.  2j?-^y''-\2:^  +  xy+\lyz-2xzhy  x  +  2y-Zz. 

11.  a'(6  +  c)  +  6''(c  +  a)  +  c'(a  +  6)  +  3a6cby  a  +  6  +  c. 

12.  a»(6  +  c)  +  6'(a-c)  +  c'(a-6)  +  a6cby  a  +  h^c. 

13.  a^  -  S?/'  +  272^  + 1  ^xyz  by  x«  +  4?/'  +  9^'  +  Ixy  +  ^yz  -  Zxz. 

14.  {x-^yY-'i(x  +  yfz  +  Z(x  +  y)z'-s?hy'x-{-y-z. 

1 5.  6(x-»  +  a')  +  ax{a?  -  a»)  +  a'(a  +  a)  by  (a  +  6)(x  +  a). 

16.  6(x*-a»)  +  oa;(x'-a')  +  a»(a:-a)  by  (a  +  6)(x-a). 

17.  (x»-l)a'-(ar'  +  x'-2)a'  +  (4a:»  +  3x  +  2)a-3(x+l) 

by  (x-l)a'-(x-  l)ft+.3. 
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89.  The  following  cases  of  division  are  of  frequent  occurrence 
and  should  be  carefully  remembered : — 
If  n  stands  for  any  positive  integer, 

x"-y^  is  divisible  hy  x-y  aiways; 

af^-y»  "         "         "  x  +  y  when  n  is  even; 

rg-n  +  yn  ((         «         "05  +  ?/  when  n  is  odd; 

x"  +  y'*  ««         «         ««  x—y  never. 

By  actual  division  we  obtain 

sr   ^    ?/  X     —   7/ 

—=x^  +  xy  +  y-:  —  =x^ +  x^y -{-xtP +  if) 

x-y  x-y 

—  =  a?  -xy  +  y"^',  —  =  x*  -  a^y  +  x-y  -  xi^  +  v*. 

X  +  y  .         sc  +  y 

In  these  examples  observe  that 

1.  The  first  term  of  the  quotient  is  obtained  by  dividing  the 
first  term  of  the  dividend  by  the  first  term  of  the  divisor. 

2.  The  exponents  of  the  first  letter  decrease,  and  those  of  the 
second  increase,  by  unity  in  each  succeeding  term. 

3.  When  the  connecting  sign  of  the  divisor  is  - ,  the  signs  of 
the  quotient  are  all  + ;  otherwise  they  are  +  and  -  alternately. 

EXERCISE  XXI. 
Write   down   the  quotients   by  inspection   in  the   following 
examples : — 

1.  x*-y*hjx  +  y.       2.  x^-y^  hy  x  —  y.         3.  x*-y^hyx-y. 
4:.  x' +  y'' hy  X  +  y.       5.  aj'+ 1  by  a;  +  l.         6.  cc'- 1  by  x  +  1. 
7.  1-x^y^hyl-xy.     8.  x^  +  y^zr' hy x  +  yz.     9.  a^  +  32byx  +  2. 
10.  27-ar'by  3-x.  11.  243  +  a;5  ^^  3  +  ^;, 

12.  8ar'-272/»by  2.c-3y.  13.  ari  +  S  by  x  +  2. 

U.  a:«-32  by  a;-2.  15.  16a;*- 1  by  2a; +  1. 

16.  a:*- 81  by  X- 3.  17.   216-a:' by  6-a;. 

18.  8ar»- 3432/3  by  2x-7y.  19.  27x3+ 1000?/''  by  3x  +  l0r/. 

20.  64x3-343y'  by  4x-7?/.         21.  125x='  +  512y3  by  5x  +  8y. 

22.  Divide  {x^  +  xy  +  yy  +  {x--xy  +  yy  by  2x^+2y'. 


CHAPTEE    Y. 


FACTORING. 

90.  In  multiplication  two  factors  are  given,  and  their  product 
is  required;  in  division  the  product  and  one  factor  are  given 
from  which  to  find  the  other  factor.  We  have  now  to  consider 
how  to  find  both  factors  from  the  product  alone. 

91.  The  only  rule  which  can  be  given  is  to  examine  carefully 
the  process  of  the  multiplication  of  various  kinds  of  factors,  to 
note  the  results,  and  then  learn  to  retrace  the  steps  from  the 
product  to  the  factors  which  produced  it. 

MONOMIAL     FACTORS. 

92.  The  factors  of  a  Monomial  are  evident  by  inspection.  If 
each  term  of  a  Polynopilal  contains  a  monomial  factor  it  may 
be  discovered  by  inspection,  and  then  the  other  factor  may  be 
obtained  by  division. 

Ex.1.     10ac  +  156c  =  5c(2a  +  36). 

Ex.  2.     3x»+15a:'-9a;  =  3x(a:»  +  5x-3). 

Ex.  3.     ia?b  +  6a'6»  +  2a6»  =  2aA(2a'  +  Zah  +  V). 

93.  This  principle  may  frequently  be  extended  to  groups  of 
terms,  thus: — 

Ex.  1.     ax  +  ay  +  bx-\-by^a{x  +  y)  +  b(x  +  y)''i(x  +  y){a  +  b). 
Ex.  2.     ac-bc- ad-¥bd-»c{a -b)-  d{a -b)  =  {a-  b){c - d). 

EXERCISE  XXII. 
Resolve  into  factors 

1.  3x»-15.  2.  10x»-15a^  +  20»/. 

3.  7p»-63p«.  4.  22w«-33mn-110n» 
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6.  aar'-abx'  +  ax.  6.  54a»6«+108a«6»-243a''6». 

7.  SQx^ t/z  + 7 Oxifz- 105x1/:^.       8.  (a  +  6)x  +  (a  +  %. 

9.  {a-b)x-{a-h)y.  10.  2ac  +  2ac?  +  36c  +  36(i 

11.  Sax  -  ay  -  3bx  +  bi/.  12.  ac  +  6c  +  a  +  6. 

13.  a^  +  aoj  +  6a;  +  a6.  14.  x^—ax-bx  +  ab. 

15.  x^-ax  +  bx-ab.  16.  x^  +  ax-bx-ab. 

17.  aa;  —  6a;  +  a6 -  a;*.  18.  bx-ax  +  ab-a?. 

19.  a^cx-abdx-abcy  +  Pdy.  20.  acx-acy  +  bdx-bdy. 

21.  adx  +  ady-bcx-bcy.  22.  air'  +  x'  +  x+l. 

23.  a;^  +  a;*-a;'-a;^  +  a:+l.  24.   2rtx*  -  36y  +  ct/ -  2rtJ/ +  36a;  -  ex. 

26.  6aV-2a^c-96'c  +  3«6c».  26.  abx^  +  acxy  -  abxy  -  acf. 

TRINOMIALS. 

COEFFICIENT    OF    FIRST    TEUM    UNITY    AND    POSITIVE. 

94.  From  Art.  71  we  learn  that  a  Trinomial  can  be  resolved 
into  the  product  of  two  Binomials — 

1.  If  the  expoiient  of  the  first  term  be  double  that  of  the 
second,  and 

2.  If  two  numbers  can  be  found  whose  algebraic  sum  is  the 
coefficient  of  the  second  term  and  whose  product  is  the  third 
term. 

Consider  the  following  examples : — 

1.    a:*  +  7a;+12.  2.    a;«-7a;  +  12. 

3.    x^+   a;- 12.  4.    a^-   x-12. 

We  have  to  find  two  numbers  in 
Ex.  1  whose  sum  is  +  7  and  product  +12,  viz.,  +  3  and  +  4 


«    2 

«            -7 

«    3 

«            +1 

«    4 

«            -1 

Therefore 

a:''  +  7a;  + 

12 

=  (a;  +  3)(a;  +  4); 

ar'+  X- 

12 

=  {x-3){x  +  i); 

+  12, 

(( 

-3 

(( 

-4 

-12, 

« 

-3 

(C 

+  4 

-12, 

C( 

+  3 

(( 

-4 

a;'-7a;+12  =  (a;-3)(a:-4); 
a;2-  a;-12  =  (a;  +  3)(j;-4). 
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EXERCISE   XXIII, 


Resolve  into  factors 


4.  x'+Ux  +  SO. 

10.  a:*-22a;2  +  72. 
13.  x'  +  2x-35. 
16.  a;2-4u;-77. 
19.  x«-13x3_68. 

22.  a;y  +  29£cy-390. 

24.  ary222_|5^y^_ioo. 

26.  4x-  +  4x-24. 

28.   2aa;«-10a'a,^-28a». 

30.  a;-5a;2-6a;3. 

32.   -aP-5x+Q. 

34.  0^  -  (a  +  6)x  +  ab. 


5.  ic2+ll.c  +  3a 
8.  a;2-22a;  +  40 

11.  x''  +  x-SO. 

14.  :i-2  +  3x-88. 

17.  ar^-7a;-18. 

20.  a;«-a^-12. 


3.  £c'+7a;  +  G. 
6.  a;--17x  +  30. 
9.  x--20x>/  +  5h/ 
12.  x^  +  x-i2. 
15.  a;2  +  9a;_io. 
18.  a;*-lla;2-12. 
21.  a;i°+19ar^'-20. 
23.  a;y+15.rV-100. 
25.  3*2 -3a; -21 6. 
27.  5x-*-10ar'/-4002/«. 
29.  lW  +  55a^-3300. 
31.  a'b  +  lSa'bx-lda'ba^. 
33.  29-28x-a2. 
35.  ab  —  ac  +  bc-b\ 


COMPLETE    SQUARES. 

95.  Since  {a  +  by  =  a^+2ab  +  b^  and  (a-by  =  a^-2nb  +  b\  we 
see  that  a  Trinomial  is  the  exact  square  of  a  Binomial  when 
two  of  its  terms  are  exact  squares,  and  the  other  term  equal  to 
plus  or  minus  twice  the  square  root  of  their  product. 

96.  When  the  terms  are  in  order  and  the  coefficient  of  the 
6r8t  term  is  unity,  the  coefficient  of  the  last  term  must  equal 
the  square  of  half  the  coefficient  of  the  middle  term.  This  is  a 
special  case  of  the  preceding  Art.  which  deserves  careful  atten- 
tion. 

Ex.  1.     4x-'  +  12.r//  +  9y»-(2a;  +  3y)'. 

Ex.S.      aj«-l2a;» +36  -(a;»-6)». 
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97.  A  careful  study  of  Art.  68  will  enable  the  student  to 
recognize  an  expression  which  is  the  exact  square  of  a  trinomial. 

Ex.     a?  +  W  +  9c2  -  4a6  +  6ac  - 1 2bc  =  (a  -  lb  +  2,c)\ 

The  terms  of  the  trinomial  are  found  by  taking  the  square  roots 
of  the  square  terms  of  the  expression.  To  determine  their  signs 
we  notice  that  the  product  6ac  is  positive,  and  that  consequently 
the  terms  containing  a  and  c  must  have  the  same  sign;  the  other 
products  being  negative  the  term  containing  6  must  have  the 
contrary  sign. 

EXERCISE  XXIV. 
Express  as  complete  squares 

1.  a;2+10x+25.  2.  x^  +  lSx^  +  Sl. 

3.  x^-\-2Qxy+\00y\  L  aV  +  4aa;+4. 

5.  aV  +  8a-V+16/.  6.  m*-16m-/i*  +  64n*. 

7.  tc8-38ar»  +  361.  8.  r-x^-llmxy  +  m-y-- 

9.  a}''-Ua%  +  i%\  10.  81x*- ISx-^  +  l. 

11.  4.x'^+\2xy+^f.  12.  9a,-2-30a^  +  25y. 

13.   16a*-24a26  +  96^         •         14.  a-  +  962  +  6a6. 
15.  ia?  +  2W-20ah.  16.  25aV-70a&a;7/+49&y. 

17.  9aV  +  49&V-42aia:'.  18.  4a-x-  +  25ay-20a%. 

19.  36a*  +  1662-48a6.  20.  24x"  +  54y-  +  72a;?/. 

21.   3aV-18ax2?/  +  27a;j/^  22.  Zx'y--\^ax>f+11ah/. 

23.  (a  +  5)''  +  2(a  +  i)c  +  c2.  24.  (a-6)''  +  8(a-6)  +  16. 

25.  {x-yf  +  2{x-y)y  +  y\  26.  {x-yy  +  2{a?-f)  +  {x^y)\ 

27.  {x  +  7jy--2{x  +  y)y  +  y\  28.  {x-yy-  +  iy{x-y)  +  if. 

29.  4(a  +  b)-  +  l 2{a  +  b){c  +  d)  +  9(c  +  dy. 

30.  ia-  +  b-  +  c--4:ab  +  4:ac-2bc. 

31.  a*  +  6'  +  c''  -  2a-b-  -  2b-c''  +  2aV.  > 
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DIFFERENCE    OF    TWO    SQUARES. 

98.  The  formula  a^  -  6^  =  (a  +  b)(a  -  b)  enables  us  to  resolve  the 
difierence  of  the  squares  of  any  two  quantities  into  two  factors, 
one  of  which  is  the  sum  of  these  quantities  and  the  other  their 
difference. 

Ux.  1.     9a2  - 1 66-  =  (3a)2  -  {ihf 

=  (3a  +  46)(3a-46) 

Ex.2.    x''-y'  =  {xy-{yy 

=  {x'  +  f){x  +  y){x-i/). 

Ex.  3.    a?-(b-  cf  =  {a  +  b^c)(a  -  b~^c) 
=  {a  +  b  -  c){a  -b  +  c). 

Ex.  4.    a-  -  4&-  -  9r  + 1 26c  =  a^  _  (452  _  1 26c  +  9c') 
=  a^-(2b-3cy 
=  (a  +  26-3c)(a-26  +  3c). 

EXERCISE    XXV. 

Resolve  into  factors 

1.  x--y-.  2.  0^-16.  3.  25-7/1 

4.  ia^-9y\  5.   16x*-idf.  6.  a;* -16. 

7.  16x*-8l2/*.  8.  256a;8-l.  9.  a^V-lOO^'. 

10.  5a:* -20/.  11.  3a«-276*.  12.  162a;y- 242^2. 

13.  {a  +  by-c\         14.  {a-by-c\         15.  a'-(b  +  cY. 
16.  a?-{b-cf.        17.  a'-ia-bf.        18.  {a  +  lbf-VK 
19.  {a  +  bf-{c  +  d)\  20.  {a-by-{c-d)\ 

21,  {a  +  by-{a-b)\  22.  ^-Ixy^y"-:^, 

23.  26c  +  6'  +  c*-a'.  24.  26c -6»-c«  ■+-«'. 

25.  aV  +  6y+2a6a:y-l.  26.  a' -  46' -  9c' + 1 26c. 

27.  1  -  16a'  -  256'  +  40a6.  28.  a'  +  6'  -  c'  -  c^  +  2a6  +  led. 

29.  a'  +  6'-c»-rf»-2a6-2c(/.       30.  a'-6'  +  c»-fi'-2ac  +  26(/. 
31.  a'-6'  +  c'-c/'  +  2ac-26d       32.  (5a; -2)' -(a; -4)'. 


SUM   AND   DIFFERENCE   OF   CUBES.  69 

33.  {x^-5x  +  5)--\.  34.  (a;^- 10)2- 36. 

35.  (x''-25Y-{2x+10f.  36.  {2x-  +  3x-5)--(x'-9x-A0y. 

37.  a?h''  +  c''d'-o?c^-}r<P.  38.   (x^  -  n-/ f  -  (y^ _  ^ V)-. 

99.  A  trinomial  having  two  of  its  terms  exact  squares  can 
sometimes  be  expressed  as  the  difference  of  two  squares,  and 
thus  be  resolved  into  factors  as  in  the  following  example: — 

a*  +  a'-'x-  +  a*  =  x^  +  2a" x^  +  a*  -  a? a? 
=■  (x-  +  a-y  -  d?-3? 
—  (a?  +  a^  +  ax)(x-  +  «-  —  ax) 
=  (a;^  +  ax  +  ar){x'^  —  ax  +  a"). 

EXERCISE   XXVI. 
Besolve  into  factors 

1.  x'  +  x-+\.  2.  a:*  +  4.TV16. 

3.  x*  +  9a;-  +  81.  4.  x*  +  4y. 

5.  cc*  +  5a;2y2  +  9^.  ^6.  cb*  -  3x-y  +  y*. 

7.  a;^-5xy  +  4y*.  ^.  4x-*  +  l. 

9.  4x*  + 3x^^  +  9/.  10.  ic*  +  x2  +  25. 

11.  9x*-10xV  +  y.  12.  x8  +  x*+l. 

13.  4x*- 37x^  +  9/.  il4.  4x*-13xV  +  9y. 

15.  (a  +  by  +  (a''-by  +  (a-by.    16.   {a  +  by  +  i{a-by. 
,'17.  a*  +  6^  +  c*  -  2a-6*  -  26^0-  -  2c2a2. 

SUM    AND    DIFFERENCE    OF    CUBES. 

100.  Since  ^!^^  =  a?-ab  +  b- 

a  +  b 

and  r  =  «'  +  «^  +  ^', 

a-  0 

we  can  always  resolve  the  sum  or  the  difference  of  the  cubes  of 
ai\y  two  quantities  into  two  factors. 

Ex.  1.    8a3  +  276«  =  (2a)''  +  {Wy 

=  (2a  +  W){ia-  -  6a6'  +  W). 
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Ex.2.    a'  +  b^  =  (ay  +  {Py 

Ex.  S.    a^-h^  =  {a?  +  l/){a?  -  W) 

=  (a  +  h){a?  -ah  +  P){a  -  b){a?  +  ab  +  P). 

101.  Since  x  +  y  is  a  factor  of  a;"  +  ?/"  when  n  is  any  odd  whole 
number,  and  a;-  y  is  a  factor  of  a;"  -  y"  when  n  is  any  whole  num- 
ber, we  can  always  resolve  the  sum  of  two  equal  odd  powers,  or  the 
difference  of  any  equal  powers  of  any  two  quantities,  into  factors. 

Ex.    a}'>  +  b^°=(aj  +  (b'f 

=  {a?  +  62)(a«  -  a^J'  +  a*6*  -  a'W  +  6«). 

Similarly  tlie  sum  of  any  even  powers  can  be  resolved  if  both 
exponents  contain  the  same  odd  factor. 

EXERCISE   XXVn. 
Resolve  into  factors 

1.  a^  +  b\  2.  a' +  8.  3.  27  +  6». 

4.  8ar'  +  27y.  ,5.  21si?  +  Uf.  6.  a? -if. 

7.  a^-1000.  8.  729a;'-512y.  9.  125a;y- 343«3. 

10.  64a='63- 1000c".    l\.  a^  +  ^f.  12.  0^+243. 

13.  243+2/5.  14.  a^-if.  16.  aj«-32/;3^<> 

16.   l-a^^/V.  17.  a«-&«.  18.  a-'  +  ft*. 

19.  o»  +  6».  20.  a?-b\  21.  a«'-6«'. 

22.  a'"- 6".  .  23.  a" +  6'°.  24.  a"  +  i". 

25.  a»-6".  26.  (a  +  i)='-a».  27.  {a  +  bf  +  a\ 

28.  (a-6)»  +  a».  29.  (a-i)'  +  86'.  30.  (a  +  &)»-8i'. 

31.  (a  +  &)»+(a-i)'.  32.  (a  + />)»  -  (a  -  6)». 

33.  (a-2i)»  +  (2a-6)'.  34.  (2a-&)»-(a-2i)». 

35.  a»  +  i'  +  3a6(a  +  6).  36.  a»  -  6»  -  3ai(a  -  6). 

37.  a»-3a»6  +  3a6'-6''-c».       38.  a;''-3a;»  +  3a:«-«r'-8. 


TRINOMIALS.  61 

TRINOMIALS. 
FIRST    COEFFICIENT    NOT    UNITY. 

102.  Trinomials  whose  first  coefficient  is  not  unity  may  some- 
times be  resolved  into  binomial  factors.  The  method  ■will  be 
understood  from  the  following  example : — 

Ex. — Resolve  6a;^-  IZxij  +  ^y"-  into  factors. 

1.  Each  factor  must  evidently  contain  both  x  and  y. 

2.  The  product  of  the  first  terms  of  the  two  factors  must  be 
6x^,  and  of  the  last  terms  6v/-. 

3.  The  algebraic  sum  of  the  products  of  the  first  term  of  each 
fector  into  the  last  term  of  the  other  must  be  -13a;?/. 

4.  Since  the.  last  term  is  positive  the  connecting  signs  of  the 
factors  must  be  alike,  and  since  the  middle  term  is  negative  they 
must  also  be  negative. 

5.  It  is  useless  to  try  such  a  factor  as  2x-2y  since  2  is  not  a 
factor  of  the  given  expression. 

The  above  considerations  lead  us  to  reject  all  but  two  sets  of 
factors,  viz.:  {x-fSy)(fix-y)  and  (2a3- 3y)(3a;-2y),  and  it  is  only 
by  trial  that  we  determine  that  the  latter  set  is  correct. 

Thus  (6x2-13x2/  +  6/)  =  (^a:-32/)(3a;-2y). 

Similarly       (6a;''-37a;?/  +  63/-)  =  (  x-&y){%x-   y). 

EXERCISE  XXVni. 
Resolve  into  factors 

1.  2x^-\-bxy\-^y\  2.  Ix^-^^xy  +  Zif. 

3.  2x^  +  1xy  +  ^y\  4.   Ibx'-I&yyy  +  Sf. 

5.  Ux^-bxy-^y\  6.   Ux''  +  %dxy-Qy\ 

7.  34a;*  +  21a;2  +  2.  8.  ^x^-Ux'y^+^i/. 

9.  8x2+ 22a; +  9.  ■  jq    \2x'^-2xy-ZQ)y\ 

11.  %ax^-Zbaxy-^ay\  12.    \Q)a?a?-1a"xy -'i^aY- 

13.  ax^  +  {a?+\)xy  +  ay'.  14.  ix*' -  11  x^if  +  ^y\ 


62  TRINOMIALS. 

103.  To  find  the  factors  of  6x^+11x1/  +  3y-  +  Sxz  -  lyz  -  8«l 

Reject  the  terms  containing  z  and  factor  the  remaining  ones 
as  a  trinomial,  thus :  6ar^  + 1 1  a;?/  +  3y*  =  (2x  +  3?/)(3£c  +  y). 

Take  two  terms  whose,  product  is  -^s?,  attach  one  to  each 
factor,  and  then  find  by  trial  whether  the  factors  thus  formed 
give  the  terms  Sass  -  ^yz  in  the  product.  Take  iz  and  -  2«,  thus : 
(2a; +  3?/  + 4s} (3a; +  7/ -22).  In  th'e  product  of  these  factors  the 
term  containing  xz  will  be  (2a;)(  -  22;)  +  (3a;)(42)  =  Qxz;  the  term 
containing  yz  will  be  iZy){-2z)-k-y(iz)=  -^yz,  which  proves  the 
factors  correct. 

104.  By  rejecting  the  terms  containing  each  letter  in  succes- 
sion, and  factoring  the  remaining  trinomials,  we  can  determine 
the  complete  factors  without  further  ti-ial,  thus: — 

^3?  +  ^xz  -  85r  =  (2a;  +  42)(3x-  -  2«) ; 
'6y^-2yz-^z^  =  {  y  -  2z)(3y  +  4^). 

In  these  factors  4«  occurs  with  2a;  and  also  with  3y/  place  it, 
then,  with  the  factor  2a;  +  3?/  first  obtained ;  similarly  with  regard 
to  -  1z.  We  thus  get  the  same  factors  as  before;  the  first  method, 
however,  is  generally  the  better. 

105.  To  find  the  factors  of  a^  +  Z<^  +  c^  -  3aic. 

a'  +  6=*  +  (r'  -  Zabc  =  a'  +  6'  +  Zab{a  +  b)  +  c^-  Zab{a  +  b)-  3abc 
=  {a  +  bY  +  c^-3ab{a  +  b  +  c) 
=  (a  +  b  +  c){{a  +  by-{a  +  b)c  +  c^-3nb} 
=  (a  +  b  +  c){a-  +  b-  +  c-  -  ab-bc-  en). 

From  this  result  tiie  factors  of  Exs.  10-13  luay  bo  written 
down  by  inspection. 

EXERCISE   XXIX. 
Elesolve  into  factors 

1.  2x'  +  5xy  +  27f-7xz-8i/z  +  6!i^. 

2.  2x'-6xi/  +  2i/*  +  7xz-5yz  +  3z\ 

3.  (ix''-37xi/  +  6i/-5xz-5yz-a?. 
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4.  Qx--l3xy  +  Gi/-+Ux-Uy  +  6. 

5.  u?  +  Ixy  +  y^  +  5x  +  Sy  +  6. 

6.  4a;^-12xy  +  92/^-6x  +  9y  +  2. 

7.  as- -  1 2/ +  1 5s- -  4xy  +  8y«  -  8a;«. 

8.  72a;--8/  +  55a;2/  +  12y-169x  +  20. 

9.  1 5a;^  -  1 6y*  -  2  IxSj-  +  1 52*  + 1 42/V  +  50a;'al 
10.  a^  +  i^'-c^  +  Saic.  11.  a? -h^-c^-'iahc. 

12.  a3  +  i3  +  8c'3-6aic.  13.  8a='  +  6-=  -  27c^+ 18«^/f. 

106.  The  following  exercise  consists  of  a  miscellaneous  set  of 
examples  arranged  by  combining  the  elementary  forms  explained 
in  this  chapter.  The  student  should  not  try  to  work  them  all 
consecutively,  but  one  or  two  each  day  will  prove  a  valuable 
exercise  while  proceeding  with  the  following  chapters. 

EXERCISE    XXX. 

Resolve  into  factors 

1.  46V-(a--6''-c-)-.  2.  4(rt6  +  cf/)--(a2  +  i2_c2_j2^2. 

3.  (a2-5a)-  +  10(a2-5a)  +  24.  4.  «-9a)''  +  4(a2-9a)- 140. 

5.    13a^y-9a;*-42/\  6.  {(jC--}y){o? -y')-iahxy. 

7.  a^-i^  +  a^  +  i^  +  a-i^.  8.  a"  +  6«  +  a*  +  6*  -  a-fc^. 

9.  aP  +  ¥-a^b'--a%\  10.  a' -  b^  -  a^b- +  a%\ 

11.  (x  +  y)*-7{x  +  i/)"z-  +  z*.  12.  (a  +  by+2(a--b"y-3(a-by. 

13.  a^b"x*-(a^  +  b^)ayy-  +  a'bY.  14.  x*-2xi/(x^-f)-2/\ 

15.  (x- +  X1/ -]/")■ -{x'^-xy-yY'  16.  {a  +  bf  +  a-  +  b^+2{a^-b% 

17.  a^  +  a^-ax{x^  +  a'').  18.  {a--b"){x--y-)  +  iabxy. 

19.  81.x*  +  90ar'-10a;-l.  20.  aor^  -  («- +  6)a;2  +  6». 

21.  a;='-2ax-^-a-a;  +  2a^  22.  {ac  +  bdf  +  {ad-hc)\ 

23.  a-^-O^'+lK'+i^^  24.  {a'  +  b-y-(ar-by-{a-  +  b--c*y. 
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25.  a^  +  h^^c^  +  ZaW  +  Za'b.  26.  a^  +  h^  +  a'h  +  aW  +  a  +  h. 

27.  si?  —  if-a?z  —  xyz  —  y'^z.  28.  x^  +  x^if  +  y^  +  x'  +  xy  +  y'^. 

29.  x'-if  +  x'  +  y^  +  x'y-.  30.  a'  +  i^  +  a^  +  i^.^j, 

31.   (a^-6--c2  +  (f)2-4(acZ-5c)l  32.  x^+ x'y  +  xY-  +  xY  +  xy*+ ^/. 

33.  c\a-b)+ab{a-h)-c{a''-b-).  34.  a3_i3_^(^^2_ j2^ +  ^(^_j^_ 

35.  (a:-y)(y^-5;^)-(a:2-2/^)(y-2).     36.  (a:-2/)(2/'-a3)-(x^-y')(y-4 

37.  {ax  +  bT/Y  +  iay-bxf  +  c'x^  +  cy. 

38.  6'  +  6^0  +  6c2  +  c^  -  {a^  +  a-6  +  dS^  +  js). 

39.  {a-b)(b'~c')-(a*-b'){b-c). 

40.  (a:^  +  a;7/  +  2/^)^  +  («*  +  o^V  +  y*)H  (a;-  -xy  +  f)\ 

41.  a*  +  166*  +  c*-8a^62-86V-2cV. 

42.  ^aW  +  3 26^02  +  8cW  -  a*  - 1 66*  - 1 6c*. 

43.  (a2-62)2(a:<  +  y)-{(a  +  6)*  +  (a-6)*}xV. 

44.  {m^-ny{{x  +  yy  +  {x-yY)-{x''-yy{m  +  nY  +  {m-nY]. 

45.  4{2(a;'^  +  a;)H3}H28(a;-  +  a:){2(a;-  +  a;)H3}-275(a;2  +  a;)'. 


CHAPTEE    YI. 


SIMPLE   EQUATIONS   OP   ONE   UNKNOWN. 

107.  An  Equation  is  a  statement  of  the  equality  of  two  alge 
braic  expressions. 

Thus  3x  —  i  =  2x-Q  is  an  equation. 

108.  An  Identical  Equation,  or,  as  it  is  sometimes  called,  an 
Identity,  is  one  in  which  the  two  expressions  are  equal  for  all 
values  of  the  letters  involved. 

Thus  (rt  +  by+(a  -  b)-  =  2(a-  +  &")  is  an  identity. 

109.  A  Conditional  Equation  is  one  in  which  the  two  ex- 
pressions are  not  equal  for  all  values  of  the  letters  involved,  but 
for  one  or  more  particular  values. 

.Thus  4a;  +  8  =  2a:  +  2  is  true  only  when  a:  =  -  3. 
The   term    "  Equation "   is  generally  used   for    "  Conditional 
Equation." 

110.  A  letter  to  which  a  particular  value  or  particular  values 
must  be  given  to  make  the  two  expressions  equal  is  called  an 

Unknown  Quantity. 

111.  That  value  of  the  unknown  quantity  which  will  make  the 
two  sides  of  an  equation  identical  is  called  a  Root  of  the  equa- 
tion, and  is  said  to  satisfy  the  equation. 

Note. — The  two  expressions  connected  by  the  sign  =  are  called  the 
sides  of  the  equation. 

112.  To  solve  an  equation  is  to  lind  the  value  or  values  which 
will  satisfy  the  equation. 

113.  A  Simple  Equation  is  one  in  which  th^frst  power  only 
ci  the  unknown  quantity  occurs,  and  is  also  called  an  equation  of 
t)xQ  first  'degree. 


66  SIMPLE   EQUATIONS   OF   ONE   UNKNOWN. 

114.  The  following  axioms  are  used  in  solving  equations: — 

1.  If  equals  be  added  to  equals  the  wlioles  are  equal. 
Thus,  if  a;  -  3  =  4, 

add  3  to  each  side  a;-3  +  3  =  4  +  3, 

that  is  a;  =  7. 

2.  If  equals  be  taken  from  equals  the  remainders  are  equal. 
Let  2x  +  5  =  3x  +  7. 

Take  2a; +  5  from  each  side, 

then  2a;  +  5-(2a;  +  5)  =  3a;  +  7-(2a;  +  6), 

or  0  =  a;  +  2. 

3.  If  equals  be  multiplied  by  equals  the  products  are  equal. 
Let  2x+l=3. 

Multiply  both  sides  by  3, 

then  6a;  +  3  =  9. 

4.  If  equals  be  divided  by  equals  the  quotients  are  equal. 
Let  4a;  +  8  =  6a;+12. 

Divide  both  sides  by  2, 

then  2.r  +  4  =  3.x+6. 

5.  If  the  product  of  two  or  more  factors  be  equal  to  zero,  then 
one  or  more  of  the  factors  must  be  equal  to  zero. 

Thus,  if  (a; - 2)(a; - 4)  =  0,  then  either  a;-2  =  0orx-4  =  0 

115.  From  axioms  1  and  2  we  derive  the  following 

Rule. — Any  term  may  be  transposed  from  one  side  of  an  equa- 
tion to  tite  otJier,  provided  its  sign  be  cJuxnyed. 

Thus,  if  5x-4  =  2.c  +  6, 

take  2x  from  and  add  4  to  both  sides, 
then  5j!  -  2a;  =  4  +  5, 

and  3a;  =  9. 

116.  Transferring  a  positive  quantity  from  one  sido  of  an  cquar 
tion  to  the  other  is  the  same  as  subtractiny  that  quantity  from 
both  sides. 
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117.  Transferring  a  negative  quantity  from  one  side  to  the 
other  is  the  same  as  adding  to  both  sides  the  quantity  with  its 
sign  changed. 

118.  To  solve  a  simple  equation,  bring  all  the  terms  containing 
the  unknown  quantity  to  one  side  of  the  equation  and  all  the 
remaining  terms  to  the  other  side.  Combine  the  like  terms,  and 
divide  both  sides  by  the  coefficient  of  the  unknown  quantity- 

Examples. 

1 .  Solve  the  equation         3.c  —  4  =  7 j::  + 1 2. 
Transposing,  7ar  -  3.c  =  -  4  -  1 2. 
Combining,  4a;  =  —  16. 
Dividing  by  coefficient  of  a;,  a:=  -4, 

2.  Solve  2x-3  =  3(a:-2)  +  4. 
Simplifying,  2x  -  3  =  3a;  -  6  +  4. 
Transposing,  3a;— 2a:  =  6  — 4 -3. 
Combining,  a;  =  —  1. 

3.  Solve  2.r-a  =  6  +  c-3r. 
Transposing,                             2a;  +  3a;  =  a  +  &  +  c. 
Therefore  5.i-  =  a  +  6  +  c, 

a  4-  /» +  c 


and 


4.  Solve  3(.r-a)  +  4(a;-i)  =  2(.r  +  a)-a;  +  5. 

Simplifying,  2>x  -  3a  +  4a;  -  46  =  2a;  +  2a  -  a;  +  6. 

Transposing,  3a;  +  4a;  -  2a;  +  a;  =  3a  +  46  +  2a  +  h. 

Combining.  6a;  =  5a  +  56. 

5a  +  56 


Therefore 


6 


5.  Solve  (a;-l)2  +  (a:-2)2  =  2(ar-3)'. 

Expanding,  a;*  -  2a;  +  1  +  a;"  -  4a;  +  4  =  2a;2  _  j  -2  ^  ^  1  g_ 

Therefore  x'^  +  a;-  -  2x2  -  2a;  -  4a;  +  1 2a;  =  - 1  -  4  +  1 8. 

Combining,  6a;  =13, 

and  '                 a;  =  —  =  2  J. 
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EXERCISE   XXXI. 
Find  the  value  of  a;  in 

1.  3j:  +  6  =  12.  2.  24a;-17a:  =  30  +  4- lOo:. 

3.  12-5^=19-12a-.  4.  5^  +  50  =  4j;  +  56. 

5.  3.r+16  =  31-2.r.  6.  5a;-9  =  10.r+ 11. 

7.  13-3z  =  5x-3.  8.  5x-{3x-7)  =  ix- {Gx-B5). 

9.  9a;-3(5x-6)=-30. 

10.  6x-2(9-4x)  +  3(5.c-7)  =  10j-(4  +  16a;  +  35). 

11.  a;-7(4x-ll)  =  14(i;-5)-19(8-a-)-61. 

12.  {x  +  7){x-3)  =  {x-5){x-l5). 

13.  (a:-8)(x+12)  =  (x+l)(a;-6). 

14.  {x+l0){x-2)'={x-r9){x-r6). 

15.  {x-2){x-S){x-4:)==x(x-l){x-8).  • 
10.  (a;  +  7)(a;  +  2)(a;-l)  =  (.r  +  4)(a;-2)(a;  +  6). 

17.  (a:-2)(7-a;)  +  (x-5)(a;  +  3)-2(a;-l)  +  12  =  0. 

18.  (2a;-7)(a:  +  5)  =  (9-2z)(4-ar)  +  229. 

19.  {x  +  5)--{4:-xy=2lx.        20.  {x-iy  +  (x-2)-=2{x-4y. 

21.  (a:-l)-  +  (a;-2)''  +  (a:-3)«=3(a;-5)=. 

22.  (a;-l)^  +  (a:-2)'  +  (x-3)'  =  3(.r-l)(.t-2)(.f-3). 

23.  {x-a){x  +  a)  =  {3r-b^)  +  x{b-a). 

24.  2x-{a-h)  =  x  +  {a  +  b).  25.  5(a  +  a:)  -  2.r  =  3(a - Sj-) 
26.  4(a-2z)  +  5(a  +  a:)  =  9(a-a;).      27.  ax  +  a-  =  bx+2ci:^-b''. 
28.  a:(a  +  6)  +  a-  +  6'  =  c''-2a6-ca:.     29.  2.r- {l-(2a:_3)}  =0. 
30.  «-4  +  3x-{3-(x  +  2)}.             31.  (M;-6x-o  +  6a;-6. 

32.  (a  +  x){b  +  x)''{c  +  x){d  +  x). 

33.  (a;-a)(x-6)-(j:  +  a)(ar  +  6)  +  a6'=0. 
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34.  {a  +  xf  +  {h  +  xf  +  (c  +  a;)'  =  3(a  +  x){h  +  ar)(c  +  x). 

35.  a{b''-ax)  =  aP-b(a--b.r). 

36.  '(x-a){x-b)  +  {x-b)(x-c) - 2(x-c){x-a)  =  0. 

37.  x''(a-b)  +  x"(b-c)  +  a?{c-a)  +  x{ab-bc)-\-x{bc-ca)  +  ab-ac  —  0. 

38.  o(6  -  c)x^  +  b{c  -  a)x^  +  cx\a  -b)  +  a-x{b  -c)  +  b-x(c  -  a) 

+  c^x(a  -b)  +  ab{a  -b)  +  bc{b—c)  +  ca{c  -  a)  =  0. 

119.  We  propose  introducing  here  a  few  examples  of  easy 
equations  of  a  higher  degree  than  the  first,  but  limited  to  one 
unknown  quantity. 

120.  All  equations  simply  express  conditions  or  a  condition  to 
be  satisfied  by  the  letters  involved.  If  a:^— 2j'+1=0,  then  x 
must  have  a  numerical  value  such  that  when  it  is  substituted  for 
X  the  two  sides  of  the  equation  will  be  identical. 

So  also  if  {x-b){x-d)  =  Q,  the  value  of  x  which  will  make 
either  factor  =  0  will  make  both  sides  identical,  and  therefore 
satisfies  the  equation. 

121.  Hence,  if  an  equation  can  be  put  into  the  form  of  the  pro- 
duct of  a  number  of  factors,  each  of  one  dimension,  its  roots  can 
be  found  by  putting  each  factor  in  turn  =  0;  for  if  any  one  factor 
=  0  the  whole  quantity  must  =  0. 

^j-.  i.— Solve  a;2-m-  =  0. 

Factoring,  (x —m)(x  +  m)  =  0. 

Therefore,  if  a:— ?n.  =  0  or  .r  +  m  =  0  the  equation  will  be  satisfied; 
therefore  x  =  m  or  x=  —in. 

Ex.  ^.— Solve         (x -  l){x-  2){x-  3)  =  0. 

If  a;  -  1  =  0     the  equation  is  satisfied ; 

therefore  1  is  a  root  of  the  equation.     Similarly  2  and  3  are  roots 
of  the  equation. 

Ex.  5.— Solve  2x^  -  4.r  -  6  =  0. 

Factoring,  2(.r-3)(.r+ 1)  =  0. 

Therefore  a:-3  =  0or.r+l=0; 
therefore  x  =  '6  or  .c  =  -  1. 
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EXERCISE    XXXII. 

What  values  of  x  will  satisfy 

1.  {x-a){x-h)  =  ^.  2.  (a;  +  a)(a;-6)  =  0. 

3.  (ar -<?)(«  + 6)  =  0.  4.  (a;  +  a)(a;  +  6)  =  0. 

5.  a;2-(5-c)a;-6c  =  0.  6.  r'  +  (6  +  c)a:  +  ic  =  0. 

7.  a:2_ 8x4- 12  =  0.  8.  2a;2-8a;  +  8  =  0. 

9.  a?—a?{a  +  6  +  c)  +  .r(a6  +  ftc  +  ca)  -  ahc  =  0. 

10.  a^-6x''  +  nx-6  =  0.  11.  3^2-10.c  +  3  =  0. 

12.  {a  +  h)x'^-{a''-b-){a-b)  =  0.  13.  a,--aa;-2a2  =  0. 

U.  a:3-26.c2-362x  =  0.  15.  6a:^  +  a;-12  =  0. 

16.  9x2-9x-28  =  0.  17.  4.^2-36  =  0. 

18.  25a;2-49  =  0.  19.  r*- 3x2  + 3a:- 1  =  0. 

20.  x3_9j;2  +  23a;_15  =  0.  21.  x^  +  x"^ -x-l  =  0. 


PROBLEMS   PRODUCING   SIMPLE   EQUATIONS 
OP   ONE   UNKNOWN. 

122.  Algebra  is  extensively  used  in  the  solution  of  problems  of 
practical  value.  In  proceeding  to  solve  a  problem  tlie  first  thing 
to  do  is  to  observe  carefully  the  facts  given,  or  data,  and  to  ex- 
clude all  that  have  no  bearing  on  the  solution.  The  next  thing 
in  order  is  to  state  in  algebraic  language  the  facts  given,  which, 
if  correctly  done,  will  result  in  an  equation  whose  solution  will 
give  the  required  result.  It  must  be  noticed  tliat  before  we  can 
have  an  equation  we  must  have  two  different  algebraic  expressions 
of  the  8ame  value.  Thus,  if  we  say  that  John  has  5  apples  more 
than  James  wo  have  l)ut  one  expression;  for  let  x  vepresent  the 
numl^er  of  apples  James  has,  then  John  will  have  a:  +  5.  To 
obtain  an  equation  we  must  be  able  to  say  that  a; +  5  is  equal 
to  a  (Hjffereiit  expresaion.  If  we  add  to  the  fact  already  given 
that  John  has  10  apples  wo  have  the  statement:  x  +  5=  10,  from 
which  X  can  be  fouild. 
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The  art  of  expressing  in  algebraic  language  the  Jacts  of  a  prob- 
lem must  be  acquired  by  practice.  The  following  examples  will 
illustrate  some  of  the  simpler  methods  of  solving  problems: — 

Ex.  1. — What  number  is  that  to  which,  if  7  be  added,  twice 
the  sum  will  be  equal  to  32  1 

Let  a'  =  the  number; 

then  x  +  7  =  the  number  when  7  is  added, 

and  2(.r  +  7)  =  twice  the  number  when  7  is  added; 
also  32  =  twice  the  number  when  7  is  added; 

therefore  2(i;  +  7)  =  3 2,  or  a;  +  7  =  1 G,  or  x  =  9. 

Ex.  2. — What  two  numbers  are  those  whose  sum  is  48  and 
difference  22  \ 

Let  a;  =  the  number;  then,  since  the  sum  of  the  two  numbers 
is  48,  the  second  number  must  be  48 -j-. 

But  the  difference  of  the  numbers  is  22;  therefore,  if  x  is  the 
greater  number, 

a: -(48 -a:)  =  22, 
or  '  a;-48  +  ar  =  22, 

or  2a;-48  =  22. 

Transposing,  2.c  =  22-i-48  =  70 

x  =  35  =  first  number; 
therefore  48-a:  =  48-35  =  13  =  second  number. 

We  might  have  assumed  in  this  problem  that  the  second  num- 
ber is  a; +  22;  then  the  statement  would  be* 

a;  +  a;  +  22  =  48 

2a:  +  22  =  48 

2ar  =  26 

a;=13 

/.  a;  +  22  =  35 

Here  the  second  number  is  the  greater. 
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Ex.  S. — Thirty  yards  of  cloth  and  40  yards  of  silk  together 
cost  £66,  and  'the  silk  is  twice  as  valuable  as  the  cloth.  Find 
the  cost  of  a  yard  of  each. 

Let  x=  cost  in  £'s  of  a  yard  of  cloth; 

then  2x  =  cost  in  <£'s  of  a  yard  of  silk; 

therefore  30.i'  =  cost  of  30  yards  of  cloth, 

and  80i;  =  cost  of  40  yards  of  silk. 

But  the  whole  cost  is  <£66, 
therefore  30a;  +  80j;  =  66 , 

or  110x  =  66; 

therefore  x  =  ,Yo  =  s 

Hence  value  of  cloth  is  £,%  or  12s., 
and  value  of  silk  is    £%  ov  24s. 

EXERCISE   XXXIII. 

1.  Find  two  numbers  whose  sum  shall  be  100  and  whose  differ- 
ence 10. 

2.  What  value  of  x  will  make  the  difference  between 
(2j;  +  4)(3jr  +  6)  and  (3j;  -  2)(2a;  -  8)  equal  to  961 

3.  Add  24  to  a  certain  sum  and  the  amount  will  be  as  much 
above  80  as  the  sum  is  below  80.     What  is  the  sum '? 

4.  The  sura  of  the  ages  of  two  brothers  is  49,  and  one  of  them 
ia  13  years  older  than  the  other.     Find  their  ages. 

5.  I  bought  20  yards  of  cloth  for  10  guineas,  part  at  lis.  6d. 
a  yard  and  the  rest  at  7s.  6d.  a  yard.  How  many  yards  of  each 
did  I  buy  1 

NoTK. — Bo  careful  to  express  the  various  sums  of  money  in  the  same, 
(leuonii  nation. 

G,  At  an  election  where  979  votes  were  given  the  successful 
candidate  had  a  majority  of  97.   What  were  the  numbers  for  each  1 

7.  Divide  87  into  three  parts  such  that  the  first  may  exceed 
the  second  by  7  and  the  third  by  17. 

8.  Find  a  number  which,  being  multiplied  by  6,  and  having 
12  added  to  the  product,  the  sum  shall  bo  60. 


SIMPLE   EQUATIONS   OF   ONE   UNKNOWN.  73 

9.  A  person  left  $700  to  be  divided  among  three  persons  in 
such  a  way  that  the  first  was  to  receive  double  of  what  the  second 
received,  and  the  second  double  of  what  the  third  received.  Find 
each  person's  share. 

10.  Two  persons,  A  and  B,  put  equal  sums  of  money  in  busi- 
ness. A  gains  $126  and  B  loses  ^S7,  and  A's  money  is  now 
double  that  of  B's.     What  did  each  lay  out  1 

11.  What  two  numbers  are  those  whose  difference  is  10,  and 
if  15  be  added  to  their  sum  the  whole  will  be  43  1 

12.  A  father's  age  is  twice  as  great  as  that  of  his  son,  but  10 
years  ago  it  was  three  times  as  great.     Find  the  age  of  each. 

13.  The  ages  of  two  men  differ  by  10  years,  and  15  years  ago 
the  elder  was  twice  as  old  as  the  younger.  Find  the  ages  of  the 
men. 

14.  .4  had  7  times  as  many  apples,  and  B  three  times  as  many, 
as  C  had.  A  parted  with  16  to  B,  and  then  these  two  persons 
had  equal  quantities.     How  many  apples  had  C  ? 

15.  Find  that  number  of  which  it  can  be  said  that  four  times 
the  number  is  as  much  less  than  25,  as  five  times  the  number  is 
greater  than  11. 

16.  Two  trains  start  at  the  same  time  from  Toronto  and  INIont- 
real,  a  distance  of  333  miles,  travelling,  the  former  at  25  miles 
an  hour,  the  latter  at  22  miles.  Where  will  they  meet,  and  in 
what  time  from  starting  "i 

17.  A  man  bought  a  number  of  cows  for  $40  apiece,  and  5 
more  horses  for  $120  apiece,  and  paid  altogether  $2200.  How 
many  did  he  buy  of  each  kind  •? 

18.  How  much  tea  at  65  cents  a  pound  must  be  mixed  with 
50  pounds  at  75  cents  a  pound  that  the  mixture  may  be  wortt 
70  cents  a  pound  1 

19.  A  cistern  is  filled  in  20  minutes  by  3  pipes,  one  of  which 
conveys  10  gallons  more,  and  another  10  gallons  less,  than  the 
third  per  minute.  The  cistern  holds  900  gallons.  How  mucli 
flows  through  each  pipe  per  minute  1 
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20.  The  sum  of  $500  is  divided  among  A,  B,  C  and  D.  A  and 
B  have  together  $280;  A  and  C,  $260;  A  and  D,  $220.  How 
much  does  each  receive  1 

21.  Divide  $1520  among  A,  B  and  C,  so  that  A  has  $100  less 
than  jB,  and  ^  $270  less  than  C. 

22.  Find  two  numbers  differing  by  8  such  that  four  times  the 
less  may  exceed  twice  the  greater  by  10. 

23.  A  vessel  containing  some  water  was  filled  up  by  pouring 
in  42  gallons,  and  there  was  then  in  the  vessel  seven  times  as 
much  as  at  first.     How  many  gallons  did  the  vessel  hold  % 

24.  In  a  company  of  266  persons,  composed  of  men,  women 
and  children,  there  are  twice  as  many  men  as  there  are  women, 
and  twice  as  many  women  as  there  are  children.  How  many 
are  there  of  each  1 

25.  Divide  90  into  two  such  parts  that  four  times  one  part 
may  be  equal  to  five  times  the  other. 

26.  Divide  60  into  two  such  parts  that  one  part  is  greater 
than  the  other  by  24. 

27.  A  bill  of  $100  was  paid  in  dollar  and  fifty-cent  pieces,  and 
80  more  fifty-cent  pieces  were  used  than  dollars.  How  many  of 
each  were  used  1 

28.  A  bill  of  £100  was  paid  with  guineas  and  half-crowns, 
and  48  more  half-crowns  were  used  than  guineas.  How  many 
of  each  were  used  ? 

29.  Thirty  yards  of  cloth  and  20  yards  of  silk  cost  $120,  and 
the  silk  cost  twice  as  much  as  the  cloth.  How  much  did  each 
cost  per  yard  1 

30.  A  man  bought  30  pounds  of  sugar  of  two  different  kinds, 
and  paid  for  the  whole  $2.94.  The  better  kind  cost  10  cents  a 
pound,  and  the  poorer  kind  7  cents  a  pound.  How  many  pounds 
were  there  of  each  kindl 

31.  A  man  has  three  times  as  many  quarters  as  half-dollars, 
four  times  as  many  dimes  as  quarters,  and  twice  as  many  half- 
dinicft  a.s  dimes.  The  whole  sum  is  $7.30.  How  many  coins  has 
he  altogctlior? 
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32.  A  gentleman  gave  some  children  10  cents  each,  and  had  a 
dollar  left.  He  found  that  he  would  have  required  one  dollar 
more  to  enable  him  to  give  them  15  cents  each.  How  many 
children  were  there  1 

33.  A  wine  merchant  has  two  kinds  of  wine,  one  worth  50 
cents  a  quart  and  the  other  75  cents  a  quart.  From  these  he 
wishes  to  make  a  mixture  of  100  gallons  worth  $2.40  a  gallon. 
How  many  gallons  must  he  take  of  each  kind  1 

34.  Two  casks  contain  equal  quantities  of  vinegar.  From  the 
first  cask  34  quarts  ara  drawn;  from  tlie  second,  20  gallons.  The 
quantity  remaining  in  one  vessel  is  now  twice  that  in  the  other. 
How  much  did  each  cask  contain  at  first  1 

35.  A  man  leaves  his  property,  amounting  to  $7500,  to  be 
divided  among  his  wife,  two  sons  and  three  daughters.  A  son  is 
to  have  twice  as  much  as  a  daughter,  and  the  wife  $500  more 
than  ajl  the  children  together.  How  much  was  the  share  of 
each? 

36.  A  has  $80  and  B  has  $32,  and  each  loses  a  certain  sum; 
then  A  has  five  times  as  much  as  B.  What  is  the  sum  lost  by 
each] 

37.  A  and  B  have  equal  sums  of  money.  A  gains  $300  and 
B  loses  $100,  and  then  three  times  ^'s  is  equal  to  five  times  B's. 
How  much  had  each  at  first  1 

38.  A  bankrupt  owes  B  twice  as  much  as  he  owes  A,  and  C  as 
much  as  he  owes  A  and  B  together.  Out  of  $3000  which  is  to 
be  divided  among  them  what  should  each  receive  1 

39.  A  workman  was  employed  for  60  days  on  condition  that 
for  every  day  he  worked  he  should  receive  15  pence,  and  for 
every  day  he  was  absent  he  should  forfeit  5  pence.  At  the  end 
of  the  time  he  had  20  shillings  to  receive.  Find  the  number  of 
days  he  worked. 

40.  The  length  of  a  field  is  twice  its  breadth;  another  field, 
which  is  50  yards  longer  and  10  yards  broader,  contains  6800 
square  yards  more  than  the  former.     Find  the  size  of  each. 


CHAPTEE    YII. 


COMMON   FACTORS   AND  COMMON  MULTIPLES. 
HIGHEST    COMMON    FACTOR. 

123.  The  methods  of  resolving  a  single  algebraical  expression 
into  factors  have  already  been  given.  "We  proceed  now  to  ex- 
plain how  to  determine  the  factors,  if  any,  which  are  contained 
in  each  of  two  or  more  given  expressions. 

124.  A  Common  Factor  of  two  or  more  algebraical  expres- 
sions is  any  expression  which  is  a  factor  of  each  of  them.  Two 
expressions  having  no  common  factor  except  unity  are  said  to  be 
prime  to  each  other. 

125.  The  Highest  Common  Factor,  of  two  or  more  alge- 
braical expressions  is  the  factor  of  highest  dimensions  and  great- 
est numerical  coefficients  which  is  a  factor  of  each  of  them. 

The  Highest  Common  Factor  is  usually  denoted  by  the  letters 
H.  C.  F. 

126.  A  Multiple  of  an  algebraical  expression  is  any  expres- 
sion of  which  the  given  expression  is  a  factor. 

The  terms  "Measure"  and  "Multiple,"  used  in  arithmetic, 
are  not  very  appropriate  for  algebraical  expressions.  The  former 
is,  therefore,  replaced  by  the  correct  term,  "Factor;"  the  latter 
is  retained  because  we  have  no  other  word  to  supply  its  place. 

127.  The  H.  C.  F.  of  two  or  more  expressions  will  evidently 
be  the  product  of  all  the  factors  common  to  each,  and  may  there- 
fore be  found  by  the  following 

Rule. — Resolve  each  expression  into  elementary  /actors,  and 
the  product  of  all  the  /actors  common  to  each  exjtression  will  be 
the  II.  C.  F.  required. 
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128.  If  only  one  of  two  given  expressions  can  be  readily  fac- 
tored its  factors  may  be  tried  in  succession  as  divisors  of  the 
other  expressions,  and  thus  all  the  common  factors  will  be  readily 
found. 

Ex.  i.— Find  the  H.  C.  F.  of  iba?bh\  60a='6c»,  SSa^iV. 

The  factors  5,  a^,  h,  (?,  are  all  those  which  are  found  in  each 
expression;  therefore  5a^6c^  is  the  H.  C.  F.  required. 

Ex.  2.—Fiidi  the  H.  C.  F.  of  a' -b\  ab  +  b\  a'  +  b\ 

a'-b''  =  {a  +  b){a-b) 

ab  +  b^=b{a  +  b) 

a''+b^  =  {a  +  b){a'-ab  +  b^). 

The  only  factor  found  in  each  is  a  +  b,  which  is  therefore  the 
H.  C.  F.  required, 

Ex.  5.— Find  the  H.  C.  F.  of 

(2a;-3)(a;-5)(3a;-4)  and  ISr'- 128a^  +  309x-220. 

In  this  example  the  second  expression  cannot  readily  be  fac- 
tored, but  the  factors  of  the  first  are  given.  The  common  factors, 
if  any,  must  be  found  among  the  three  given  factors;  but  2a: -3 
is  not  a  factor  of  the  second  expression,  because  2  and  3  are  not 
factors  of  15  and  220.  Trying  Sx-i  we  find  the  quotient  is 
5^^  -  36a;  +  55,  and  by  further  trial  we  find  5x^  -  36x  +  55  is  exactly 
divisible  by  x-5;  therefore  {3x-4:){x-  5)  is  the  H.  C.  F.  required. 

EXERCISE   XXXIV, 
Find  the  H.  0.  F.  of 

1.  a^h^c  and  a^b^'d.  2.  18a6'm  and  2ia-b^m\ 

3.  7a^b\  Ua'b  and  35a6».  4.  llxh/,  Sia^i/*  and  5lxy'. 

5.  8xy;3*,  12x^2=' and  20xVV.    6.  57a;y3",76x52/Vand  95x«yV. 
7.  5a;Vand  15xV  +  20i;y.  8.  Um^x  and  21m^p- 7 mx. 

9.  3m.r  +  dnx"^  and  3my  +  5nxi/.  1 0.  3.c*  +  3xy  and  5x*  +  ^xhf. 
11.    ay  +  y-  &nd  abc  + bey.  12.  a^b^  +  a^b^  and  a^bcd  +  ab'cd. 
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13.  x'^-5x  +  6  amd  x^-nx  +  24:.    14.  x^-5x-U  a.nd  x''  +  x-5Q. 
15.  x^-i  and  a;2  +  20.c  +  19.  16.  x'^-Ux-bl  and  x^'-lx-UO. 

17.  a;*-3^*  and  a;*+y®.  18.  a;*  +  a;V  +  y*  and  a;^-?/^. 

19.  a^  -  2/'  and  x«  -  y\  20.  z"  +  y*'  and  x^°  +  if. 

21.  3^  +  xy+i/  and  a;^^-^^  22.  a^-4a:-77  and  a:3+343. 

23.  83^  +  27i/'a.ndQx''+5xy-6f.2i.  a^  +  b^  +  2ab{a+b)  a.nd  a^-b\ 
25.  a;* +  40:^^.16  and  a:* -8.  26.  ar^+l  and  ar'+ma;Hma;  +  l. 

27.  125a:3_64yiand75ar3+60xV+48a;2/'.        ' 

28.  a:(a;+l)2,  x\x^-l)  and  2a:(a;2-a;-2). 

29.  Q{a-by,  8(a2- 6^)2  and  10(a*-6*). 

30.  ac{a  -  b){a  -  c)  a^nd  bc{b-a){b-c). 

31.  (a  +  6)2-(c  +  (if,  (a  +  c)2-(6  +  c?)2and(a  +  ^)'^-(6  +  c)^ 

32.  er*  -  6  V  +  2.rV  -  2f  and  1 2a;2  - 1 5.cy  +  3^^. 

33.  3a='  -  3a-6  +  ab""  -  P  and  ia^  -  5ab  +  b\ 

34.  3x^  -  3x^2/  +  xy^  -  y  and  ia:'  -  x^i/  —  3xy\ 

35.  20x*  +  a;2-l  and75a:*+15a;3-3z-3. 

129.  The  following  principles  enable  us  to  find  the  H.  C.  F.  of 
any  two  algebraical  expressions.  For  their  demonstration  see 
Arts.  136-139. 

1.  If  one  expression  is  a  factor  of  another  it  will  also  be  a 
factor  of  any  multiple  of  the  other. 

2.  If  one  expression  is  a  factor  of  two  others  it  will  also  be  a 
factor  of  the  sum  or  the  difference  of  any  multiples  of  the  others. 

3.  If  one  expression  be  divided  by  another  the  remainder,  if 
any,  will  be  the  difference  between  the  dividend  and  a  multiple 
of  the  divisor,  and  will  therefore  contain  all  the  factors  common 
to  the  two  expressions. 

130.  To  find  the  H.  C.  F.  of  any  two  algebraical  expressions 
we  have  from  Arts.  127  and  129  the  following 

RuLB. — 1/  the  expressions  contain  any  common  /actors  which 
can  be  discovered  by  inspection  strike  titem  out  and  reserve  tJiem 
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as  factors  of  the  H.  C.  F.  From  each  of  the  remaining  expressions 
strike  out  and  reject  any  other  elementary  factors  which  can  be 
discovered. 

Arrange  the  resulting  expressions  according  to  the  power  of 
some  common  letter,  select  that  expression  which  is  not  of  loicer 
dimensions  than  the  other,  and  divide  the  former  by  the  latter  ; 
take  tJie  remainder  as  divisor  and  the  former  divisor  os  dividend 
and  repeat  the  process  until  there  is  no  remainder.  The  last 
divisor,  multiplied  by  tlie  reserved  factors,  if  any,  will  be  the 
H.  C.  F.  required. 

131.  When  the  first  terra  of  any  dividend  is  not  exactly  divisi- 
ble by  the  first  term  of  the  corresponding  divisor,  we  multiply 
each  term  of  the  dividend  by  such  a  factor  as  will  render  it  exactly 
divisible.  This  cannot  affect  the  H.  C.  F.,  since  all  monomial 
factors  are  supposed  to  have  been  removed  from  the  given  ex- 
pressions, and  therefore  multiplying  one  expression  cannot  intro- 
duce any  common  factor.  Similarly,  any  factor  which  is  clearly 
not  a  part  of  the  H.  C.  F.  may  be  removed  from  any  remainder 
before  using  it  as  a  divisor. 

132.  Since  each  remainder  contains  all  the  common  factors,  it 
follows  that  if  any  remainder  can  be  resolved  into  elementary 
factors  the  H.  C.  F.  may  be  found  by  trying  these  factors  in  suc- 
cession as  divisoi's  of  one  of  the  given  expressions;  for  any  factor 
of  a  remainder  will  divide  both  of  the  given  expressions  or  neither 
of  them.  This  follows  from  Art.  129.  Also,  any  of  the  pre- 
ceding remainders  may  be  tested  instead  of  one  of  the  given  ex- 
pressigns. 

133.  The  following  examples  show  the  application  of  the  pre- 
ceding rules: — 

Ex.  i.— Find  the  H.  C.  F.  of 

1 8a=6  -  3a*6  - 1 2a26  -  3a-6  and  1  '2a''c  -  6a*c  -  9a'c  +  3a*'c. 

1 8a^6  -  Za'b  - 1  la^b  -  Za%  =  3a-6(6a^ -   a^  -  4a  - 1 ) 
1 2a^c  -  Mc  -   9rt'c  +  3a-c  =  3a-c(4a*  -  '2a-  -  3a  -i- 1) 
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Now,  3a-  is  evidently  a  factor  of  the  H.  C.  F.,  but  b  and  c  are 
not.     Proceeding  with  the  remaining  expressions, 

Qa^  -   a?-ia-\ 

2 


4a='-2a--3a  +  i;i2a='-2a^-8a-2f3 
12a3-6a2-9a  +  3 
4a^+   a-b 
=  (4a  +  5)(a-l) 

Now,  if  these  expressions  have  any  common  factor  it  must  be 
one  of  the  factors  of  this  remainder.  4«  +  5  is  evidently  not  a 
factor  of  either,  and  by  trial  we  find  a— 1  is  a  factor  of  the 
former;  therefore  3a- (a  — 1)  is  the  H.  C.  F.  required. 

Ex.  ^.— Find  the  H.  C.  F.  of 

4x*  +  2ar'-18;c2  +  3^_5  ^ud  6a:^- 4a-*- 11. r^- 3.^2-3^-1. 

^3^-    4x*-ll.r3-      3.f2-    3a;-    1 
2 


I2a^+   6.r*-54r'+      Ox^-lSa; 
2 


-28x*  +  64r'-   30.c2+18;c-   4  (-7 
-28a:*-14ar»+12G.r-21.r-f-35 
78r»-156.r2  +  39x_39 
=  39(2x3 -4.r-  + a: -1). 


23^'ix'  +  z-l)ix*+  2r»-18x'  +  3x-5f2j;  +  6      . 
4a;*-  83^+   2.r'-2a; 
10.r»-20x2  +  5.c-5 
10jr»-203;'4-5.c-5 

Therefore  2i?--ix^  +  x-l  is  the  H.  0.  F.  required. 

KxPLANATiON.— We  first  multiply  the  dividenrl  by  2  to  make  the  first 
term  exactly  ilivUiblo  by  the  first  term  of  the  divisor.  'J'liis  will  not  fn- 
croaso  the  II.  C.  F.,  because  2  in  not  u  f.K'tur  of  tlio  divisor.      ALjaiii,  we 
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reject  the  factor  39  from  a  remainder.  This  cannot  decrease  the  H.  C.  F. , 
since  39  is  not  a  factor  of  either  of  the  given  expressions. 

Sometimes  the  work  can  be  abbreviated  by  reversing  the  order  of  terms 
in  the  given  expressions.  If  this  be  done  in  Ex.  1  the  first  multiplication 
will  be  avoided.  It  is  a  general  principle  that  either  the  highest  or  the 
lowest  power  of  the  leading  letter  must  be  eliminated  by  division,  but 
only  experience  can  determine  the  best  method  in  any  particular  example. 

134.  The  following  example  illustrates  a  difference  between 
algebraical  and  arithmetical  operations,  and  is  worthy  of  careful 
attention : — 

The  H.  C.  F.  of  x^+Ax  +  3  and  x-^  +  Sx  +  T  is  x+1. 

,  Now,  if  for  X  we  substitute  any  whole  number  we  may  be  cer- 
tain that  the  value  of  x+1  will  be  a  common  measure  of  the 
values  of  x^  +  ix  +  S  and  a;^  +  8.ir  +  7,  but  we  cannot  be  certain  that 
it  will  be  their  greatest  common  measure.  If  a:  =  2  the  expres- 
sions become  15  and  27,  and  x-l-l  =3,  and  this  is  their  greatest 
common  measure;  but  if  a:  =  3  the  expressions  become  2Jr  and  40, 
and  x+l=4:,  which  is  not  their  greatest  common  measure.  The 
explanation  lies  in  the  fact  that  the  other  factors,  a;-f-3  and  x+7, 
have  no  common  measure  for  all  values  of  x,  but  they  have  for 
particular  values  of  x,  viz.,  when  x  is  any  odd  number. 

/  135.  The  following  is  the  substance  of  the  theory  usually  given 
in  connection  with  this  subject.  The  reasoning,  however,  is  not 
suitable  for  beginners,  and  should,  therefore,  be  omitted  until 
considerable  progress  has  been  made.  The  same  remark  applies 
to  the  corresponding  Arts,  in  L.  C.  M. 

136.  If  P  is  a  factor  of  A  then  it  is  a  factor  of  niA;  for,  since 
P  is  a  factor  of  A,  we  may  suppose  A=aP;  then  mA=inaF; 
thus  P  is  a  factor  of  inA. 

137.  If  P  is  a  factor  of  A  and  B  then  it  is  a  factor  of  mA  ±nB; 
for,  suppose  A=aP  and  B  =  bF,  then  mA±nB  =  maP±nbP 
=  P{ma±nb). 

The  double  sign  ±  signifies  both  the  sum  and  the  difference  of 
the  quantities  between  which  it  is  written. 
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^138.  Let  A  and  Ji  denote  any  two  expres-    BJ  A  (p 
sions  whose  H.  C.  F.  is  required.     Let  them        pB 
be  arranged  and  the  divisions  performed  ac-  C)B(q 

cording  to  Art.  130,  and  let  the  various  quo-  qC 

tients  and  remainders  be  denoted  by  the  let-  j)\  q  /^ 

ters  in  the  margin;  then  we  have  the  follow-  ^2) 

ing  results: — 

A=pB+C,     B  =  qG  +  D,     C  =  rD; 

.\A=pB+C  B^qC+D 

=p{qC  +  D)+rD  =rD^D 

=])lqrD+D)  +  rD  ^D{r  +  \) 
=  D(j)qr+p  +  r) 

Therefore  2>  is  a  factor  of  both  A  and  B. 

(/139.  Again,  since  every  expression  which  divides  A  and  B 
divides  A  -pB,  that  is,  C,  therefore  G  contains  all  the  factors 
common  to  A  and  B.  Similarly  I)  contains  all  the  factors  com- 
mon to  B  and  C,  that  is,  all  the  factors  common  to  A  and  B; 
therefore  D  is  the  H.  C.  F.  required.  Also,  every  factor  of  A 
and  i^  is  a  factor  of  D. 

I/HO.  If  we  are  required  to  find  the  H.  C.  F.  of  three  expres- 
sions, A,  B  and  C,  find  the  H.  C.  F.  of  two  of  them,  A  and  B; 
let  it  be  D.  Then  the  H.  C.  F.  of  D  and  G  will  be  the  H.  C.  F. 
required;  for  every  factor  of  D  and  C  is  a  factor  of  A,  B  and  C, 
and  every  factor  oi  A,  B  and  C  is  a  factor  of  D  and  G;  there- 
fore 2)  is  the  H.  C.  F.  of  ^,  i?  and  G. 

EXERCISE  XXXV. 

Find  the  H.  C.  F.  of 

1.  a^  +  3x^+ix  +  12  and  3^+4x'^  +  ix  +  3. 

2.  a*  +  3?-2x-8  a.nd  a^  +  23^  +  x-4:. 

3.  a»+x*  +  x-Z  mnd  3f  +  3x*+5x  +  Z. 

A.  :^+z*-lZx-i&nd33^+l0x*-lZx-20. 
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5.  3.r3_17a;— 5j;+10and  Sa^  -  23x'^  +  23z  -  &. 

6.  2x^-x^  +  x  +  4:  and  2x*-x^-x^  +  7x-L 

7.  2x='-19a;2  +  38x-21  and  3x3-20x2- 12a: +  35. 

8.  3x3- 13x2  + 23x- 21  a^^j  6r'+x2-44x  +  21. 

9.  x*-3r'  +  2x2+x-l  andar»-a:'-2x  +  2. 

10.  x«+5x*-x2-5x  and  x*  +  3x»-x-3. 

11.  2x* -12x3+ 19x2- 6x  + 9  and  4x3- 18x2  + 19a;- 3.  -^^ 

12.  2x«-  11x2-9  and  4x5+llx*  +  81. 

13.  x«  +  3x*-8x2-9x-3andx«-2x*-6x3+4x2  +  13x+6. 

14.  2x5-5x*  +  x3-9x»-llx  +  6  and  3x5-8.c^-4x3  +  5x2-5x-3. 

15.  9x'^+llx3-2and81x«+llx  +  4. 

16.  x«-209x  +  56  and  56x«-209x*+l. 

17.  x«  +  l  and  x5  +  x*-x'-x2  +  x+l. 

18.  2a*  +  3*3^;  _  9a2x2  and  6a*x  - 1 7a3x2  + 1 4a2x'  _  3ax*. 

1 9.  a3x3  -  a^bx-y  +  ab'^xy^  —  b^y^  and  2c^bx^y  -  ab'^xy^  -  b^x^. 

20.  x3-9x2  +  26x-24,  x3-10x2  +  31x-30  and  x3-llx2  +  38x_40. 

21.  X*- 10x2+9,  x*+ 10x3  +  20x2- lOx-21 

and  x*  +  4x»-22x2-4.c  +  21. 

22.  X* -/>.r3 +j9x2 -jo^j;  and  x*  - j!)3. 

23.  x3  +  (jo+l)x2  +  (jD  +  l)x+;?  and  x-3  +  (p- l)x2-(jo- l)x+j9. 

24.  ax'  —  bx^-Vax—b  and  ox*  +  (a—  6)x2  +  (a  —  6)x  -  6. 

25.  X*  +  2mx3  +  77*2x2  -  ■n.2  and  x3  +  (7?i-  l).r  +  (n  — 77i)x  — w. 

26.  x3  +  (5m-3)x2  +  (677i2-15r7i)x-18m2 

and  x3  +  (77i  -  3)x2-  (2m2  +  3/7i)x  +  6ni-. 

27.  jox3 -{jp-  g)x2  +  (jo  -  q)x  +  q  and  J9x3—  {jy  +  3')-i""  +  (i?  +  <i)^  —  q- 

28.  ax»  -  (a  -  6)x2  -  (6 -c)x-c  and  2ax3  +  (a  +  26)x2  +  (6  +  2c)x  +  c. 

29.  a3  +  ^3  +  c3  -  3a6c  and  a{a  +  26)  +  b{b  +  2c)  +  c{c  +  2a). 

30.  ay{3?+¥)+bx{by^  +  a'x)  and  ax{y^  +  b')  +  by{bx^  +  a-y). 
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LOWEST    COMMON    MULTIPLE. 

141.  A  Common  Multiple  of  two  or  more  algebraical  expres- 
sions is  any  expression  of  which  each  of  the  given  expressions  is 
a  factor. 

142.  The  Lowest  Common  Multiple  of  two  or  more  alge- 
braical expressions  is  the  expression  of  lowest  dimensions "  and 
smallest  numerical  coefficients  of  which  each  of  the  given  expres- 
sions is  a  factor. 

The  Lowest  Common  Multiple  is  usually  denoted  by  the  letters 
L.  C.  M. 

143.  The  L.  C.  M.  must  evidently  contain  all  the  elementary 
factors  which  any  one  of  the  given  expressions  contains,  but  no 
other  factor;  therefore  for  finding  the  L.  C.  M.  of  two  or  more 
algebraical  expressions  we  have  the  following 

Rule. — Resolve  each  of  the  given  expressions  into  elementat'y 
factors,  and  the  product  of-  the  highest  powers  of  all  the  different 
factors  which  occur  will  he  tJie  II.  C.  F.  required. 


EXERCISE   XXXVI. 

Knd  the  L.  C.  M.  of 

1.  2a'6,  ^ab\  6a6c.  2.  ^a^b\  \Obhd,  Ihahcd?. 

3.  ISj^y,  AOq*r\lbi*p\  4.  2Wm\  35mV,  70wVj9. 

6.  a^-b\  ab  +  h\  a^-\-ab.  6.  a^-h\  a-b,  a''+ab  +  b\ 

7.  «»-l,  x^-l,  x'  +  x+l.  8.  3^-xif,  xif  +  f,  a?-x'^y. 

9.  4(x»-y»),  6(a;-2/)',  10(ar-l-3/)».   10.  3j;(r'-l),  5y(a;+l),  .r»-x+l 

11.  a'-6',  a»-6»,  a*  +  a'6'  +  6«,  a'-6«. 

12.  o»  +  6',  a*-a'i'  +  6«,  a^-h\  a*-b\  a*-b\ 

13.  x*-5x  +  6,  x*-i,  x^-0,  «»77j;+12,  x»-16. 
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14.  x^  —  {a  +  b)x+ab,  x'^  —  (b  +  c)x  +  bc,  x"^  -  (c  +  a)x  +  ca. 

15.  (a;2-4ay,  {x  +  2ay,  {x-2af, 

16.  %{a''-¥){a-b)\   \0{a^-b%a  +  b)\  \b{a?-\-bJ. 

17.  \2(a^-b^){a  +  h)\  9(a*-b'){a-bf,  2i{a?-by. 

18.  x^- 10.^2 +  9,  a;3-7a;  +  6,  r'-7a;-6. 

19.  a2-62  +  c2  +  2ac,  a2  +  i2_c2  +  2fl6,  6Hc2-a2  +  26c. 

20.  4(a;3-rr2/2),  2(){a?  +  x'y-xy''-if),   I2{xf  + if),  8(x»-a:'y). 

21.  a--  — 1,  x^+1,  xi^—x,  x'-Xy  3^  +  x?  +  x. 

22.  x^  —  a^,  a?-  a?x  —  ax'  +  a',  as^  +  a?x  -  a-x^  -  a*. 

144.  If  the  expressions  cannot  readily  be  resolved  into  factors 
we  must  proceed  as  follows : — 

The  L.  C.  M.  of  two  algebraical  expressions  is  their  product 
divided  by  their  H.  C.  F. 

Let  A  and  B  denote  the  two  expressions,  D  their  H.  C.  F.;  let 
a  and  b  denote  the  other  factors  of  A  and  B^  so  that  A  =  aZ), 
^  =  6Z>. 

The  expression  of  lowest  dimensions  which  contains  either  A 
or  ^  as  a  factor  is  evidently  abD. 

^^     aD.bB     AB 
Then  abD  =  —  n~  =  ~n"- 

In  practice  it  is  easier  to  divide  one  of  the  expressions  by  the 
H.  C.  F.,  and  multiply  the  quotient  by  the  other  expression. 

145.  Every  common  multiple  of  two  algebraical  expressions  is  a 
multiple  of  their  lowest  common  multiple;  for,  using  the  notation 
of  the  last  Art.,  if  M  be  any  common  multiple  of  A  and  B  it  must 
contain  the  factors  abB ;  if  it  contains  no  others,  then  M=abD; 
if  it  contains  another  factor,  m,  then  M  =  mabD,  which  proves 
the  proposition. 
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146.  To  find  the  L.  C.  M.  of  any  number  of  algebraical  expres- 
sions, A,  B,  C,  etc.,  we  have  the  following 

Rule. — Find  the  L.  C.  M.  of  A  and  B,  denote  it  hy  M ;  find 
the  L  C.  M.  of  M  and  C.  and  proceed  as  before  until  all  the  ex- 
pressions have  been  used.  The  last  multiple  thus  found  will  be  the 
L.  C.  M.  required; 

For  the  L.  C.  M.  of  M  and  G  contains,  without  excess  or  defect, 
the  factors  of  AI  and  C,  that  is,  the  factors  of  A,  B  and  G.  Simi" 
larly  for  any  number  of  expressions. 

EXERCISE   XXXVII. 
Find  the  L.  C.  M.  of 

1.  ar'_6a;2+lla:-6  and  r»-9.r2  +  26a;_24. 

2.  a:3  _  9j.2  + 1 9 J.  +  4  a,nd  ar^  -  6x2  +  4a;  + 1 . 

3.  2r'  +  9x2  +  7x-3  and  3x''+5a;2-15x  +  4. 
L  x*-3?-x+\a.TidiX^-23?-x'-2x+\. 

5.  Qi^  +  x^y-  l\xy''-6y^  and  Ga^+lla^y-xy^  —  Qy*. 

6.  x*  +  ax^-9a'^x'^+lWx-4a*  and  £^-a.v^-Sa''3p+5a'x-2a*. 

7.  a^-7a;-6  and  r»-4a:'  +  4a;-3. 

8.  ar*-10x'  +  9,  x*+ 10x3  +  20x2 -lOx- 21 

and  x*  +  4x»-22x»-4x  +  21. 

9.  x*  +  Sr^-x-S,  2a;*+ 5x3- 5x2 -5x  + 3  and  2x*  + 3x^-1- 2x^-1. 

10.  a;<  +  4x2+16,  x«  +  2x*  +  4r»  +  8x'+16x  +  32 

and  x*-2x*  +  4x»-8x-+16x-32. 

11.  x»  +  6x2+llx  +  6,  x»  +  7x'+14x  +  8andx'  +  8x2+19x+12. 

1 2.  a'x  +  aV  -  2ax',  a'x  -  o^x*  -  6ax*  and  a'  -  2a'x  -  Sax'  +  6x-''. 

13.  x*-3x'  +  3a:-l,  r»-x'-a;+l,  x* - 2.c»  +  2x - 1 

and  x*-2x»  +  2x»-2x-i-l 
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FRACTIONS. 

147.  A  Fraction  is  the  quotient  of  one  expression  by  another 
when  the  division  is  indicated  but  cannot  really  be  performed. 

Thus  — ,  — ,  are  fractions:  but  — ,  r  are  fractions  in  form  but 

4     6  3     a~o 

not  in  reality. 

148.  The  expression  to  be  divided  is  called  the  Numerator, 
and  that  by  which  it  is  to  be  divided  is  called  the  Denominator. 

The  Numerator  and  the  Denominator  are  called  the  Terms 
of  a  fraction. 

149.  Any  expression  may  be  written  in  the  form  of  a  fraction 
by  considering  it  the  quotient  of  itself  by  unity. 

150.  As  division  is  the  reverse  of  multiplication  any  expres- 
sion may  be  written  as  a  fraction  with  a  given  denominator  by 
first  multiplying  it  by  that  denominator  and  writing  the  product 
as  numerator  over  the  given  denominator. 

151.  Since  the  numerator  is  a  dividend  and  the  denominator 
its  divisor  we  learn,  from  Arts.  78  and  80,  the  following  facts: — 

1.  If  the  numerator  of  a  fraction  be  multiplied  or  divided  by 
any  factor  the  fraction  itself  will  be  multiplied  or  divided  by  that 
factor. 

2.  If  the  denominator  of  a  fraction  be  multiplied  or  divided  by 
any  factor  the  fraction  itself  will  be  divided  or  multiplied  by  that 
factor. 

3.  If  both  numerator  and  denominator  be  either  multiplied  or 
divided  by  the  same  factor  the  value  of  the  fraction  will  not  be 
changed. 
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4.  If  the  signs  of  all  the  terms  in  both  numerator  and-  denomi- 
nator be  changed  the  value  of  the  fraction  will  remain  the  same. 
This  is  equivalent  to  multiplying  both  by  - 1. 

5.  If  the  sign  ot  either  numerator  or  denominator  be  changed 
the  sign  of  the  fraction  will  be  changed. 

—,        a       -  a  —a  a         a  a      x-ii     y-x 

Th.us-r  =  — ,=  -—-= -,  — -=  -— -,  — ^  =  ^,etc. 

0—0  0  -0    0-c         c-0    a-0     o-a 

These  examples  should  be  carefully  observed. 

REDUCING    FRACTIONS    TO    THEIR    LOWEST 
»  TERMS. 

152.  When  the  numerator  and  denominator  contain  no  com 
mon  factor  except  unity  the  fraction  is  said  to  be  in  its  lowCSt 

terms. 

A  fraction  is  reduced  to  its  lowest  terms  by  dividing  both  numer- 
ator and  denoyninator  by  their  H.  C.  F. 

153.  In  the  following  examples  the  factors  of  the  various 
numerators  and  denominators  are  evident  by  inspection,  or  may 
be  determined  by  methods  already  given : — 

2a2  -  2ab     2a{a  -  b)     2a 


Ex.1. 
Ex.  2. 


Zab-W     db{a-b)     3b' 

a*  -  a^b  -  aW  +  ah^  _  a\a  -b)-  ab\a  -b)  _  a^  -  ab^ 
a'^  -  a*b  -  ab' +  b'  ~  a\a  -  b)  -  b\a  -  b)  ~  a*  -  b* 

a{a?  -  b^)  i 


(a"  +  b^){a- -  b^)     a'  +  b''' 

EXERCISE  XXXVin. 
Reduce  to  their  lowest  terms  the  following  fractions : — 

^-  606"''  I2b^cd^'  21  Imn' 

18a»6'c«  \25nxy  UaW 

27aW'  IbOabo'  '  65a><»6"*" 
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72xVV  ■  180;>Vr**  ■  o*6^' 

10.515^1  11.  _^.  12.         1^«'* 


125x2'  a'+ah'  '  24a^6-32a6»* 

13       ^y  14    ^^"^"^^  15  ^y-^y^ 

2>x'^y  —  ^xy^'  '  abl  +  abm'  '  abx  -  a6y' 


12aVy-l2b'x'y'        '     6x^-67/  '  '  2a^  +  iab' 

12a^+18&''  Jbcx  -  a%c  ix-iy 


8a' -186*'  '   abc-x^  -  abc^'  '  9>x^-\Q>xy^d>y^' 

x*-a*  „„    a;'- a®  ^,     a:*  -  a'x- +  a* 


22.  -r-^3.  23.  - — J.  24. 

ar-  a-x^  x*~  a*  x"  +  a" 

25.    "!-'''.- ''I       26.^4ii4^..     27.  ^-1 


a2_3«6+26-'  '  a:- +  2aa:  +  2a2'         *  ar«  +  2a:»  +  2x  +  1* 

a'^  +  Z>2  -  c'^  +  2rt6     ^      c^-a^-b"^  +  2ab  x'^-ax-bx  +  ab 

a^  -  b'^  +  c'  +  2ac'    "  '  b"^-  c^-o^  +  2ac  '  3?  -ax-^bx-  ab' 

acx''  +  {ad-bc)x-bd  (3a;^-l)(2x''-l) -a;'(5a:^-7) 

aV-6'-'.  *  '  {Sx'-lY  +  {3^-3x)^        ' 

33    ^-^'-^+\  34,  (rt-6  +  c){(a  +  6)^-c-} 


35. 


.-c*  -  a.-3  -  X-  +  a;  46-c-  -  {a'  -b^~  (?f 

{a^  _  hcf  -  (6^  -  ac)(c''  -  ab) 
\b-^-caf-{c'-ab){a^-bcy 


154.  When  the  factors  of  neither  numerator  nor  denominator 

can  be  easily  obtained  the  H.  C.  F.  must  be  found  by  the  method 

of  division. 

a;3_  4_^2_  19^  _  14 

Ex. — Reduce  7-^ — '  „     .^^ ^77  to  its  lowest  terms. 

2.r-  9.r-  38a;  +  21 

The  H.  C.  F.  of  the  numerator  and  denominator  found  by  the 
usual  process  is  x  —  l.     Dividing  both  terms  of  the  fraction  by 

a;2  +  3_^  4.  2 
x-1  we  get  jr-^ — -,  the  result  required. 

ZX    +  DX  —   O 
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EXERCISE  XXXIX. 
Reduce  to  their  lowest  terms  the  following  fractions: — 
a;2_ll.r  +  28  „    4x^+Ux  +  9  „    x*  +  x^  +  1 


1. 


7. 


X- 


Ax-2l  '  '  2j;2-5a;-12'  '       a;"-'l. 


ar^-x  ^    x*  + 2x^  +  9  ^     3a^-22a-15 

4.    -: zr-Ti 7.  5. 


a:4_5a;2  +  4*  '  x^-x'^  +  Qx'  '  5a*  -  17a='+ 18a' 

a^_4a;2  + 9x- 10  a^~7x+Q 

a^  +  2x'' -  3x  +  20'  '  a^  +  3x^  -  Ax' 

a:3_5x2  +  10,c-8  3,c3-16j;2+23ar-6 


2r»-9a;2+17x-12'  '  2^3  -  lla;2+ 17a;- 6* 

23:^-133:'+19x-  20  2.^3  +  O-r^  +  7a;  -  3 

'2?  +  7a;2-llx  +  20  "  *"  3j^  +  bx'- -  I5x  +  i' 

\x^  -  xy  -  2>if  x^  -  01?  -  X  +  \ 

\2^  -  \2xhj  +  4x7/^  -  iif  '  x^  -^  0?  -  X  -Y 

7?  +  2x2  ^  2a;  ,  ^           ?>d?x'  -  2ax'  -  1 

15.     ; : .  16. 


3^  +  ix  ia'x^  -  2a'x*  -  Sax"^  +  1 ' 

{a  +  by  +  {a -by  (x'^  +  ixy-  2(x-'  +  ix)-\o 

a«  +  5aV  +  66**  "               a;* -10x^  +  9 

a^  +  3i*y+ n^y^  +  xhf  +  .r?/  +  ?/  a5(a;''  +  y^)  +  a;y(a'*  +  b"^) 

jf" - 3^y  +  3?if  -  xhf  +  xi^-i^'  '  ab{x^  -  y'^)  +  xyici^  -  b"^)' 

x^ -y"^ -!i?+2yz  +  x+ y -z  a^  +  ¥  +  <?- ?>abc 


z^-3?-y'^+2xy  +  y  +  z-x  '  {a-by  +  {b-cy  +  {c-ay' 

g*  +  (26'  -  0^)3^  +  b*  3p+(a  +  b  +  c)x  +  {a  +  b)c 

a;*  +  2aaf'  +  aV-i*"'  *          a'  +  2ab  +  b^-x' 

ahjab  -  3c»)  -  c(3a»  -  6^)  2a;«g'  -  33;V  -  2yV  +  Sy* 

ac{ac  -  46*)  -  6(4a'  -  <?)'  3a;V  +  2y*  -  2a;y  -  3yV 

^„    ai^  +  (6c  -  a6  -  ac)a;  +  ahc  -  b^c 
27.  ^ 


28. 


(y«  -  a)'  -  (ca  -  y'')(ah  -  «*) 
(be  -  l)(2/a  -  a)  -  («  -  by){y  -  cz)' 


29. 
30 
31 
32 
33 
34. 
35. 
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(a^  -  1)^3  +  (2*2  +  a)x^  +2ax+l 


{a-lfx^-2{a-l)x'-2ax-l  ' 

(l+a)'(l+c^)-(l  +  c)-(l+a^) 
•  a(l-c)(l+c)-c(l-a)(l  +a)' 

m*  -n*  +  2n(m^'+  n^)  -  (ni'  -  n-y 
(in  +  7if  -  in^  -  n^  -  innijn  +  7i) 

(a  -  by  +  6ab{a  -  b)*  +  Sa^b^a  -  by- 
la  +  bf  -  6ab{a  +  by  +  Sa'b-'la  +  bf ' 

a:'b  +  (?d  +  a?d  +  b<? 
ab^  +  cO?  +  abd  +  bed  +  acd  +  abc  +  b'^d  +  6ii^* 

(aa;  +  ft?/)''  -  (a  -  b){x  +  2)(ax  +  fty)  +  (a  -  6)*a*z 
(cw;  -  6y/)'^  -  (a  +  6;(a:  +  2)(aa;  -  by)  +  (a  +  6)^X3* 

{(g  4-  b){a  +  c)  +  2a(6  +  c)}"  -  («  -'ft)-(a  -  c)^ 
{(6  +  c)(6  +  a)  +  26(c  +  a)}-  -  (6  -  c)-(a  -  6)^' 
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155.  If  the  degree  of  the  numerator  of  a  fraction  equals  or 
exceeds  that  of  the  denominator  the  fraction  may  be  changed  to 
the  form  of  a  mixed  or  integral  expression  by  dividing  the  numer- 
ator by  the  denominator.  The  quotient  will  be  the  integral  part 
of  the  result;  the  remainder,  if  any,  will  be  the  numerator,  and 
the  divisor  the  denominator,  of  the  fractional  part. 

„      x*  +  y*       ,     ,           2     ,       2./  ,      „  ,     ,       2x* 

Ex.   —  =  3f-x-y  +  xif-jf  H or  ir-y  x  +  yx^-ar  +  • 


x+y  X  +  y  ^  +  y 

according  as  we  consider  xory  the  leading  letter.  In  arithmetic 
the  fractional  part  is  wi'itten  beside  the  quotient,  with  no  sign 
between;  but  this  is  not  admissible  in  algebra,  since  when  no 
sigr  is  written  between  two  parts  of  an  expression  multiplication 

is  understood.     Thus  3  -  means  3  +  -  ,  but  a-  means  ax-  =  — . 
5  0  c  c       c 

The  dividing  line  between  numerator  and  denominator  has  the 
same  effect  as  a  bracket;  hence  when  a  minus  sign  is  placed  be- 
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fore  a  fraction  the  sign  of  every  term  in  either  numerator  or  de- 
nominator must  be  changed. 

156.  A  mixed  expression  may  be  reduced  to  a  complete  frac- 
tion as  follows: — 

Multijdy  the  integral  expression  by  the  denominator,  to  the  pro- 
Jicct  annex  the  numerator,  and  under  the  result  write  the  denomi- 
nator. 

,     a^  +  b""     (a  +  bf  -  {a"  +  b"")       2ab 

Ex.    a  +  b -r=- i "= 1- 

a  +  o  a  +  b  a+b 

157.  A  fraction  whose  numerator  consists  of  several  terms 
may  be  split  up  into  an  equivalent  number  of  fractions  connected 
with  the  proper  signs. 

a*  +  Sa^b  +  2a''b''  __a^     3a%     2a''b'^  _a      3      2 

The  truth  of  the  above  is  evident  from  the  division  of  poly 
nomials,  Art.  82. 

EXERCISE   XL. 
Reduce  the  following  fractions  to  mixed  quantities : — 
5a;'  +  7a;-3  a^-ax  +  x^  Sr'-Sy^  +  b 


4. 


x+2  a+x  X -y 

x^  +  y^  23*-3?+2x-2>  9a2 

x-y  '  '         1^  -x+\  '         '   3a  +  I' 

3a^- 7x^+1  g    Sr*  -  a:'  +  5  a^-x  +  1 

*    3a;'-4a;  +  3  '  '  bx'^  +  ix-l'  '  a;-  +  a;+r' 

Reduce  to  complete  fractions 

10.   1  +:r^— .  11.   1+X  + 


I  -  x'  '  1  -  a:' 

13.  l-tZl.         14.  2a-6-   2«* 


X  +  y  a+b 

IT).  a-b  +  ^- yi-.   17.  x  +  5 —.        *«.  

a-0  x-o  x+y 


12. 

a-  b  + -. 

a+b 

15. 

,    (a  -  by 

a  +  b-  ^ -L 

a  +  b 

18. 

2x' 

LOWEST  COMMON   DENOMINATOR.  93 

19.  x^  +  xy  +  y''  +  -^^—.  20.  x^-xy  +  y--^ 


X  -  y  ^  +  y 

^,     n             o       x'^  +  x*  „„                       a?-ay  +  y* 

21.  l+a;  +  a;--- -,.  22.  a;-a  +  w  + — -. 

\  -  x  +  x^  x  +  a 

a;8  -  4a;2  +  8  2v*  +  2v* 

^^-   •^+^-      (^,2)^    •  24.   l  +  22/  +  2y^  +  2y3  +  ^^__f. 

25.  a+ai  +  i"(a  +  a6  +  -; r).     26.  a- ab  +  h-la-ab  + 


\  -  b)  \               \+b 

Separate  into  fractions  with  a  single  term  in  the  numerator. 

3^  +  3ax*  -  5a^j:^  +  ^a?x  a?xy  +  ay^z  +  ax^z  +  xy:^ 

2>aJ?                  '  axyz 

abc  +  bed  +  cda  +  dab  15a:'  -  40x*  +  75ar  -  150 

2^-                 ab^               •  ^^'                  100^:                • 

{a  +  b){m-n)-{a-b){m->rn)  (a  +  b)x  +  (a  -  2b)y 


LOWEST    COMMON    DENOMINATOR. 

158.  Since  the  value  of  a  fraction  is  unchanged  by  multiplying 
both  numerator  and  denominator  by  the  same  factor,  it  follows 
that  two  or  more  fractions  may  be  replaced  by  equivalent  frac- 
tions having  a  common  denominator  by  the  following 

Rule. — Find  the  L.  C.  M.  of  the  denominators.  Multiply  both 
numerator  and  denominator  of  each  fraction  by  the  quotient  ob- 
tained by  dividing  the  L.  C.  M.  by  its  own  denominator. 

Ex.  1. — Reduce  to  equivalent  fractions  with  the  lowest  com- 
mon denominator 

2a        36  4c 

36c'     5ca'     lOai' 
L.  C.  M.  of  denominators,  SOaic. 
Quotients  of  30aic  by  denominators,  10a,  66,  3c; 

^        .  .     ,      20a2      186*       12c2 

Fractions  required,  3^^,  3^^,  3^^. 
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Ex.  2. — Reduce  to  equivalent  fractions  with  the  lowest  com- 
mon denominator 

2  3  a;-3 


x  +  V     x-V     x'^-V 

L.  C.  M.  of  denominators,  x^-l. 

Quotients  of  a;*  — 1  by  denominators,  x-\,  a;+l,  1. 

_        .  .,    2a; -2    3a; +  3     a;— 3 

Fractions  required,   — — -,     „    .  ,  — — -, 
a;''  — 1      x'—i     x'  —  \ 


EXERCISE   XLI. 

Reduce  to  equivalent  fractions  with  the  lowest  common  de- 


nominator 

2a;    4a;    1x 

8a;- 3 
^-      4a;''' 

2-3a; 

be'  ca'  ab' 

'  y  "5 '  10* 

6a;    ' 

4      2          ' 

^-  a-b' 

b 
a  +  b' 

6         ^             2/ 

xy  -  2/^'  jk'^  -  xi/' 

^     a  +  b     a  - b 
a  -  b'    a  +  b' 

ab 
a^-b^' 

-4' 

7            8 

3x  +  6'  5a;2-20' 

ar  +  4 

x  +  2 

-^ 

2 
Ic' 

a;  +  3    a;  +  4 

a;* -5a; +  6'  x' 

-Ix  +  W 

x—x'^'  X  -x^' 

11.    .       '^'      .. 

c  +  a 

^^,      ' 

(a  +  b)               a{b  +  c) 

{a  —  b)(a—cf  (b  —  a){b-c)'       '  ab(a-c){b-cy  bc{b-a){c-a)' 

ADDITION     AND     SUBTRACTION     OF 
FRACTIONS. 

159.  The  rule  for  the  addition  and  subtraction  of  fractions 
follows  at  once  from  the  principle  of  Division.  To  divide  the 
sum  or  difference  of  quantities  we  divide  the  quantities  in  succes- 
sion and  connect  the  quotients  with  tlie  proper  signs.  Conversely, 
the  sum  or  the  difference  of  two  quotients  is  equal  to  the  quotient 
of  the  sum  or  the  difference  of  the  dividends  by  the  common 
divisor;  therefore 
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160.  To  add  two  or  more  fractions  we  have  the  following 
Rule. — Reduce  the  fractions  to  equivalent  ones  having  the  lowest 

common  denominator.     Add  their  numerators,  and  under  t/ieir 
sum  as  numerator  write  the  common  denom.inator. 

161.  To  subtract  one  fraction  from  another  we  have  the  fol- 
lowing 

Rule. — Reduce  the  fractions  to  equivalent  ones  with  tlce  lowest 
common  denominator.  Subtract  t/ie  numerator  of  t/ie  subtrahend 
from  that  of  the  minuend,  and  write  the  difference  as  numerator 
over  the  common  denominator. 

1  1         X  -3 

Ex.  1. — Simplify + + :; 5. 

\  +  X     \  —  X     1-ar 

Reducing  the  fractions  to  equivalent  ones  having  the  lowest 
common  denominator  we  get 

1  1         x-?>\-x\+xx-Z 


■+-. I  +  T 15  =  :; :5+, -5  +  - 


\  +  X     \  -  X      \  -  x''      \  -  X-      \  -  x^     \  -  x' 

l-ar4-l+a;  +  a:-3     ar-1  1-ar 


1  -  a;'^  1  -  a;^         1-ar         1  +  a;' 

a  b 

Ex.  2. — Simplify  -. ■—;  - r— . 

^     •'    {a+b)b     {a-b)a 

a  b  a\a  -  b)  b\a  +  b) 


(a  +  b)b     (a-b)a     ab{d-  -  b-)     ab{a'  -  b'^) 

^  a\a-b)-b\a  +  b)  _  a»-  a%  -  aP  -  i» 
ab{a^-b^)  ab{a''-b^)       " 

Simplify  EXERCISE  XLII. 

,     cc      2a;     3a;     5a;  „    3a     5a     7a     56 

_    a  +  .T     2a -a:     x-a  ,    2.r  +  7/     .t-2?/     4.r  -  5?/ 

3.  — 1 H .  4.  --i -A — 

3     ^     3     ^     2  5     ^    10    ^     15     • 
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,    3.r-8     2.r  +  4     6  ^    4.r-5     2a;     4a;  +  2 

^    2a;- 9     4a;-3     33  -  14.r  „     1       1       1        1 

7. 1 f-'- .  8.   — I 1 H . 

14  21  42  a;      2x     3a;     6a; 

9.  _  +  — +  — -  +  ^^^ .  10.  ——  +  __  + . 

by     Ay     ivy         y  ab  be  ca 

,„    a  +  lb     b+2c     c  +  2a 

12.   —— + +  — T-- 

be  ca  ab 

,,     X  -  \     X  -  1        5- 2a; 
14.  ^  + ^  + 


11. 

1      1       2 
x"     if     xy 

13. 

a             h           2ab 
a  +  b     a-  b     a^-U^' 

15. 

1            2                  2 

a;  -  5    a;  -  7  '  x-'-12x  +  35 

17. 

X         y             x^ 

y   '  X  -^  y     x^  +  xy 

x-2      a;-  3     x'-bx^^ 
..         y  X  2 

16.     -TT- +  S  + 


X   +  xy     xy  +  y      x  +  y 
18.  -.^ ^—.+  "^ 


x"^  -  xy  +  y"^     x'^+  xy  ■\'  if' 

b^  —  ab     a"^  +  ab  a         ab  —  P      a^  —  b- 

ba-a^^  ba  +  6^*  ^TT  "^  a^-ft'^  '''(a  +  i)*" 

x'+xy+jl  j^-xy+jl  ^*!lA\  9  ■  ^^Jl? 

x^—  xy  +  y      x'+  xy  +  y  a-  -  b'  a'  +  b^ 

1  ^~y        xy~  ^^^ 


23.  + 


3?-lf  ' 


24. 


X  —  y     x^+  xy  +  y' 

a;  +  l  a;-l  2 

^+7n  "*"  ^«^  +  1  "*"  a.-*  +  a;2  +  r 


a  +  i  a-b        2(a^x  +  bh/) 

ax  +  by     ax  -  by      aV*  +  b'^y'^ 

1  ^  2.r  1 

^^'  x»  +  3j;  +^*''  ar*  +  4a;  +  3  ■'' «»'+  5x  +  6* 

l-2a;  1+a;         1__ 

^''   3(a;»-x+l)'^2(x»+  l)'^6(j;+l)' 


x-\     x  +  \     3x-2     3j;-4 

X 


2®-  ~n'*Tn""^7+3"^  «-2' 
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Simplify 


EXERCISE   XLIII. 


3a;     5a;                           4a:-7     2x-9  1 

I  •    ~ii —  7^  •  ^'   — ;; — r; —  •  O. 


7      W  '6  3     '  *  a:-  1     a:+  1" 

,         a  l^  ^    X  +  y     X  -  y        /  „  a  —  c     b  +  c 

4. ~.  5. ~.  6.  r y. 

a  -  0     a  +  0  X  -  2/     X  +  1/  a  -  o     a  +  0 

a  X  „m  +  n        m  ■\- n      ^  x^  ■{■  y^         y 

7.   -. r--^ :.  8.  i s .  ^. 


x{a-x)     a(a-x)  mn  —  n^     m?-mn         ^~y^     ^~y 

a  +  x  ax  +  x"^  "  a  +  x       ,  a^  +  ar^ 


a{a-x)      a-{a  —  x)'  '  2(a-a;)     2{a?  —  x")' 


1  +  a;  +  a;^     1  —  a;  +  a;^ *  '  x^  —  xy  +  y^     3^  ■¥  xy  +  y"^' 

14  1  1  15    _      ^  ^ 


a;2-8x  +  15     a;2-5.r+6'  'a:--19x  +  84     ar-12a-  +  35' 

^  31 7  a;'  +  8x+15     a;  -  1 

■   12a-2-x-20~.12x2-25a;+12"      '  a:-  +  7a;+ 10  ~iT^* 

i*Q    (-i^  -  3a)(.c  -  7a)     a; -5a  3a +  6  a +  76 

18.     —^i — r-T ;r— — -„  —   : — .  19. 


a;='-10aa;  +  24a2     a; -4a  a"  + 'dab  +  21"^     o2  +  5a6  +  66»' 

^  a;^  +  a;-5  ar^'  +  a;— 1  a  b 

Ji\J,     rr — r r-i r-r  — Tr — 77^  •  -^I« 


2a;2-lla;+12     2.j;' +  5a;  -  12"      *  (a-b){a-c)     (a  -  b){b  -  c) 
22  «  (c-a)(x-c-a) 


23. 
24. 


a;'*  -  (a  +  6)a;  +  ab     (.c  -  a)(a;  -  b)(x  -  c) ' 
4a  -  36  8a -'6 


7a6(a  -b)-  2{a^  -  ¥)     2>ab(a  +  b)-  2{a?  +  ¥)' 

3a;2-2a;+6     ,  2.c*  -  x^  +  5a-'  -  2x  +  8 
(2a;2-3a;  +  4f  (2a.''^  -  3j;  +  4")*        ' 


„^_  a;  a;  x     ^   .         a  b  c 

25.  From   +  — -  + take   +  — -  + . 

x-a     x-b     x-c  x-a     x—b     x-c 
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162.  In  simplifying  algebraical  expressions  two  formulae  are 
frequently  of  service,  viz.: — 

1.  {a  +  bf  +  {a-hf  =  2{a?  +  h''). 

2.  {a^hf-{a-hf  =  '^ab. 

They  should  be  remembered  in  words  as  well  as  in  symbols, 
thus : —  ^ 

1.  The  square  of  the  sum  of  two  quantities,  plus  the  square  of 
their  difference,  is  equal  to  twice  the  sum  of  their  squares. 

2.  The  square  of  tlie  sum  of  two  quantities,  minus  the  square  of 
tJieir  difference,  is  equal  to  four  times  tlieir  product. 

The  following  examples  will  show  that  a  proper  grouping  of 
the  fractions  to  be  combined  lessens  the  work  required: — 

„     .      _,.      ...     a  +  b     a-b     2{a'-¥) 

Ex.  i.— Simplify + -  -\ — -L. 

a  -  b     a  +  b       a^  +  b^ 

a  +  b     a  -  b _2{a'^  +  b^) ^ 
a  -  b     a  +  b       d^  -  b"^   * 
2{a''+P)     2ia''-b'')_8a"P 

If  we  had  found  the  L,  C.  M.  of  the  three  denominators  and 
combined  all  the  fractions  at  one  operation  the  labor  would  have 
been  considerably  increased. 

E.  ^.-Simplify  -^,  +  ^1^  ^  Jfy-  -'-.1-1. 
y{x  -  yy    x(x  -  yf     {x  -  yf     y      x 

Grouping  the  first  three  together,  and  also  the  last  three,  and 
then  combining  the  results  with  the  proper  sign,  we  get 

r*  y» 2xy     _a*  +  y^  +  2xhf      (.r' +  ?/')' 

y{x  -  yf     x{x  -  yf     {x  -  yf  ~  '~x^(x~-yf    " xy{x-yf ' 

x      y  x^  +  y^+  2xy    {x  +  yf 

—  -) —  +  ^ ^ • 

y      X  xy  ocy 

{x*-^yy      (x+.yfjx^  +  yj-{x'-yy^     4xy     ^     4.ry 
xy{x  -  yf         xy  xy{x  -  yf  zy{x  -  yf  "  {x  -  yf ' 
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Ex.  ^.-Simplify  -^p:^^^—^)  +  {x-^^-x)  "^  {^-x]{2 -x)' 

Observe  that  ar— 3  and  3-ar,  ar  — 5  and  b-x  are  not  different 
factors  except  in  sign;  they  stand  to  each  other  in  the  same  rela- 
tion as  a  and  -a,  and  the  quotient  of  one  by  the  other  is  -1. 
The  L.  C.  M.  of  the  denominators  is  («  — 2)(a;-3)(z-5);  the  quo- 
tient of  the  L.  C.  M.  by  the  first  denominator  is  a; -3;  by  the 
second,  -  (a;  -  2) ;  by  the  third,  x-b.  In  the  second  case  one 
factor  in  the  denominator,  5-ar,  is  the  negative  of  the  corres- 
ponding factor  in  the  L.  C.  M.,  which  gives  the  negative  sign 
before  the  quotient ;  in  the  third  case  there  are  two  such  factors, 
and  consequently  the  quotient  is  positive.  We  get,  therefore, 
the  following  result: — 

2(a;-3)-3(a;-2)  +  (a;-5)_  -5 

(a;-2)(a;-3)(a;-5)       ~(a;-2)(a;-3)(ar-5)* 

The  result  may  be  written  with  a  positive  sign  in  the  numer- 
ator by  reversing  the  terms  of  one  factor  in  the  denominator,  thus : 

5 

(a;-2)(a:-3)(5-a;)* 

In  connection  with  this  example  read  Arts.  55  and  151  (5). 


o-       vi!  EXERCISE  XLrV. 

Simplify 

l.-i-.-i--^,.  2.      1-'+^^ 


X 


—  y     X -V  y     x^  —  'tf  \-x     1+a:     l  +  ar*" 

„        a;             a;*            .T  ^        y  x  Ixti 

3.   -, T :,-!-- •„.  4.       -^  "^ 


1— a;     1—  a;^     1-t-ar^  x  -  y     x  +  y     x'-y-' 

_     _1 1  2.y  4y^  _« y        x^  -  y- 

x-y    x  +  y    a?  +  y^    x*  +  y^'        '  x-y    x  +  y    x^  +  y'^' 

3  1  a;-2  1  1  1 

4{a;+l)    4(.r-l)     2(.r2 -f-  1)"     ■2(x-l)     2{x  +  l)'^  {x^  -  If 

9.  5_1-^-.-^.     10.L-UI-.' 


X     a?    X  +  \     (ar  +  1)-'  '   n^     3?     x     a;  +  1' 
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3(a;-l)     X     3{x'  +  x+iy        ■3(a;+l)     x     3{x^-x  +  iy 
j2        3 7 4:-20x  ^     a        3a        2(Xx 

._    xil6-x)     2x  +  3    2-3x  ,^a;-a    a;  -  6         (a-S? 

i^-    — o — : —  +  ^ TT'  16.  -+  ^        ' 


a:2-4         2-a;       a:  +  2  *  '  x-b    x-a    {x-a){x-b)' 

17.  ^  +  y     y    ^    a-y^'-^/g      18^^ ~^ I   ^-^     y^  +  -'^y' 

2a;       a;  +  y    2x{y'^  -  a?)'        '      x        x-y    a^  -  xif 

(z  +  xf  -y^    (x  +  yf-z^    {y  +  zf  -  x^' 

nr.          a  +  ^  b  +  c  c  +  a 

20.   — — -  +  ■ 


{b-c){c-a)     {c-a){a-b)     {a-b){b-c) 

a? -be  b'^  +  ac  c^  +  ab 

^       •  {a-b){a-c)'^  {b-a){b  +  c)'^  {c-a){c  +  by 

2-33:    S-ix      \-2x  +  x'^        2-5a;« 
"■  6-4a;'^6  +  4a;~9-12a:  +  4x2'^36-  16j:2- 

.23    i,i_l ^..^Zl  3 

'   a:3-^a.2     ^r     (x^+l)^    ar^+l     x'ix^+iy' 

-24.       2      ^      2      ^      2      ^(a-6)^  +  (6-c)^  +  (e-a)» 

'a— 6     b  -  c     c  -  a  {a  -  b){b  ~  c){c  -  a) 

^  2^  5a;+13  3a:  +  5  4x+12 


(3x-5X4a;-12)     (12-4a;)(5a:  -  13)     (5-3a:)(13-5a;)* 

26_  _J 1      ,       ^  y       ^0'{x-y){x  +  y-2a) 

'  a-x    a-y    {a  -  xy    (a-yj-        {a-  xfia-ijy 

27  1  1  1  1  1 


28. 


4(a:  +  \y    4(a;  +  l)»"l6(a:+  l)^16(a;-  l)'^8(a;  -  If 

1  1 1  1  1 

1 6(a:- 1)' ■*■  16(ar  -  i )  ■•■  16(a:  +  1)« "  1 6(.T  +  1)  ■*"  4(ar»  +  1)» 

1 
~4(a;»+l)" 
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MULTIPLICATION    OF    FRACTIONa 

a  c 

163.  To  find  the  product  of  -  and  -  . 

Since  —  means  that  a  is  to  be  divided  by  6, 

0 

/.   -xb  =  a;   similarly  -  xd  =  c. 

Let  -  =x,   -,  =y,  then  xy  is  the  product  required. 
b  a 

Now,  a  =  bx,  c  =  dy, 

:.  ac  =  bdxy  or  xy  =  —  . 

To  find  the  product  of  two  or  more  fractions  we  have  therefore 
the  following 

Rule. — Multiply  together  all  the  numerators /or  the  numerator 
of  the  product,  and  all  the  denominators  for  tlie  denominator  of 
the  product. 

164.  If  a  numerator  and  a  denominator  contain  the  same 
factor  this  factor  will  be  found  in  both  numerator  and  denomi- 
nator of  the  product,  and  must  be  removed  to  reduce  it  to  its 
lowest  terms.  The  process  may  be  shortened  by  cancelling  Such 
factors  before  multiplying,  which  will  evidently  give  the  same 
result. 

3a2      \m       9c^    _  3  X  10  X  9  X  a%-<?  _  1 
^^'-^'  Wc^l^^'l^'b  X  27  X  16  X  a'iV"  8  * 


a:^  +  3a;  +  2    i^-1x+\2  _{x +  \){x  +  2)    (a;-4)(a;-3) 
x'-bx-V^^      x^  +  x      ~{x-2,){x-2)^      x{x+l) 

_{x  +  '>){x-i)     x^-2x-% 
x{x-2)  x^-lx   ' 


102  MULTIPLICATION   OF  FRACTIONS. 


„     ^          a? +  3?             1  a  —  x  a? -a? 

Ex.  S.   -7i :r sX X 


a?  -  2ax  +  a^    a+  x    a-+  ax  +  x^    a?-  ax  +  x^ 

{a-\-x){a^ -  ax  +  aF)        1  a-x  (a- x)(a^  +  ax  +  x') 

{a-xf  a  +  x    a'^+  ax  +  x"^  a^-ax  +  x^ 


=  1, 


since  for  every  factor  in  any  numerator  there  is  an  equal  factor 
in  some  denominator. 

■r,      .     /■■        2ftc  \  /,  25c  \  r      bc-c'^\     b 


(b  -cy    b^  +  c"    b^-bc  +  c^        b  b-c 


b'^  +  c'      b-c  b^  b^  +  c^     b{b+c)' 


EXERCISE   XLV. 

3a    2a  o    —    ^  3    ^"'^    ^^^'"^ 

46^36'  66''T0^*  lab^'^bi^j' 

4-    "TT-r,  X  3?/.  5.    ^a?b^  X  -T-r;  •  6.     -„    „.,    X  -T— -. 

2>if       "^  4a^6  l^aWc     l^xyz^ 

2a    U    5c      o    4^    _V    105^''         4a'  -  6a6        45jy 
56'^33''6a'       '  J^z^  Izx^  12xy'  Ibxy     ^"^ab-n^' 

a^x  -  aby     a^  -  bed  a^-P     ^^y  -  y^ 

abc-b^d     adx-bdy'  '  x^  —  xy     a^  +  ab' 

2a{3?-yy  r»  x''-\\x  +  ZO    x^  -  Zx 

\2i.    ■ X  7 r-. rj.       lO.    5 — rr — Xr ;. 

CX  \^-y)\^'^y)'  X'-^X  +  V         OX  -  X" 

a      /,      bx\      /,        a   \      ,,    a'-ft"    a  +  b    a^-ab  +  b^ 

14.  T-x    i  +  —    X    1 .    \5.  — — 7-„x ix-:; J TT. 

bx      \        a  J      \       a  +  xj  a'^  +  b^    a-b    a-+  ab  +  b^ 

-  -     /  .     a'N     a*-*^'  +  «'>-^'       OLX        I         ,       aV  \ 

16.     a*--a    X n — x-r— rrx    aa;+l+:j . 

\        ar/         ax  +  l        a^-¥     \  l-ax) 

x'  -  2/*  a?y  -  2?/    a^  —  xy      a^  +  xy  -  2if 

I  '  •  «         n  .     n.     1  X         <i    .  X    /  .«  X 


r=-3iry  +  22/'     x'  +  ary     (aj-y)'    2j;'  +  6j:y+2y 

...     r         o^  1      r         <w;  1     a' -a;'      (a  +  a*)' +  (a  -  a;)' 

18.  \a  + >x-^a-— —  yx-T-— J.X    \       '      .,     '. 

I       a-x)      \       a  +  x)     a'  +  x'    {ar  +  x^y-ia^-ary 
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19.     „     .   ,    .  -7-,x 


«'  -  w*  x'^  +  ?/  a;  +  ?/ 


a;^  +  2xy  +  y^    3?-  y^    x*  +  a;^  +  y*' 

a;2  +  3._2      a;2-8a;+15    a;2+12.c  +  35 
^^'  x2  +  2a;-15^  a;2  +  6a;-7  ^   lO  +  Sx-x^' 

{x  +  yf—z^     {z-yf-x^    x^-(y  +  z)-    x-y  +  z' 

m^  -  mn  +  ri^  m^  -  n^    m*  +  n*  -  mn(v^  +  «.') 

23_  X X ^ -.      -w  i.  '-^ 

m^  -  'd7nn(m  -  n)  -  in?    m'  —  n^    m*  +  w*  +  mn(m'*  +  n^) '    cv 

a*  -  3aV  +  X*     a?  -  ax  +  1x^    a*  -  4x'*  +  aa;(2a'  +  aa;)  - 

24    X X ^^ - 

a*  +  3aV  +  4x*      a^-ax-  x^        a*  -  x*  +  aa;(2a=»  +  ax) 

165.  The  product  of  two  expressions  consisting  of  several  fpiic- 
tional  terms  may  be  found  by  multiplying  each  term  of  the  one 
by  each  term  of  the  other  and  connecting  the  partial  products 
by  the  proper  sign,  as  in  ordinary  multiplication,  or  the  two  ex- 
pressions may  be  combined  into  single  fractions  and  their  product 
found  as  in  the  last  exercise. 


Ex.1.    {^+^  + 


2      3 


or  thus    (-2+3+2 


2Ji2"3J 


X      1\  _ 
2~3J'" 


■6  + 

X 

4" 

7? 

6 

X      1 
9"6 

ar» 

5a; 

1 

"4"^  36" 

"6' 

- 

3x2 

+  2a: 

+  3 

3ar 

-2 

6 

6 

90^ 

+  6x 

-6 

ar" 

5a;     1 

— 

"36" 

"4 

■*'36"6* 
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a;*     „      4      , 

X*     ,     4 

All  the  various  artifices  used  in  the  previous  chapters  to  abbre- 
viate the  work  in  multiplication  and  division,  and  also  the  various 
forms  of  factoring,  may  be  applied  in  the  same  way  to  fractional 
expressions. 

EXERCISE    XLVI. 

.  (.^-i4,)(..i).     >o.(f|.i)(^i). 

"•(i-^I)(f-l>  "- (-^-^■)(-^4l 
,5:(Ui  i)(i  1.1).  ..uui-i)!"  i,i) 

\a      0      c  /  \a      be/  \o      c      a )  \b      c     a/ 
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DIVISION    OF    FRACTIONS. 


166.  To  divide 

a 
b 

by 

c 
d' 

Let? 
b 

c 

y, 

then  - 

y 

is  the  quotient 

Now 

a  = 

a 

c 

bx, 

a 

c 

d 

'b 

c  =  dy, 
bx 

^dy' 
bx     d      X 
dy     b      y 

To  divide  one  fraction  by  another  we  have  therefore  the  fol- 
lowing 

Rule. — Invert  the  divisor  and  proceed  as  in  multiplication. 

The  reciprocal  of  a  number  is  unity  divided  by  the  number; 
thus  the  reciprocal  of  2  is  |.  The  reciprocal  of  a  fraction  is  the 
fraction  inverted.  This  follows  at  once  from  the  definition  and 
the  rule  for  division. 

^x.i.-Dmde—  by-. 

Ux\7x_Ua^    9y_2x 
27y"^%~27y^7x"3^* 

„     ^  a'^-b^  W-ab)  a'^-b^  a^  +  ab 

Ex.  2.    -J ^-, ,-„  H-  A^ r-'  =  -„ :r-. 77,  X 


r  +  2ab  +  i*  "     d^  +  ab        a^  +  lab  +  V^    i(a^-ab') 

^{a  +  b){a-b)      a(a  +  b)        1 
~  (a  +  b){a  +  U)  ^  4a(a  -  b)  ~  I 
Ex.  S. 


1 


[x - a)(x  +  b)]  '  \{x  +  a){x  +  b)^ {x-  a){x -b)] 


{x  +  a){x  —  b)     (.1 

_       2{x''-ab)  2{x-  +  ab)       _x''-ab 

~  {x'  -  a2)(x*  -  b^)  "^  (x2  -  a'^)(x2  -  b'-)  ~  x^  +  ab' 
9 
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Simplify  EXERCISE   XLVII. 

35x^1/  _  5x?/*  8x*y   _     2a? 

'*;     4x2/    •'^•^^^-  *•  3^33^0:- r 

a?  Ar  xy     xy  ■{-  y^  ax  —  a?  ^      (a-xY 

xy  —  y'^  '  x^  -  xy'  '    a?  +  a?  '  si?  —  ax  + x^' 

^        a^  -  4a2  _  g'  -  2ax  2P      ^6{ab-b^) 

a^  +  iax  '  ax  +  4:X^'  '  a{a^  —  b'^)  '    a{a  +  by  ' 

'  \y*  X*)  '  V  a;-/         "    \        ay  '  \       a*-a- 

13     fi  +  i  +  i_J_^^/l  +  l  +  l^ 

1.     3x«     ,  ,     77  ,     43  ,     33       _     a:^ 
4  o  4  4  J 


,,     rr       ,       b      b^     b      b-" 

15. 1 r,+  -  +-5-T-X-a. 

a  a     a^     X     x' 


x*    ar      a     a^'ja;      a  _    a'  + 6'- c'+ 2ai    a  +  6  +  o 

*  a*     a     X     a:*^a     xV  '  c^-a^ -b^-k- 2ab'  b  +  c—a' 

18   /^+y*  ^*-?A  .  A+y  ^-y\ 

\a:'-y»    ar'  +  yV  "  \x-y    x+y)' 

(a  +  b)*-(c  +  d)\(a-c)*-{d-b)* 
^^-   («  +  c)»  -  (i  +  (ly  '  (a  -  bf  -(d-  cf 

9n     (       ^"**        ^x*  +  bx\      /  x^  +  b*  a:»-Ax  +  i'    \ 
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2x-3y       '  U'-2/'  ■     ^-y"    )' 

/a  +  bx    b  +  ax\  _  /a  +  bx    b  +  ax\ 
\a-bx    b-  ax  J  '  \a-bx    b-  ax  J ' 

\a+b     (a  +  bf)      \         a      a{a  +  bf ) 


COMPLEX    FRACTIONS. 

167.  The  division  of  one  fraction  by  another  is  frequently 
represented  by  writing  the  former  above  the  latter  in  the  form 
of  a  complex  fraction.  Such  fractions  can  always  be  simplified 
by  the  preceding  rules. 

^~~a     a^-b\  /a+6\  _o«-6»       6     _{a-b)b 
'a         a      '  \    b    j         a        a  +  b  a      ' 

b 

1  1  '^ 

Ex,  2.  1 T— —  =  1 r =  1- 


,  1  ,1+a-  I  +X  +  X* 

1-; r      1+-^ 

1-x - 

1+^  1+x 


I  +x  +  a^' 


168.  It  is  frequently  the  simplest  way  to  multiply  both  numer- 
ator and  denominator  by  such  a  quantity  as  will  cause  some  of 
the  smaller  fractions  to  disappear.     Thus,  in  Ex.  2, 

1  I  +x      .  ,  .  ,   . 

by  multiplying  numerator  and 


1         l_a;2_i 

1  —X  — denominator  by  1  +  ar, 

I  +  X  ■^ 

747^=17^+-^  ^y  multiplying  by  x^. 

1  +  TT- 
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EXERCISE   XLVni. 


Simplify 

1     ^-'^  2             ^^  Q  2fa;  -  3|y 

•        5      •                     •   l-|(:r-2)-  •      1(0.-2/)    • 

.    6^-|(3  +  5:r)  ^    2^-K^-2)  ^      1(^^+^)-q 


n-ii^-^y    ^- i{x+l)-^'     ^• 


l(--+l)+- 


(a -by  1  +  a:    1  —  a;  a +  26     a 

l/^l-arl+a;  ^         a  +  b       b 

o. 


^'     4a6 

b^  +  a"' 
2ab 

.a'  +  b^       2P 

Id'       a'  +  U' 

•  a^  +  Z/       2a2  ■ 

W       a?  +  b^ 

1           ar 

a:- 2/    x^-if 

X              y 

1  +  ^     1  -  a;  *  a+26 


a 


1        1        1 

1 1 

-w        ^   .  ^         ..     ab      be      ca 
10.  -r-T! rrrr-      H-  -t-t^ t.        12. 


l-a;l+a;  6         a  +  6 

a     x\  fa     x\ 
X      a )  \x      a ) 


a?-{b  +  cf  '  *    /I      1  Wl      1 


X      a  J  \x      a 


a  +  b    a  —  h 
13.      -    ^    -     ^     ,  U.  '^^d'-T^d        ^g^ 


xy  +  j^    3^  +  xy  c  -  d    c  +  d 


a  +  b     a  -  b'  '  ,  1 

+ ;  a:  -  1  +  - 


1  + 


A  —  X 
x+ a    X- a  1         1 


X  X       x-a    x+a      ,^a      b  +  c(       6'  +  c'-a'*l 

16. ^— i^— — .      17.    ■  ,     -{  1  -1 —, >• 

X-  a    x+  a    x+  a    X-  a  1  1     [^  2bc        J 


+ 
X- a    x+  a  a     o  +c 

b        *-  — 


a-16-lc+l                      ,a  ,a 

-,            +  — J— + 1  +  -  1-- 

oabc            C'           b           c  ^^                 b  h 

18.  -. 7-        111  19.  r-x 

bc  +  ca-ab             111                                    *         ;  " 

a     b      c                            1      ^  ^ 


6  ,      rt 
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1  X  y  (l-2m)'+(l  +  2m)* 

•  +  ■ 


90    «--g    a-y    {a-xf    (a  -  yf  (1 -4m')- (1 -2m)» 

1  "l  ■  ■   (l  +  27;i)-'-(l-4m2)' 


{a-y){a-xf    {a-y)-{a-x)  (1  -  2m)-'- (1  +  2m)' 

1+x       4x          8x       l-x  (x  -  2y)»    (2x  -  yf 

\  -X     \+x^     1+a:^     1  +.Y  y{x  +  yf    x{x  +  yf 

1  +  X-       4/^       1  -  x'       '  '   (x  +  lyf     (2x  +  yf 

l-x^'^l+x*~l+x^  y(a  -yf~x{x  -yf 


EXERCISE   XT.TX. 
MISCELLANEOUS    EXAMPLES    IN    FRACTIONS. 

^-  ^^^^^'  ('^ryj  ■'(■^Tft-)   -2^'*by(a  +  i)3  +  (a-6)» 

3.  Find  the  value  of  + r  when  x  = . 

x  —  ax  —  b  a  +  b 

Simplify 

ja  -  b    a  +  b     2(a^  +  b-)'\  x  +  y 


a  +  b    a  —  b       d^  -  b^   j  a  +  b' 

{ax^  -  ay^  +  2bxyf  +  (bx^  -  by"^  -  2axyf 
(ax  +  byf  +  (6a;  -  ayf 

\r   y     I 

c\j)        I      a\c        )^b\a~ 


no  COMPLEX  FRACrtONS, 

8. 


9. 
10. 

11. 


{a{x  +  y)  +  h{x-y)Y-{a{x-y)  +  b{x  +  y)Y 

{{a  +  5)V  +  (g  -  h)Y-Y  -  {{a  -  hfx''  +  (a  +  b)YY 
{{x  +  7/)V  +  (^  -  2/)^i2}2  -  {{x  -  yfa?  +  (a;  +  yfbY 

{{a-b)(x  +  y)  +  {a  +  b){x-y)Y+{(a  +  b)(x  +  y)-(a-b)(x-y)Y- 
(ax-ay  +  bx-byy  +  2xy(a  +  b)^  -2ab(x-yy-4iabxy 


(^+^+iV: 


—  + 1  I +1 

n     m 


\  {m  +  nf  -  ( w  -  nf]  Xm^  ■{■  n?  J 

V  a'  -  6V  \      a  +  6      /      \a^  +  i*       /  \       a^+  ab  +  PJ 

a^-hx      (x^  +  xY       x^  —  1      a^  —  1  —3x(x-l) 

1 2    ^  _j 1^  X X - -• 

x^+1    x*  +  x'^+l     {x^-xy      a^-x^  +  x-l 

/x-2a\'    (x-a)(y  +  b)     .  a  +  b         a-h 

14.  — —     +; rr — r\  ^^®^^=-o-' y=-T-- 

Vy  +  a/      (2/-a)(a;-6)  2  2 

,^    x  +  2a    x—2a       iab         .  ab 

15.  r-; +  pn 7T5 3  when  05  = 


26-a;    26+a;    W-aP  a  +  b' 

(ay  -  6a;)'  -  (ax  -  5i/)'    (ay  —  bxY  +  (ax  -  by)* 
(a  +  b)(y  -  x)  (a-b)(y  +  x) 

,„l+al+61+c,  x  -  y    .     y  -  z         z  -  x 

17. :; r- :; when  a  = ,  6- ,  c  = 

1— al  —  61— c  a;  +  y  y  +  2;         z  +  x 

18    fy'g'i  pi^    p^^    ?'^  I  y'^    P]  .  //^^    g\ 

'   \  j'*        r**  «"        r*''       qr      a )  '  \  r       a )' 

^      30(0^  + ax +  a^)    2ci^+Sfix'^-5a'       3a         3rta;-3a' 
a?  —  a^  ar'  +  a^  x  -  a    xi^  -ax  +  a^' 

(a  +  b)(\-ab)         a(l  -  b')  +  b(l  -  a')   , 
{l-abf-(a  +  by    (l-a»)(l-6«)-4a6* 

(0  -  d)d}  +  G(bc  -  bd)a  +  9(6'c  -  6'rf) 
(6c  -bd  +  (?-  cd)a  +  3(6'o  +  6c»  -  bH  -  bed)' 
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22.  —. — 75 — 5-4"  when  a;  =  6  +  c,  2/  =  c  +  a,  2  =  0  +  6. 

(2h-c-af-{2c-a-bf 
(c  _  a)3  _  (a  -  6)3 

24.  If  y  +  «  +  w  =  aa,  2  +  w  +  a;  =  6y,  w  +  ^  +  y  =  C2,  a;  +  y  +  z  =  c/m, 

1111, 

prove  -  +  7 j  + -■¥- — -  =  1. 

'^  a  +  \     6  +  1    c+1     d  +  \ 

I- 

25.  If  a?—yz  =  o?,  y^-zx  =  b^f  i!?-xy  =  <^,  find  the  value  of 

a^x  +  6^y  +  <^*« 


33  +  2/ +  2 


in  terms  of  a,  6,  c. 


^  '    ^„    a-b      c-d      -  6-c       (f-a 

26.  If  :; r+^i =  0  prove  - — -  +  - -,  =  0. 

1  +  a6     \+cd  1  +  6c     \-ad 

27.  Find  the  value  of 

(a6  +  l)(x-2+l)    «+  1     ^  1  +  a  1  +  6 

) TTr-5 — Tx r  when  x  =  t ,  y  =  - -. 

(a;y+l)(a='+l)     y+1  l-a'^1-6 

28.  Find  the  value  of 

(x  + a)(x  + m6)-(a;— ma)(a;- 6)     ,  2a6 

/ ^7 7r"7 \P Tx  "^'^^^  ^  = 1- 

{mx  +  a){x  +  '>)-(x  —  a){inx  -o)  a  +  o 

29.  If  s  =  a  + 6 +  C  +  C?  prove 

s  -  a     s  -  b     s  -  c      s  -  d        /I       1      1       1\ 
a  6  c  d  \a      b      c      d  / 

30.  If  2s  =  a  +  6  +  c  prove 

1111  abc 

•  + r  + 


«  —  a     s  —  6      8  —  c      s      s{s  -  a){s  -  b){s  -  c)' 

„,     ^-         a  +  b-c  a  +  bx^     (a—b  +  cf  +  iab 

31.  If  a;= z prove  -j 5  =  )^ ^5 — ^-^. 

a  +  b  +  c  6  +  cu;^     (6  —  a  +  c)^  +  4a6 

32.  If  x  +  y  +  2^0  prove  "^^-^^y^^-"'>+^-^-:i^  =  O.V^ 

y  — z  2  -a;  x  —  y  ^ 

2  2  2  2 

33.  If  <  = ,  w  —  ^    »  ,  2  = ,  y  = ,  prove  that  t  =x. 

2  - m;  2-2         ^-y         2  -  x  ^ 
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o.     X.  ,        2ac  1  1  4  11 

o4.  If  6  = prove 7  +  -^ 1 = . 

a-t  c  a  -  0     0  —  c     c  —  a     c     a 

35.  11  x  =  y ,  y  =  z+  -,  prove 

y  2 


z 

-  +- 
X     y 


+  1     z{y^  -  1)      \a^rh    a-  bj  '  \a-b    a  +  bj' 
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169.  The  following  theorems  are  of  great  practical  value: — 

I.  Let  -  and  -  be  any  two  fractions  equal  to  each  other,  then 

a  +  b      c  +  d 
a  -b      c  —d' 

In  other  words,  if  two  fractions  are  equal,  the  sum  of  t/ie  numer- 
ator and  denominator  of  the  one  fraction,  divided  by  their  differ- 
ence, will  be  equal  to  the  sum  of  tJie  numerator  and  denominator 
of  tJie  Oliver  fraction  divided  by  their  difference. 

Proof — ^Let  7  =  ;;  •     Adding  1  to  each  side, 

a      ^      c      .  a  -It  b      c  -\-  d 

(t        c 

Again,  V   j  =  -J^  subtracting  1  from  each  side, 


h      (/' 


a      ,      c      .         a  —  b      c  —  d 
._,„_.l„r_^=^_.  (2) 

a  +  6      c  ■¥  d 


•   from  (1)  and  (2),  7^-^- 

b  d 

a  +  6     c  ^■  d 
Simplifying,  ^TT"7^- 
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ace.         a      a  +  c  +  e 

II.  If  7  =  -7  =  >)   *^"6n    y  = -.. 

h      d      f  h      b  ■{■  d  +J 

„       ,  a  c  .   e 

For,  let  r  =  x,    .'.   -.  =x  and  -^=x; 

b  d  J 

.'.  a  =  hx,  c  =  dx,  e  =/x, 
and  a  +  c  +  e  =  bx  +  dx  +/x 

=  x{b  +  d+/), 
a  +  c  +  e  a      c      e 

■'■  b+d+/^^^b^d^f' 

Hence  we  see  that,  if  any  number  of  fractions  be  equal,  the 
algebraic  sum  of  their  numerators  divided  by  the  algebraic  sum  oj 
their  denominators  will  he  equal  to  each  fraction. 

170.  This,  however,  is  only  a  particular  case  of  a  more  general 
theorem,  which  may  be  stated  as  follows: — 

If  ^=^=1=.... 

b      d     f 

.                                 ma±nc±:pe, 
then  each  fraction  =  — ; , 


mb  ztnditpf.... 
when  m,  n,  p are  any  multipliers  whatever. 

Proof. — As  before,  let  r  =  j  =  ^  —  =Xt 

then  a  =  bx,  c  =  dx,  e  =fx. . . . 

.:  ma  =  mbx,  nc  =  ndx,  pe=pfx.... 
.*.  madznc±pe =mbx±ndx±:pfx.... 

=  x(mb  ±  nd  zh  pf  . . .). 
^.   ...  ma±:nc±pe....  ace 

DlVldinf;,  ; ; ;; =  X=     -   =  -   =  ...... 

'^        mbd=nd±pf....  b      d      f 

Note — ^Theorem  I.  might  have  been  proved  in  the  same  way  as  Theorem 

II.,  by  letting  -  =  -  =a;,  and  then  substituting  for  a,  hx,  and  for  c,  dx,  in 

a  +  6       ,  c  +  (Z 

and  . 

a-b         c-d 
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171.  Another  proof  is  sometimes  given  for  Theorem  II.: — ^ 
Since  a^b{^y  c  =  d(j),  .=/(^). 

"  b+d+f  b+d+f 

(b  +  d+f)  J 
a+c+e  b      a      c      e 


Ex. 
If 


•■  b  +  d+f        b  +  d+f        b      d     f 
.      ^.  l+x     b  (l  +  x  +  aPX  ,     b-a 

l+x  _b  f\  +  x  +  x\ 
\-x^a\\-x  +  xV' 


{\+x){\-x  +  x'')      b 

then  7j {}- r(=- 

(1  -  x){\  +x  +  x^)     a 

\  +  3?_b 

\  —  3^     a' 


or 


Adding   numerator  and   denominator  of  each   fraction,   and 
dividing  by  their  diilerence: 

1  +  a^+l-3^      b  +  a 

2        b  +  a 


or 


that  is, 


2a^      b-a' 
1      b  +  a 


and  inverting  each  fraction :     ar  =«  -j— — . 
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.  a       c  a^  -  ab  +  b"^     c^  -  cd  +  d^ 

^^•^-^^   b=d   P'°^'      ab-iP    ^-^^' 

a?    ah  a^     a 

a*-ab  +  b^    I5--ja  +  l      ^2"^  + 


ab- 

-U^ 

ab 

-4 

l-^ 

But 

since 

a 
b 

c 
^d 

a^     a 
Wb 

+ 

1 

c 

"d 

+  1 

c" 

-cd  +  d* 
d- 

c^-cd  +  d* 

a 

c 

^ 

cd-id' 

cd  -  ^d' 

b~ 

4 

d 

-  4: 

' 

d' 

CL  C 

Anotlier  proof. — Let  t  =  ;^  =3^>    :.  o,  =  bx  and  c  =  dx; 

a'i-ab  +  b'^     b^x^-b^x  +  b^_x^-x+l^ 
•'•      ab-U^    ~      b-'x-ib^     "     x-i     * 

c^-cd  +  d*     cfa;2-£pa:  +  (i^     x*-x  +  l 


also, 


cd-id:"  d'x-id'  a- -4     ' 

a^-ab  +  b"^     c'-cd  +  d?     .             ,   ^      ,.         x'-x+l 
•    =• -r-.  Since  each  traction  = : — . 

„  ^„       a~b  b-c  c—a  a  +  b  +  c 

Ex.S.li     r-  =  -i = = ; 

ay  +  ox     bz  +  ex      cy  +  az     ax  +  by  +  cz 

then  each  fraction  = ,  when  a  +  b  +  c  is  not  =  0. 

3)>+y  +  z 

l^or  each  fraction  equals  the  sum  of  the  numerators  of  all  the 
fractions  divided  by  the  sum  of  their  denominators; 

a~b+b-c+c—a+a+b+c 


.'.  each  fraction  = 


ay  +bx  +  bz  +  cx  +  cy  +  az  +  ax  +  by  +  cz 
a+b+c  1 


(a  + b  +  c)(^x  +  y  +  z)     x  +  y  +  z 
when  a  +  ft  +  c  is  not  ■—  0. 
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If  a  +  b  +  c  =  0  the  sum  of  the  numerators  divided  by  the  sum 
of  the  denominators  =  - ,  the  value  of  which  we  do  not  know 
Hence  the  necessity  of  the  condition  that  a  +  i  +  c  is  not  =  0. 

£x.  4.  If  "—=—^-^  =  -^—^^  then  8a  +  9b  +  5c  =  0. 
a  —  b     2(6 -c)     o(c-a) 

{a-b)  +  (b-c)  +  {c--a)  =  0,   :.  in{a-b)  +  m{b-c)  +  m(c-a)  =  0. 

Hence,  if  the  quantities  (a  —  b),  (b-c),  (c-a),  in  the  denomi- 
nators of  these  fractions  can  be  m^e  to  have  the  same  coefficient, 
the  sum  of  the  new  denominators  will  be  =  0.  Multiplying  both 
numerator  and  denominator  of  each  fraction  in  turn  by  that 
quantity  which  will  make  the  common  coefficient  of  (a-b),  {b—c), 
(c—a)  the  L.  C.  M.  of  the  given  coefficients,  we  obtain 

a+b_Q{a  +  b)_3(b+c)_2{c+a)_ 
a~b~G{a-b)~&{ir^^Q{c-a)       ' 

.:  6{a  +  b)  =  6k{a-b), 
S{b+c)  =  6k{b-c), 
2{c  +  a)  =  Qk{c-a). 
Adding  {8a  +  9b  +  5c)  =  6k{a-b  +  b-c  +  c-a) 

=  6k(0)  =  0; 
:.  8a  +  96  +  5c  =  0. 


Ex.  5.—U  — r —  =  7—:^^ —  = ,  then 

a+o-c     b+c-a    c+a—b 

{a-b)x  +  {b-c)y  +  (c-a)z  =  0. 

Since  we  require  (a-6)x,  let  us  multiply  both  numerator  and 
denominator  of  the  first  fraction  by  (a  -  A).  For  an  analogous 
reason  multiply  both  numerator  and  denominator  of  second  frac- 
tion by  {b-c),  and  numerator  and  denominator  of  tliird  fraction 
by  (c  -  a). 
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{a-b)x  Q>-c)y        _        {c-a)z 


=  k; 


"  a  +  b-c     a''-b^-c{a-b)     b^-c''-a{b-c)     c'-a'^-bic-a) 
:.  (a-b)x  =  k{a'^-b^-c.(a-b)}, 
(b-c)y  =  k{b^-c'  -a.{b  -c)}, 
(c-a)z  =  k{c^-a'  —  b.(c  —  a)}.' 

But        a'^-h'^-c{a-b)  +  b--c'^-a{b-c)  +  c'^-a^-b{c-a) 

=  a?  —  b^  —  ac  +  bc  +  b'^-c'^-ab  +  ac  +  c'^  —  a?-bc-¥ab  =  0', 

:.  {a-b)x  +  {b-c)i/+{c-a)z  =  k{0)  =  0. 

EXERCISE   li. 

,     ^„  X      1/      z  x  +  yx  +  zy  +  z 

1.  If  -=-^  =  _,  prove  ^  = =  ^ . 

a      b       c  a+oa+cb+c 

^    ^.  x      1/      z  X      mx  +  ny+pz 

2.  If  -  =  ^  =  -,  prove  -  = 1— ^• 

a      b       c  a      ma  +  nb  +  pc 

3.  li  -  ='-  ,  find  the  value  of -.^  -^  ^ 

5      8'  2/  +  8'^ 

A    tf  ^      G  ax  +  b  ^         ,  ,  ,  , 

4.  It  T  —  -,  prove ;  has  always  the  same  value,  what- 

b      d' ^  cx  +  d  •' 

ever  be  the  value  of  x. 

^    „  a      c              a«  +  6«     (a-bf 
0.  It  J  =  -,  prove  -a — -,  =  -. r^. 

-    --  a       c  a'+c^     (nb+dcY 

6.  lf-=-,prove^-^,  =  -^— . 

Tf  "  - '^  a^  +  3ab  +  b^_2ab  +  3b^ 

'        b~d'^''''^^^  c''  +  3cd  +  d-^2cd  +  3(P' 

8.  If -=f  =  -,  prove 
a      b       c 

x^  +  l/'  +  a?     (a;  +  7/  +  2)'     xi/  +  yz.  +  zx     x* 
a'  +  b'^  +  c'  "  {a-¥b  +  cy  ^ ab  +  ac  +  bc^ a^' 
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^    ^.  X      y      z  ax  +  by  +  cz      x'  +  y^  +  z^ 

9.  If  -='^  =-,  prove  ^        -         ^ 


a      b       c  a^ -^  b"^  ■\- c^      ax  +by  +  cz 

X      y      z  ax^-^b'ir  +  cz''        a^  +  y^  +  s? 

10.  If  -  =  -f  =  - ,  prove  — 3     .3  ,    3    =    ,    ^j.^   ^2  . 
a      b       c  a?  +  b^-<r(f        a^x  +  ¥y  +  c^z 

a;      y      z  x^  +  i^  +  z^  -Zxyz     ar 

12.  If ;  = ; ;,  then  shall  a  +  6  =  c  +  c?,  and  each 

a-b-c+d     a-b+c-d 

a+b+c+d 
ratio  = , • 

4 

13.  If  f^l^=^^  =  ^^,  thenshalla  +  6  +  c  =  0. 

a  b  c 

^.  a  +  b     b  +  c     c  +  a 

14.  If  ^ = = , 

X  +  y     y  +  z     z  +  X 

,    -        .       .  ,        a+b+c         -    ,        a      b       c 

show  that  each  fraction  is  equal  to ,  and  that  -=-  =  -. 

x  +  y-hz  X      y      z 

15.  If -^S = = r^,  then 

b-c  c—a  a—b 

(a  +  b  +  c){x  +  i/  +  z)=ax  +  by  +  cz. 

a  b  c 

16.  If = = r »  prove  a  =  b=:c. 

b  +  c      c  +  a      a  +  b 

17.  If = =1 ; prove  each  fraction  =  1 . 

be  ca  ab 

a,  +  a^     a,  +  UjT/     Ui  +  a.j/* 

1  +  X 

each  of  these  fractions  =  -z ,  supposing  Cj  +  a,  +  a^  not  =  0, 

1  +  2/ 

19.  If -^^ — ; .then  -=f  --. 

c  0  a  a      b       c 

x  +  y      y  +  z      «  +  x  ar  +  y+«         a  +  b  +  o 

^"'  "  3ir^ " 3/>^ " 37^'  P'*°'^  aa;+6y  +  c« " a»  +  6»+o«' 
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21.  It  7 = 7= ; — ,  prove 

0+c-a     c+a-o     a+O-c 

(a  +  b  +  c)  ijjz  +  zx  +  xy)  =  {x  +  y  +  z){ax  +  by  +  cz). 

a?  I'  o' 

22.  It  -5 =  -z = ,  prove 

x^-yz     y^-zx     z^-xy 

a'x  +  h'y  +  cH  =  (a-  +  b^  +  c^)(x  +  y  +  z). 

bz  -  cy "  ex  -  az     ay  -  bx 

2o.  if = r = ,  prove  ax  +  by  +  cz  =  0. 

a  0  c 

r.i     Tc     «  +  ^  *  +  <'  <?  +  « 

24.  If  ^ J-  =  -n r  =  V7 : ,  prove  32a  +  356  +  27c  =  0 

6{a  -  0)     4(6  -  c)     5(c  —  a) 

OK    Ti;       ^  y  z        ■  X      y      z      ^ 

25.  If  -^ r  =  .,        ■=-. r,  prove  -  +  -f  +  _  =0. 

a{y-z)     b{z-x)     c{x-y)  ^  a      b       c 

X  y  z 

26.  If  — ; =  77 =  — prove 

a{y  +  z)     b{z  +  x)     c{x  +  yy  ^ 

27.  If  ^-^  =  ^-^  =  -~  =  1,  show  that 

a^  b^  c^ 

a?x  +  b\  +  c''^ 

^^    ^^rn     n      r        .  x"^    iP     z"^     , 

28.  If  — =  -  =  -  and  —  +  ^  +  —  =  1,  prove 

X      y      z  a^     b'  •  c 

m^    ri'    r^     m^  +  n^  +  r* 
a^     b^     c'      x^  +  y^  +  z?' 

„«    -.n  ^-^     ky     Iz       ■,  x^    V^    s^     , 


(X      y      zX"^     a-     P     c' 


30.  If  ^2^  =  ^2^,eachfraction  =  ^zl. 
x^-2j;  +  3     y'~2y+3  xy-Z 


CHAPTEB    IX. 


FRACTIONAL   SIMPLE   EQUATIONS. 

172.  In  Chapter  YT.  we  gave  examples  of  simple  equations  of 
one  unknown,  without  fractional  terms.  We  now  proceed  to 
give  examples  of  equations  involving  such  terms. 

173.  A  simple  equation  involving  fractional  terms  can  be  solved 
by  multiplying  both  sides  of  the  equation  by  the  Lowest  Common 
Denominator  (L.  C.  D.)  of  the  different  fractional  terms,  and  then 
proceeding  according  to  the  rule  laid  down  for  solving  equations 
without  fractions.  The  object  of  multiplying  through  by  the 
L.  C.  D.  is  to  clear  of  fractions. 

If  a  fraction  is  preceded  by  a  minus  sign  the  sign  ot  every 
term  of  the  numerator  must  be  changed  when  the  fraction  is 
multiplied  by  the  L.  C.  D. 

a  —  h-¥c^ 
Thus, ; —  y.de  =  el  —  a-\-b-c). 

a  ' 

174.  The  different  methods  usually  adopted  for  solving  such 
equations  can  best  be  made  clear  by  examples. 

bx    bx     9      3  —  a; 
Ex.  i.— Solve  ___=__  1 — f . 

2      4      4        2 

Multiply  both  sides  by  4,  the  L.  C.  D., 
Then  lOar- 5a;=.9-(6-2ar) 

or  10a:-6a;-9-6  +  2a;/ 

/.  3x  =  3  or  a;  ■=  1. 
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_,  X  +  4:     X  -  4:     ^     3j:-1 

Ex.  ^.— Sol  ve       —5 ^—  =  2  +  — — - . 

3  o  15 

Multiply  by  15, 

Then  5^  +  20-3a:+ 12  =  30  +  3ir- 1. 

Collecting  and  transposing,     x  =  3. 

Note. — The  student  can  always  test  the  correctness  of  his  result  by 
substituting,'  in  the  given  equation  the  value  found  for  x,  when,  if  correct, 
the  two  sides  will  become  identical. 


^QlyQ  EXERCISE   LL 

a; -3^    17  „    „       5ar-4     „     l-2a: 

1.  x-{ =  — .  2.  2x —7 . 

^33  65 

„    5.C  +  3    S-ix     31     9-5.C    x      ,    lO.r  +  3    6x-7     ,^,     , 
3.  -g —=-—-.-.    4.-^ 2-  =  10(x-l). 

^    5.r-7    2.C  +  7     „       ..  -    7ar+5    5x-6     8-5x 

5. =  3.r-14.  6. = . 

2  3  6  4  12 

2^  '2     10^  '  7  11  2 

,,    81-16     ll,r-l     7.!-  +  2  ,„    „        1      2,„     „,      1 

11.-^ —--[3-  12.  3x--=j(3-2.)+-.. 

13.  ^^(2.-3)-J-(3..-2)-i(4..-3).U.  l^f-^..? -|  =1J +., 

1^-  6-3;-i+2;-i-  "•  ^"-8"-io"+i5-*'*- 

3-a;    3-1     Q+x _  x  x+1     3  _x     5-x 

~4:         ^'^~3~~U'  ■~2~~x"3        6~* 

19.  ^(n-.r)-^(13  +  2.r)=J(15-3a:). 

20.  ^(.r)  +  ^(ll-a:)  =  l-A(.,_2). 

9 
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175.  If  the  denominators  contain  both  simple  and  coraponrid 
expressions  it  is  frequently  best  to  first  combine  the  simple  ex- 
pressions and  then  clear  of  fractions. 

^,01  9^+20     4(a:-3)     x 

Ex.  i.— Solve  —^r-  =  -^7 r\  ■•-  7  • 

36         5{x-4)     4 

Transposing    - ,  and  combining,  we  get 


9a;  +  20  - 

-9x     20 

4(a;- 

3). 

36 

36 

5(a;- 

*)' 

5 
•''   9 

4  (x- 

5  \x  - 

-3\ 
-4J' 

Clearing  of  fractions,  25a; -100 

=  36a;- 

108, 

from  which 

we  obtain 

X 

8 

"ir 

Ex.  2.-1 

Solve 

9a;  +  15 
14 

8a;-7 
■^6ar  +  2 

36 

la;  +  15 
56 

„              .         9a;  +  15 
Transposing,  — — — 

36a;  + 
56 

15    41 
56 

=  - 

8a;-7 
6x+2* 

Combining 

fractions  on 

the  left  side. 

4       1 

8a;-7 

56~U 

^  ~ 

6.r  +  2* 

+  66- 


Clearing  of  fractions,  6a; + 2  =  -  1 1 2.c  +  98 ; 

.•.118x  =  96or.  =  ^4«. 


g^j  EXERCISE   LIL 

,    8x-5    7ar-3     4a;  +  6  „    9(2x-3)     llaj-l     9a;  +  ll 

1.  +  a .  2.  -^^ -A = . 

14       6z+2        7  14  3ar+l  7 

lOx+17     \2x  +  2      6j;-_4  6a;+13     3j;  +  6      2x 

18         13a;-16"~!F*  15     "Oi'^'T* 
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6.r  +  7    2a;-2     2ar+l  6x  +  l      2a;-4  _2j-1 

■  ~l5~"7a;-16"~5~' 

4ar  +  3     8x  +  19     7a:  -  29 


15 

7ar- 

-6         5 

7x-G 

a; 

-5        a; 

35 

6a;- 

-101     5" 

4a; +  5 

9a;- 

-6     2x-3 

8. 


9  18        6a;- 12" 


a;     a;'  —  5a;     2 
l0~~7«  +  4~     5    *  ■   3  ~  3a;-7  ^3* 


176.  Complex  fractions  generally  should  be  simplified  before 
proceeding  to  find  the  lowest  common  multiple  of  denominators. 

3     -  -     3 

J     1     "9~ 

Simplifying  first  and  third  fractions, 

•27  -  4a;     1  _7a;-27 

36~~4       yo~' 

Multiplying  by  L.  C.  D., 

135 -20a;  =  45- 14a; +  54. 

Transposing  and  collecting  like  terms, 

6j;  =  36,    /.  a;  =  6. 

25  —  -a; 

„     ^      „  ,  3^    16a; +  4i       23       ^ 

Bx.  2.  —Solve  — —  +  — -^  =  — -  +  5. 

a;+l  3j;  +  2        a;+l 

Simplifying  complex  fractions, 

75-a;     80a;  +  21       23       , 
+  1777^ ^  =  — r  +  5. 


3(a;  +  l)    5(3a;  +  2)     a;+l 

™  .  75-a;       23      80a;  +  21     , 

Transposing,       ^^_^^__ +^^^__  =  5; 

75-a;-69    80a;  +  21 
•**      3(a;+l)    '*'5(3a;  +  2)~ 
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Multiplying  both  sides  by  15(a;+l)(3a;  +  2), 

5(3a;  +  2)(6-a;)  +  3(a;+l)(80x  +  21)  =  75(a;  +  l)(3x  +  2). 
Multiplying  out  and  collecting  terms, 

8x  =  27,    /.  a:  =  3|. 


Solve 


BXERCISft   LIII. 

5a;_4|,r+ll     7a:  +  5 

■  T"       16  12~* 

2.  10j(^-|)  +  l(3|a:  +  7)  =  2U. 

2.r  +  5    a;-15_a-(5-2f) 

■  21    ~    3^  14""* 

X       56-2j;  _        7ar-2 

2|a;-l     l^x-13|    l§.r-2_a;  +  46 

■  8f  7^  10|~~i^^' 

^      3a;-2       2-3a:     8?a;  -  5 


1      1  +  2j;      4a:  +  2  • 

x+l^    10-x    _    3_^     1_ 
3  3§    "^     11     ~lT* 

3  "^36"  5 

Sx-hl+x)    1-lx     21+^^ 
9.  — i +  .      ^  '''' 


4  5T^  ^ 


FRACTIONAL   SIMPLE  EQUATIONS.  125 


2.r-3     3x-l  ,      X      „ 

ar  -  -  +2 


1     _      3 i__?  3 

2 

2 -3a;      5.r      2ar-3_ar-2 
^^-  ~L5"''r25        9~~'i:8"  +  ^^* 

,^     ,       .4r>x  +  .75     1.2     .3.i;-.6 
i2.  .5.  +  — —  =_— -^. 

3.5.r     24-3.r 

,,     ,,       .135a; -.225     .36     .09j;-.18 
14.  .15.  + -g =_ -^. 

4a:- 17    3§-22x  6/       a:'\ 


177.  Other  artifices  are  often  employed  to  lessen  the  labor  of 
solving  equations.  In  a  certain  class  of  examples  the  actual 
division  of  each  numerator  by  its  denominator  assists  greatly  in 
reducing  the  equation  to  a  simple  form.  In  others  a  judicious 
combination  of  fractions  according  to  their  denominators  is  of 
great  value  in  facilitating  the  work. 

„     ^      „,        8ar+25    16a;  +  93     18a;+86    6.r  +  26 

Ex.1. — Solve 1 = 1 . 

2a;+5       2.r+ll         2a;  +  9        2x  +  7 

Divide  each  numerator  by  its  denominator, 

.-.  4  +  ^+8  +  ,;-^  =  9  +  ^„  +  3  +  :    ^ 


2a;  +  5  2a;+ll  2j;  +  9  2a;  +  7' 

5  5  5  5 

,  +  ■ 


•'  2a;  +  5     2a;+ll      2x  +  9     2x  +  7 
Dividing  by  5,  i7rTT  +  ; 


2a;  +  5    2a;+ll     2x  +  9     2a:  +  7' 
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Combining  in  pairs, 

4ar+16  4«  +  16 


(2j;  +  5)(2a;+ll)     (2a;  +  9)(2.r  +  7) 

4a;  +  16        _        ix+16 
°^  i^  +  32x  +  55  ~  4a;2  +  32a;  +  63* 

In  these  fractions  the  numerators  are  equal,  the  fractions 
equal,  but  the  denominators  unequal.  How  are  we  to  reconcile 
the  apparent  inconsistency  ?  Only  by  putting  the  numerator  of 
each  fraction  =  0;  the  fractions  will  then  be  equal  for  all  values 
of  the  denominators  except  zero.      .'.  4x  +  1 6  =  0  or  a;  =  —  4. 

This  result  may  be  obtained  otherwise.  Bring  both  fractions 
to  the  same  side  of  the  equation,  then 

4a; +16 4a; +16 

4ar^+32a;  +  35~4x2  +  32x  +  63~ 


or 


(4a:+16)|^_^^g2^^gg    4ar^  +  32a;  +  63/     ^' 
But  the  second  factor  is  not  =  0,  .'.  4a;  + 16  =  0  and  x  =  -  4. 


T,     ^      o  ,  3.r  +  l      a;  +  2       1       4 

Ex.  2.  —Solve -  ^ +  —  =  - . 

2x  +  3    6a;  +  9    3a;     3 

3a;+l         a;  +  2  4       1 

Transposing,  ^TTs  "  3(2^T3)  =3-3^' 


Combining  in  pairs, 


Simplifying, 


9a;  +  3-a;-2     4z-l 
3(2j;  +  3)  ZT' 

8a; +  1       4x-l 


3(2a;  +  3)       3a; 
Clearing  of  fractions,  Sa;*  +  a;  -» 8 a;''  +  1 0 a;  -  3. 

.*.  9a;  =  3  and  «  ■■  5  • 
3 
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1  1  3(x  +  5)        ^     6z+17 

Bx.  5.— Solve  -.  +  — -x -  .,   ^\.,    ',  =6 --^. 

a;  +  l    x  +  2    {x  +  l){x  +  2)  x  +  2 

3(x  +  5) 


Transposing, 

x  +  l  'a;  +  2  '    x  +  2          '  {x+l){x+2y 

Combining, 

1        6.r+18               3(x  +  5) 
x  +  l  '    x  +  2          '  {x+l){x+2)' 

Transposing, 

1        6ar+18                3(ar  +  5) 
ic  +  l  '    x+2             (x+1)(j:  +  2)* 

Combining, 

1        6.r+18-6x-12         3(x  +  5) 
a:  +  l'            a;  +  2              (x+l)(x+2)* 

Simplifying, 

1           6            3(i;  +  5) 
«  +  l  ^  x  +  2'  {x  +  l){x  +  2y 

Combining, 

7x  +  8               3x  +  15 

/■'r+n/'3T+9\      /'T+1Vr+9\' 

Solve 


7 
7a:  +  8  =  3x+  15,  or  4x  =  7  and  x=  j. 


EXERCISE   UV, 


5x  +  3    2x-3  Qx  +  S    2x+38 

"^31^2!^^""  '  2x+l"  x+12  ~   • 

5x^  +  X -  3     7x^- 3x -  9  _x_     x-9_x  +  l    x-8 

5x-4:           7x-10    *  *  x^"^x~^~x^'^x^'6" 

„    a^+ax'^-hx  +  c     x^  +  ax-b  „    1  +  x  +  x*     G2    1 +x 


a^—ax^  +  bx  +  c     x^-ax  +  b'        '  \-x  +  x^     63    1  — 


^    x  +  ia  +  b    ix  +  a  +  2b     ^         „    3x-l     4x-2      1 

7.     +  =5.  8. r-    = - 

x  +  a  +  b        c:  +  a-b  2x-l     3x-2     G 


X 
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9        ^  16  3+.r     2  +  a:     1+a;^.^ 

*  2x-3'^a:-2~3j;  +  2*  "S-a;    2-a:    1-a; 


,,    x'--x  +  l     x^  +  x+l     „         -„       4  3  29 

11.    ; + z =  2x.         12.    ^  +  ; 


x-1  x+1  '  '  x-8    2.r-16    24    3a:-24 

4       _7 37  a;-4    a;-5     .t-7    x-8 

'  x+2    x  +  3~ x^+Qx  +  6*  ■  x-5    a;-6~a;-8    a;- 9' 

3        ar  +  l        x'^  a:  —  Sa*  —  5     a;— 7ar-4 

a:  — 1    a;  — 1     1-x^'  '  a;— 10    a:  -  7     a;-9    x  —  6' 

9  36 


17. 


18. 


a;  +  l     2x-l     3.C-1     6a:-l' 
4       a;-2_a;+4    2(a;-l) 


,^    4a;- 17    lOa:  -  13     8.C-30    5.r-4 

19. h = + . 

a;-4         2x-3         2a;-7      a;-l 


178.  In  some  equations  known  numbers  are  represented  by 
letters.  These  are  called  literal  equations.  The  same  artifices 
and  methods  are  employed  in  solving  these  equations  as  when 
figures  are  used. 

Note. — Usually  the  firH  letters  of  the  alphabet  are  employed  to  repre- 
sent known  nuinbcra,  the  last  letters  unknown  numbers.  But  this  rule 
does  not  always  hold  good,  as  any  letter  may  be  used  in  either  way. 

Ex.  1. — Solve  ax-\-hc  =  hx  +  ac. 

Transposing,  ax  —  hx  =  ac-  be. 

Factoring,  x{n  —  i)  =  c{a  -  h). 

Dividing  by  (a  -b)^  a;  —  — — 7-^  —  c. 
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Ex.  8. — Solve  {a  +  x  +  b){a  +  b-x)  =  {a  +  x){b -x)- ah. 

Multiplying,  (a  +  If  -x'^  =  ab  +  x{b  -  a)  -  x'  -  ab. 

(a  +  by 
.'.  (a  +  by  =  x{b—a)  and  a:  =  —7 -. 


Ex.  5.— Solve 

3ax-2b    ax- a     ax     2 
3b            2b         b      3 

Transposing, 

3ax-2b    ax -a    ax          2 
3b           2b        b          3' 

Combining, 

6u.s-4b-3ax  +  3a-6ax         2 
66                            3 

-  3ax  -  46  +  3a         2 

or 

6b                    3' 

Clearing  of  fractions,             -3ax-4:b  +  3a=  -  ib, 

.',  ax  =  a  and  x—l. 

c,  ,  EXERCISE   LV. 

Solve 

1.  a{x-b)  =  b{a-x)~{a  +  b)x.  2.  {a  +  x){b  +  x)  =  {c  +  x){d  +  x). 

„    Qx-a     3x+b  ,    a(a'^+x^)  ^. 

3.    -; :=Tr .  4.     -^ '- =  OX  +  b\ 

ix— b     2x  +  a  a  +  x 

„    x—a    x—h    x-c     -  ^1  1  1 

5.  T —  + + r  =  3. 


6  +  c    c  +  a    a  +  h       '  '  ab  —ax    be  —  bx     ac  —  ax' 

_       a           c           a-c  „                 -           x^  +  a'^  +  b^+  c' 

7. = .  8.  x  +  a  +  b  +  c= ; . 

x+a    x-c     x  +  a  —  c  a  +  o - c  +  x 

ax^  +  bx  +  c    px-  +  qx  +r  m^'^'^        '^           ^ 


ax  +  b  px+q  '  x  —  c     x—a    x  —  o 

(x  —  aY     x—2a-b  _ „    x+a    x  +  b    x  +  c 

y '-  =z .  1 2. H + = 

{x  +  by     x  +  a  +  2b  6+c    c+a    a+6 
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,„    2x  +  a    x-b     Sax  +  (a -by    ,,    in(x  +  a)    n(x+b) 

13.  —7 = -, -.  14.   --^^ r-^  +  — -  =  m  +  n. 

b  a  ab  x  +  b  x  +  a 

a+c  b+c  x+c 

1 5. = l-x  —  a. 

(a  —  b)[x-a)     {a  —  b){x-b)     {x-a){x-b) 

16.  (a  +  a;)(6  +  a;)- a(6  +  a;)  =  -7-  +  a;^ 

x—a    x—b    x-c     x-a-b -c 

17.  —^  + + -, . 

b  c  a  abc 

18.  {x-af  +  {x-by  +  {x-cf  =  S{x-a){x-b){x-c). 

1  2  1 

19.  , TT-T Ti r  + 


[x  —  u)(x  —  b)     {x  —  a){x-c)     {x  —  b){x  —  c) 

1  2  1 


+  • 


{x  +  a){x  +  b)    {x  +  a){x  +  c)     {x  +  b){x+c) 


EXERCISE   LVI. 
MISCELLANEOUS    EXAMPLES. 


Solve 
1.  {Sx-\f  +  {4.x-2f=(bx-2,f.     2.  {x  +  2a){x-af^{x-^2b){x-b)\ 

/ar+iy      x-^a  /x-ay_x-2a 

^'   V2x+1/  '^Ix  +  a'  '    W^b)  '^x-2b' 

/^-n^+19y    3(x-2)  «  +  6    x-Q_2{x-  6)« 

V^'  +  a;-ll  /  "*"    ar  +  2    ""         *  a:-l'^a;+l~     a;2-l     ' 

1       _2_      _3_  2.r'-3j;  +  l     2.e-3 

z^'*'7^"'x-3'  '    a:2-2a;  +  2  °  a;-2' 

1+x     3  +2^'  ,n    «  +  ^''       «  * 

9.  l-x-;. =  -K — :r-'  10.   = + -. 

l—x      2-2x  X  +  c     X  +a    X  +  b 

11.  (jr-H)(z  +  2)(a:  +  3)  =  (x-3)(a:  +  4)(x  +  5). 

12.  (ar  +  l)(jr  +  2)(j:  +  3)-(x-l)(x-2)(x-3)  +  3(4z-l)(x+l). 

13.  (x  +  i)(x  +  c)  +  (x  +  c)(x  +  a)oi(2x  +  a)(x  +  i). 

14.  (ar-a)(z-2a)-(ar-3a)(x-4a). 


15. 
16. 

17. 
18. 

19. 

20. 
21. 
22. 

23. 

24. 

25. 
26. 

27. 

28. 
29. 
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(3x+l)(2ar-3)     (5a;-4)(2a;  +  5)" 

1 2 

(3^-  l)(a:-2)~(2x-l)(.c-4)' 

(x-9)(a;-7)(a:-5)(a;-l)  =  (a;-2)(ar-4)(.r-6)(x-10). 

(x  -  2af+{x-2bY  =  2{x-a  -  bf. 

Sabc        a^b'^        (2a  +  bWx     „         bx 

r  +  7 7T^^  +  ^ TTT-  =  3c.c  + . 

a  +  b     (a  +  by       a[a  +  b)-  a  r 

2a;-3    3a;-2  _  5.r^- 29x-4 
7^"^"^^~a;2-12x  +  32" 

(z  +  a)(x  +  6)  +  (a;  +  c)(a:  +  a)  =  (a:  +  i)(z  +  (/)  +  (a;  +  cZ)(a;  +  c). 


m  n  » 

+ :+- 


•  + +  ■  ^ 


x—a    x  —  b    x  —  c     x  —  c    x-a    x—b' 
x-2a       x-2b        x-2c 


b+c-a    c+a—b    a+b-c 
x-2a       x—2b       x-2c 

+  — 7+- 


=  3. 


3.C 


b  +  c  —  a    c  +  a-b    a  +  b-c     a  +  b  +  c' 

a-x       b-x       c-x  3 

a^-bc    b^  —  ac    c^-ab     a  +  b  +  c\,^ 

a  —  b     b  —  c    c  —  a     a+b     b  +  c    a  +  2b+c 
x—c    x-a    x-b     x-a    x-b        x—c 

ab  -  be    be  —  ca     ac  -  ab     a^-b"^    b^  -  c^    c^  —  a* 

+ + 7—  = + -+ 

x  +  c         x  +  a         x  +  b        x  +  a      x  +  b      x  +  c 


a'—abc     ¥—abc     c^  —  abc 

+ —  + 


\L' 


h 


'In 


\t 


a' -5c     b'^-ca    c^  —  ab       x  +  a 
+ r  + 


x  +  b 


x  +  c 


x+a       x+b 
a  b 


x  +  c 


a  +  b  +  c 


X  -  md    X  —  mc    x  +  mb    x  +  ma 


=  0  if  a  +  b  +  c  +  d=0.\ 
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PROBLEMS    PRODUCING    FRACTIONAL 
EQUATIONS. 

179.  The  solution  of  problems  resulting  in  fractional  equations 
is  accomplished  by  employing  the  same  methods  and  principles 
as  were  used  in  solving  problems  not  producing  fractional  equa- 
tions. It  will  be  well,  however,  to  give  specimen  solutions  of 
different  types  of  problems  frequently  occurring  in  practice. 

Ex.  1. — A  can  do  a  piece  of  work  in  6  days,  and  ^  can  do  the 
same  work  in  8  days.  How  long  will  it  take  A  and  B  working 
together  to  do  it  % 

Let     X  =  number  of  days  it  takes  A  and  B  to  do  it. 
Then  -  =  amount  A  and  B  can  together  do  in  a  day. 

But  A  can  do  it  in  6  days,  /.  A  can  do  t-  in  1  day, 
and  B  can  do  it  in  8  days,  .*.  B  can  do  -  in  1  day; 

o 

therefore  A  and  B  can  together  do  -  +  -  in  one  day. 

u       o 

But  A  and  B  can  together  do  -  in  one  day,  .*.    -+--  =  -. 

7      1  24 

Simplifying,       34  "  i '    •**  ^  =  y  =  ^'^  ^^^y^' 


Ex.  2. — A  tank  can  be  filled  by  two  pipes  in  24  minutes  and 
30  minutes  respectively,  and  emptied  by  a  third  in  20  minutes. 
In  what  time  will  it  be  tilled  if  all  three  are  working  together? 

Let  z  ■■  number  of  minutes  it  will  be  filled  by  all  three  together. 

Then    -  i- amount  filled  in  1  minute  by  all  three. 

w 
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But     —  =  amount  filled  by  first  tap  in  1  minute, 
and     —  =  amount  filled  by  second  tap  in  1  minute, 

also     —  =  amount  emptied  by  third  tap  in  one  minute; 

111 
/.  —-  +  —•--—  =  amount  filled  by  three  taps  in  1  minute. 
24    30    20  J  f 

But      -  =  amount  filled  in  1  minute  by  3  taps, 

X 

i_j_  j__2. 

*'•  a;  "24 ■'"30    20' 

13        1 

Simplifying,    -=——  =  -—-,    .-.  a;  =  40  minutes. 
^    "^     ^'    X      120     40 

Ex.  3. — A  person  walks  to  the  top  of  a  mountairi  at  the  rate 
of  2^  miles  an  hour,  and  down  the  same  way  at  the  rate  of  3| 
miles  an  hour,  and  is  out  5  hours.     How  far  is  it  to  the  top  of 

the  mountain  1 

Let  X  =  distance  to  the  top  of  the  mountain 

X 

Then  ^  =  time  to  walk  up 

and  ^  =  time  to  walk  down, 

.*.  7TT  +  ^  =  whole  time. 
2j    3^ 

But  whole  time  of  walking  up  and  down  is  5  hours, 

X      X      ^         3a;    2a;     _  5a;     „ 

•'•  2j-'3i  =  ^  °'  y-'y^^'    •••  y  =  5,    .•.a;  =  5  miles. 

Ex.  Jf. — Find  the  time  between  3  and  4  o'clock  when  the  hands 
of  a  clock  are  at  right  angles. 
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The  minute-hand  of  a  clock  moves  twelve  times  faster  than 
the  hour-hand.  When  the  hands  are  at  right  angles  one  hand  is 
15  minute-spaces  ahead  of  the  other.  At  3  o'clock  the  minute- 
hand  is  at  12,  and  therefore  the  hands  are  at  right  angles  at 
that  time.  There  is,  however,  another  solution;  for  the  minute- 
hand  may  get  15  minute-spaces  ahead  of  the  hour-hand.  To  find 
the  time  when  that  occurs:  The  minute-hand  at  3  o'clock  is  15 
minute-spaces  behind  the  hour-hand,  and  it  has  to  gain  this  space 
and  get  15  minute-spaces  ahead  of  the  hour-hand,  so  that  it  has 
to  gain  altogether  30  minute-spaces. 

Let  X  =  number  of  units  of  space  moved  by  hour-hand 

from  3  o'clock  to  time  required. 
Then  1 2a;  =  number  of  units  of  space  moved  by  minute- 

hand; 
.'.   1 2.r  -  a:  =  1  la:  =  spaces  gained  by  minute-hn.nd. 
But  spaces  gained  is  30  minute-.space3, 
,'.  11  a;  =  30  minute-spaces, 
,•.  .t  =  2t'\  minute-spaces. 
But  time  is  shown  by  minute-hand,  which  has  passed  over  12x 
spaces, 

.-.  1 2.r  =  1 2  X  2i*S  =  W  =  32 ,\  minutes. 
Therefore  the  time  is  32,\  minutes  past  3  o'clock, 

EXERCISE   LVII. 

1.  Find  a  number  whoso  third  part  exceeds  its  fourth  part 
by  H. 

2.  Tlie  half,  fourth  and  fifth  of  a  certain  number  are  together 
equal  to  76.     Find  the  number. 

3.  Divide  60  into  two  such  parts  that  a  seventh  of  one  part 
may  be  equal  to  an  eighth  of  the  other. 

4.  Divide  45  into  two  such  parts  that  the  first  part  divided 
by  2  shall  be  equal  to  the  second  part  multiplied  by  2. 

5.  In  a  mixture  of  wine  and  water  the  wine  was  26  gallons 
more  than  lialf  the  mixture,  and  the  water  5  gallons  less  than 
one  third  of  tho  mixture.    Uow  many  gallons  were  there  of  each ) 
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6.  Divide  46  into  two  such  parts  that  if  one  part  be  divided 
by  7  and  the  other  by  3  the  sum  of  the  quotients  shall  be  10. 

7.  A  can  do  a  piece  of  work  in  6  days  and  B  can  do  it  in  4 
days.     How  long  will  it  take  A  and  B  together  to  do  it  ? 

8.  A  can  do  a  piece  of  work  in  5  days,  5  in  6  days,  and  C  in 
7^  days.     In  what  time  will  they  do  it,  all  working  together  1 

9.  A  can  do  a  piece  of  work  in  2J  days,  B  in  3J  days,  and  C 
in  3|  days.     In  what  time  will  they  do  it,  all  working  together  t 

10.  Two  men  who  can  separately  do  a  piece  of  work  in  15  days 
and  16  days  can,  with  the  help  of  another,  do  it  in  6  days.  How 
long  would  it  take  the  third  man  to  do  it  alone  1 

11.  A  does  ^  of  a  piece  of  work  in  10  days,  when  B  comes  to 
help  him,  and  they  finish  the  work  in  3  days  more.  How  long 
would  it  have  taken  B  alone  to  do  tlie  whole  woik  ? 

12.  A  and  B  together  can  reap  a  field  in  12  hours,  A  and  C 
together  in  16  hours,  and  A  by  himself  in  20  hours.  In  what 
time  can  B  and  C  together  reap  it  1  In  what  time  can  A,  B  and 
C  together  reap  it  1 

13.  A  and  B  together  can  do  a  piece  of  work  in  12  days,  A 
and  C  in  15  days,  B  and  G  in  20  days.  In  what  time  can  they 
do  it,  all  working  together  ? 

■  14.  A  tank  can  be  tilled  in  15  minutes  by  two  pipes,  A  and  B, 
running  together.  After  A  has  been  running  by  itself  for  5 
minutes  B  is  also  turned  on,  and  the  tank  is  filled  in  13  minutes 
more.     In  what  time  may  it  be  filled  by  each  pipe  separately  1 

15.  A  cistern  could  be  filled  by  two  pipes  in  6  hours  and  8 
hours  respectively,  and  could  be  emptied  by  a  third  in  12  hours. 
In  what  time  vould  the  cistern  be  tilled  if  the  pipes  were  all 
running  together  1 

16.  A  tank  can  be  filled  by  three  pipes  in  1  hour  and  20 
minutes,  3  hours  and  20  minutes  and  5  hours  respectively.  In 
what  time  will  the  tank  be  filled  when  all  three  pipes  are  run- 
ning together  1 
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17.  A  fish  was  caught  whose  tail  weighed  9  pounds,  his  head 
weighed  as  much  as  his  tail  and  half  his  body,  and  his  body 
weighed  as  much  as  his  head  and  tail  together.  Find  the  weight 
of  the  fish. 

'  18.  A  hare  is  50  leaps  before  a  greyhound,  and  takes  4  leaps 
to  the  greyhound's  3  leaps ;  but  2  of  the  greyhound's  =  3  of  the 
hare's.  How  many  leaps  must  the  greyhound  take  to  catch  the 
hare? 

19.  Find  the  time  between  2  and  3  o'clock  when  the  hour  and 
minute  hands  of  a  watch  are,  1st,  coincident;  2nd,  in  exactly 
opposite  directions;  3rd,  at  right  angles  to  each  other. 

20.  Find  the  respective  times  between  7  and  8  o'clock  when 
the  hour  and  minute  hands  of  a  watch  are,  1st,  exactly  opposite 
to  each  other;  2nd,  at  right  angles  to  each  other;  3rd,  coincident. 

/  21.  It  is  between  2  and  3  o'clock,  but  a  person  looking  at  his 
watch  and  mistaking  the  hour-hand  for  the  minute-hand  fancies 
that  the  time  of  day  is  55  minutes  earlier  than  it  really  is.  What 
is  the  true  time  1 

22.  A  horse  was  sold  at  a  loss  for  $200,  but  if  it  had  been  sold 
for  $250  the  gain  would  liave  been  f  of  the  loss  when  sold  for 
$200.     Find  the  value  of  the  horse. 

23.  A  merchant  adds  yearly  to  his  capital  ^  of  it,  but  takes 
from  it,  at  the  end  of  each  year,  $5000  for  expenses.  At  the 
end  of  the  third  year,  after  deducting  the  last  $5000,  he  has 
twice  his  original  capital.     How  much  had  he  at  first  1 

24.  A  trader  maintained  himself  for  three  years  at  an  expense 
of  $250  a  year,  and  each  year  increased  that  part  of  his  stock 
which  was  not  so  expended  by  ^  of  it.  At  the  end  of  the  third 
year  his  original  stock  was  doubled.  What  was  his  original 
stock? 

26.  A  cask  contains  12  gallons  of  wine  and  18  gallons  of 
water*  another  contains  9  gallons  of  wine  and  3  gallons  of  water. 
How  many  gallons  must  be  drawn  from  each  cask  to  produce  o 
mixture  contaiuing  7  gallons  of  wine  and  7  gallons  of  water  1 
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26.  A  man  rowed  down  the  river  a  distance  of  11  miles  in  IJ 
hours  with  the  stream,  and  on  his  return  rowed  back  again  in  3f 
hours.     Find  the  rate  of  the  stream  per  hour. 

27.  A  boatman  moves  5  miles  in  |  of  an  hour,  rowing  with 
the  tide;  and  in  returning  it  takes  him  1|  hours,  rowing  against 
a  tide  one-half  as  strong.  What  is  the  velocity  of  the  stronger 
tide? 

28.  A  boatman  rowing  with  the  tide  moves  n  miles  in  t  hours. 
Returning  he  uses  t^  hours  to  accomplish  the  same  distance,  row- 
ing against  a  tide  m  times  as  strong  as  the  first.  What  is  the 
velocity  of  the  stronger  tide  1 

29.  A  train  which  travels  32  miles  an  hour  is  f  of  an  hour  in 
advance  of  a  second  train  which  travels  42  miles  an  hour.  In 
how  long  a  time  will  the  last  overtake  the  first? 

30.  A  train  travelling  b  miles  per  hour  is  m  hours  in  advance 
of  a  second  train  which  travels  a  jniles  per  hour.  In  how  long  a 
time  will  the  last  overtake  the  first?  Discuss  the  result  when 
a>  6/  a  =  b;  a  <  h. 

31.  An  express  train  which  travels  42  miles  per  hour  starts 
50  minutes  after  a  freight  train,  which  it  overtakes  in  2  hours 
5  minutes.     What  is  the  velocity  of  the  freight  train  ? 

32.  If  A,  who  is  travelling,  makes  |  of  a  mile  more  per  hour 
he  will  employ  only  *  of  the  time,  but  if  he  makes  |^  of  a  mile 
less  per  hour  he  will  be  on  the  route  2^  hours  more.  Find  the 
length  of  the  route  and  the  speed. 

33.  At  12  o'clock  the  hands  of  a  watch  are  together.  At 
what  hour  will  they  be  opposite  to  each  other  ? 

34.  A  and  B  accomplish  a  piece  of  work  in  m  days;  A  and  G 
can  do  it  in  n  daysj  and  B  and  G  in.  p  days.  How  many  days 
will  it  take  each  to  do  the  work  alone,  and  how  many  if  they 
work  together? 

35.  If  a  men  or  h  boys  can  dig  m  acres  in  n  days,  required  the 
number  of  boys  whose  assistance  will  be  required  to  enable  (a -J?) 
men  to  dig  {in+p)  acres  in  {n—p)  days. 

10 
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36.  If  A  can  do  a  piece  of  work  in  27n  days,  and  B  and  A  in 
»  days,  and  A  and  C  in  m  +  -  days,  find  the  number  of  days  in 
which  A,  B  and  C  together  would  do  the  work. 

37.  Two  friends  at  a  distancs  of  78  miles  agree  to  meet  in  an 
intermediate  locality,  and  set  out  at  the  same  moment,  one  from 
A,  travelling  5|  miles  per  hour;  the  other  from  B,  travelling  7| 
miles  per  hour.     When  and  where  do  they  meet  ? 

38.  A  person,  after  paying  a  poor  rate  and  also  an  income  tax 
of  7d.  in  the  .£,  has  .£486  remaining.  The  poor  rate  amounts  to 
£22  10s.  more  than  the  income  tax.  Find  the  original  income 
and  the  number  of  pence  in  the  £>  in  the  poor  rate. 

39.  "What  must  be  the  value  of  n  in  order  that  ^r — —  may 

371  +  69a 

be  equal  to  ^  when  a  is  J  ^ 

40.  A  person,  after  paying  an  income  tax  of  6d.  in  the  £,  gave 
away  ^  of  his  remaining  income,  and  had  £540  left.  What  was 
his  original  income  % 

41.  I  bought  a  certain  number  of  eggs  at  2  a  penny  and  the 
same  number  at  3  a  penny.  I  sold  them  at  5  for  twopence  and 
lost  a  penny.     How  many  eggs  did  I  buy  ? 

42.  The  sum  of  £330  is  laid  out  in  two  investments,  by  one  of 
which  15%  is  gained  and  by  the  other  8%  is  lost,  and  the  amount 
of  the  returns  is  £345.     Find  each  investment, 

h  43.  Find  the  weight  of  a  mass  of  copper  and  tin,  40  pounds 
more  copper  than  tin,  to  which  if  a  quantity  of  copper  §  heavier 
than  the  tin  be  added  there  will  be  11  pounds  of  copper  for  every 
3  pounds  of  tin. 

44.  The  first  digit  of  a  certain  number  exceeds  the  second  digit 
by  4,  and  when  the  number  is  divided  by  the  sum  of  the  digits 
the  quotient  is  7.     Find  it. 

45.  One-half  of  a  population  can  read ;  of  the  remainder  42  % 
can  rearl  and  write;  of  the  remainder  again  16%  can  read,  write 
an^  cipher;  while  243,600  can  neither  read,  write  nor  cipher. 
What  ifl  the  population  ? 
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46.  Divide  £607  Is.  8d.  into  two  sums  such  that  the  simple 
interest  of  the  greater  sum  for  2  years  at  3^%  shall  exceed  that 
of  the  less  for  2^  years  at  3J%  by  £18  16s. 

47.  A  person  possessed  of  £5222  invested  a  part  in  5%  stock 
at  105,  and  the  remainder  in  3%  stock  at  96.  How  much  did 
he  invest  in  each  kind  of  stock  if  his  whole  income  amounts  to 
£191  16s.  SdA 

48.  The  hour  is  between  2  and  3  o'clock,  and  the  minute-hand 
is  in  advance  of  the  hour-hand  by  14^  minute-spaces  of  the  dial. 
What  o'clock  is  iti 

49.  112  pounds  of  bronze  contains  by  weight  70%  of  copper 
and  30%  of  tin.  "With  how  much  copper  must  it  be  melted  in 
order  that  it  may  contain  84  %  of  copper '? 

50.  Find  the  time  between  h  and  A  -^  1  o'clock  when  the  minute- 
hand  is  m  minute-divisions  before  the  hour-hand. 


CHAPTER   X. 


SIMULTANEOUS  EQUATIONS  OP  THE 
FIRST  DEGREE. 

180.  If  one  equation  contain  tioo  or  more  unknown  quantities 
an  indefinite  number  of  values  may  be  found  that  will  satisfy  the 
equation. 

Thus,  when  x  +  7/  =  6  any  value  may  be  given  to  y,  and  a  corres- 
ponding value  will  be  found  for  ;c. 

If  a;  =  2  then  y  =  4, 
«  x  =  d  "  2/  =  3, 
'•   a;  =  1      "     y  =  5>  a-nd  so  on. 

Any  connected  pair  of  these  values  substituted  for  x  and  y  will 
satisfy  the  equation,  and  are  called  its  roots. 

181.  But  if,  in  connection  with  the  preceding  examples,  another 
equation  be  given,  expressing  a  different  relation  between  z  and  y, 
then  only  one  pair  of  values  for  x  and  y  can  be  found  which  will 
satisfy  both  the  equations. 

Thus,  if  not  only  x  +  y  =  Q 
but  X  -y  =  2, 

then  the  only  values  of  x  and  y  that  will  satisfy  both  equations 
are  a;  =  4  and  y  =  2. 

Such  equations  are  called  simultaneous  because  they  are 
both  true  at  tfie  same  time,  i.e.,  thoy  are  satisfied  by  the  same 
values  of  x  and  1/. 

182.  If  there  are  two  unknown  numbers  to  be  found  then  two 
independent  equations  must  be  given.     Equations  are  said  to  be 
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independent  when  they  express  different  relations  between  the 
unknown  quantities. 

Thus     x  +  y  =  i 

and  2a;  +  2y  =  8 

are  not  independent,  since  they  express  the  same  relation  be- 
tween X  and  y. 

183.  If  three  unknowns  are  given  three  independent  equations 
will  be  required.  Generally,  if  n  unknown  numbei's  are  to  be 
found  it  is  necessary  to  have  n  independent  equations  to  obtain 
a  definite  solution. 

184.  Different  methods  are  adopted  in  solving  simple  simul- 
taneous equations,  the  more  common  of  which  we  now  proceed 
to  illustrate : — 

FIRST   METHOD. 

Ex.  i.— Solve  a;  +  2/  =  8,  (1 ) 

2a:  -  3?/  =  2.  (2) 

Multiply  (1)  by  3,  then 

3a; +  37/ =  24,  (3) 

but  2a: -3^=   2.  (2) 

Adding,  5a:  =  26,    .*.  x  =  5J. 

To  find  y,  multiply  (1)  by  2  and  subtract  from  the  result  (2). 
Then  5y=14,    .*.  2/  =  2f. 

The  object  of  this  method  is  to  make  in  turn  the  coefficients 
of  X  and  y  the  same  in  both  equations.  Thus  (1)  was  multiplied 
by  3  to  make  the  coefficients  of  y  the  same  in  both  equations; 
also  (1)  was  multiplied  by  2  to  make  the  coefficients  of  x  the 
same.  Then,  adding  in  the  first  instance  and  subtracting  in  the 
second,  one  of  the  unknowns  disappears,  or  is  eliminated,  and  the 
remaining  one  can  be  found.  This  j)rocess  is  called  elimination 
by  addition  or  subtraction.  «    \ 
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185.  Having  found  the  value  of  either  x  ov  y  the  remaining 

value  can  be  found  by  substitution.     Thus,  in  the  preceding 

example, 

a:  +  2/  =  8,  (1) 

2a;-3y  =  2,  (2) 

26 
we  found  x  =  —.     Then  substituting  this  value  of  x  in  (1)  we  get 

0 

26     U 


SECOND    METHOD. 

Ex.  ^.— Solve  2a;  +  3y  =  7,  (1) 

3x-2/  =  5.  (2) 

7-3?/ 
From  (1)  2a;  =  7-32/  or  x  =  —^. 

Substitute  this  value  of  x  in  (2),  then 

2  ^ 

Simplifying,  21  -  9y  -  2y  =  1 0 


or 
or 


Since  y  =  1, 


-\\y=-l\ 

.    .     7  +  3y 

..  X ^ 

7-3 


2    -^- 


This  method  is  called  elimination  hy  substitution. 


TIIIUD    METUOD. 


186.  Ex.  S.  -Solve         5j;  +  4y  -  68,  (1) 

3a;  +  7y-67.  (2) 
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58-4?/ 


From  (1)        5x  =  58-4?/,    .'.  ar  = 
,  From  (2)         3a;  =  67  -  1y,    :.  x  = 


5      ' 
67 -7y 


3      • 

since  the  two  values  of  x  must  be  the  same; 

58 -4y     67 -7t/ 


Simplifying, 

174-12y  =  335-35y, 

or 

352/-122/  =  335-174, 

or 

23?/=  161 

and 

2/  =  7. 

li  y  =  7  then 

58  -  4?/ 

58-4x7     , 

a;  = = =  6. 

5 

This  method  is  called  elimination  by  comparison. 

187.  The  following  examples  should  be  carefully  noted : — 

Ex.  4.— Solve  -  +  -=12,  (1) 

X      y 

5      4 

i%--15.  (2) 

To  find  Xy  multiply  (1)  by  4  and  (2)  by  3. 

8     12 
Then  _+_=48  (3) 

X       y  ^  ' 

15     12 
and  _+if  =  45.  (4) 

7 
Subtracting  (4)  from  (3), =  3 ; 

•.  3j:=  -  7  ♦ 

and  a;  =  -  -  , 

o 

Similarly  y  can  be  found. 
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Ex.  5.— Solve  2ar  +  3y  =  1 5a;?/,  (1 ) 

3a;  +  4y  =  21a;y.  (2) 

Divide  both  (1)  and  (2)  by  xy,  • 

Then  ?  +  -  =  15,  (3) 

y     X 

?  +  -=21.  (4) 

y      X 

From  (3)  and  (4)  the  values  of  x  and  y  can  be  obtained  as  in 
Ex.  4. 

^ar.  5.— Solve  x{y  +  l)=y{x  +  \),  (1) 

2a;  +  20  =  3?/+l.  (2) 

Clearing  (1)  of  brackets,  xy  +  7  c  =  xy+y;  (3) 

.'.  7a:  =  y. 
Substituting  this  value  of  y  in  (2)  x  can  be  readily  found. 


lol 

ve 

EXERCISE   LVIII, 

1. 

4a:  +  3y  =  31, 
Sx  +  2y  =  22. 

2. 

3a:-2y  =  7, 
8a:  +  2y  =  48. 

3. 

7z  +  3y=l7. 
6x  +  3y=13. 

4. 

5a:  +  7y  =  43, 
lla;  +  9y  =  69. 

5. 

3y-2a:=ll, 
13x-5y=l. 

6. 

8a:-9y=l, 
6a:-3y  =  4a:. 

7. 

r     1       . 
2^+3^  =  0, 

5, 

10a:- 1=69, 

1           1          Rl 

10y-|-49. 
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3      4  X 

2?/--  =9. 

11.  2x-^  =  3a:-l,  12.  l|z  -  ljy  =  5, 

„       2a;  „  2        5 

13.  4Ja:-3Jy  =  46,  14.  2|a:+3Jy  =  74, 

4^a:  +  3j2/  =  215.  4|a:-5^y=l- 

15.   s^+U  =  13.  16.   ia:+L  =  43, 


2     '  3^  9        8 

11^  11 

6^+8^  =  ^-  8^"^9 


17    2z  +  3y    ar  2a:-y  7  +  ar 

17.  —g— +3=8,  .  18.-^  +  1--^, 

2(15^+13^  20.     .-^=5, 

7  7 

=  7(:r-2y+l)  ^^     ^t^^     3- 

=  12{y-3+|(2/  +  7i)}. 

21.  2x  -  ^  =  7  +  ^~—,  22.  5a;  -  -^  =  32, 
4                   5  4 

^       8-a;  2y  +  l  o    ^  a;-2 

42/--3-  =  24i--2-.  3^+  -3-  =9. 

23.  ax  +  y  =  h,  24.       x  +  y  =  a, 
x  +  by  =  a.  ax  +  by  =  b\ 
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25.      ax  =  hj,  26.   -+1=1, 

a     0 


x  +  y  =  c. 


y--6 


--^=1. 
b      a 


27. ^  =m.  Jo.   -  +  -  =  1 , 

a      b  a      0             c 

^Jy.=o.  1+^^=1+1, 

c       a  a      b             c 


29.  ax  +  by  —  c\  30.  ax  +  hy  =  c. 

a  b 

b  +  y    a  +  X 


a  b  (a  —  b)x  +  (a  +  b)y  =  2c. 


31.  (a  +  6)x-(a-%  =  c,  32.    |^ -5, 
(a-b)x  +  (a  +  b)y  =  c. 

fciH-9»-7  =  40.  8-^-6. 

13  0 

35.  ^  =  3,  36.  (a:  +  7)(y-3)  +  6 


6a:-4    4y-8     2a;-5      ^^ 

-YT-*"     4 9~^  ^^-  4:r-ll2/  =  0. 

37.   ^-.?=??-15  =  l|.  38.1^?f  =  17. 
X     y      y      X      io  X      y 

a;      y 

S9.L^f.46,  40.   ?-?  =  !. 

K     12  tc     y      4 

11-1-32.  U*-?. 

0     20  SB     2/      3 


=  (y  +  7)(a;  +  3)-64, 
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41.  1  +  ^=11,  42.  3x-J-+l=6, 


7x    9         '  32/9 

9a;     2  y      3 


.-    a;— m     m  —  n                            ..    a:  +  y+l  ©  +  1 

43.  =  — — ,  44.  -  = r, 

a;-2/  +1  p-i 

ar  +  y+1  1+m 

a;-y-l  \  -m 

.  _      •«/  -r  X       7/t  T  /*  T  yy                                  .  _                0  C 

40.    T  = 1  4o. 


2/- 

m 

1)1  + n 

X 

y 

m? 

-w' 

w? 

+  V?' 

a;  + 

1 

r 

m  +  n  +  p 

2^  + 

m- 

■n+p* 

X- 

1 
i' 

m  +  n  —  p 

y~ 

m- 

■n  -p 

X  + 

y 

-1 

m, 

X  - 

y 

+  1 

y- 

x  +  l 

nm. 

a  +  c     y  -  a  +  b* 

X  +c     y  +b 
a  +  b     a  +  c' 


47.  r  =  ^»  4o.  r — 7i  =  x^ 1 , 

a  +  6  +  2  6 

bx  -  a  =  ay  —  b. 


2/  +  1 

49.  x-¥y  =  mxy,  60.  my  +  x=pxy, 
y-x  =  nxy.  ny  +  x  =  qxy. 

51.^^ = ,  52.  ^  =  - , 

b+y     a—x  t       x-y     b - c 

c  d  X  +  c     a  j^-b 

d  -X     c  +  y'  y  +  b     a  +  c 


X  1J 

53.  (m  +  n)x-(m-n)y  =  imn.      54.  -^ — r — 7r—^=p'^-Q'*, 

q  —  \    p'  -  \ 


y^i^ 


+  — =^  =  2.  X  y 

p^+  I     q^  +\     ^       ^ 
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SIMPLE  SIMULTANEOUS  EQUATIONS  OP 
THREE   UNKNOT^NS. 

188.  If  there  are  three  unknowns  their  values  may  be  found  if 
three  independent  equations  be  given;  for  between  one  pair  of 
the  equations  one  of  the  unknowns  can  be  eliminated,  and  bar 
tween  a  different  pair  the  same  unknown  can  be  eliminated,  so 
that  there  will  be  two  resulting  equations  from  which  to  deter- 
mine the  remaining  two  unknowns. 

^a:.  2.— Solve  2a;  -  Sy  +  4^  =  4,  (1) 

Sx  +  5y-7z  =  X2,  (2) 

5z-  y-8z  =  5.  (3) 

To  eliminate  z  between  (1)  and  (2): 
Multiply  (1)  by  7  and  (2)  by  4,  then 

14a;-2l2/  +  28a  =  28,  (4) 

12a;  +  20?/-28;2  =  48.  (6) 

Adding  together  (4)  and  (5), 

26z-y  =  76.  (6) 

Multiply  (1)  by  2  and  add  (3),  then 

9a:-7y=13.  (7) 

But  26x-  2/ =  76.  (6) 

/.  multiplying  (6)  by  7  and  subtracting  (7), 

173ar  =  519,    .'.  x  =  3. 

But  26a;-y  =  76,    .-.  78-y  =  7G,    /.  7/  =  2. 

Substituting  values  of  x  and  y  in  (1),  «=  1. 

189.  It  is  not  always  necessary  to  go  through  this  process. 
Various  methods  of  shortening  the  work  will  present  themselves 
in  special  cases.     Thus, 
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(1) 

(2) 
(3) 


(4) 
(1) 


Similarly,  by  subtracting  (2)  and  (3)  in  turn  from  (4)  we  get 

x=-   and  2/=-. 

In  this  example  the  student  might  add  (1)  and  (2)  together, 
and  from  the  result  subtract  (3),  in  which  case  y  would  be  found. 
Similarly,  by  adding  (1)  and  (3)  and  subtracting  (2)  x  would  be 
found. 


Solve 

x  +  y  = 

=  1, 

y+«  = 

=  9, 

x  +  z  = 

=  5. 

Add  together 

2ar 

¥2y+2z  = 
x+y+z= 

=  15, 
15 

"  2' 

But 

x  +  y^ 

=  1, 

Subtracting  (1) 

from 

(4), 

2  = 

13 

9  • 

Solve 


EXERCISE   lilX. 


1.  5x+3y-6z  =  4:,  2.Ax-5y  +  2z  =  Q, 

3x-  y  +  2z  =  8,  2x  +  3y-  z  =  20, 

x-2y  +  2z  =  2.  7x-4y  +  3z  =  35. 

3.       x+     y+  «  =  6,  4.  4x-3y+  z  =  9, 

5x+   iy  +  3z  =  22,  9x+  y-5z=l6, 

15a;+10y  + 6^  =  53.  x-iy  +  3z  =  2. 

5.y-x  +  z=-6,  6.  152/  =  242-10x  +  41, 

z-y-x=>  -25,  15x=122/-163  +  10, 

x  +  y  +  z  =  35.  18a;=   7z+Uy~13. 

7.  2x-3y  =  3,  8.    7x-3y  =  30, 

3y-4:z  =  7,  92/- 52  =  34, 

4:z-5x  =  2.  x  +  y  +  z  =  33. 

9.  ax  +  by  +  cz  =  a,  10.  bz  +  cy=c^ 

ax-hy~cz=^b,  az  +  cx=h, 

ax  +  cy  +  hz  —  c.  ay  +  bx  =  e. 
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11-    ^+1  +  ^=6,  12.    lz+^-x+^-y=l7, 

z      X  ^  13         2,^ 

y+2+3=-l,  -z+-x+.^y^l9, 


X      y 

17. 

1        5        4       ,„ 

13. 

3      4      1 
X     5y     z 

38 
"  5' 

14. 

1      2      ^ 
-+-=5, 
a;     y 

1       1      2 

61 

3      4          - 

3x'^2y'^  z 

=  "6"' 

=  -  6, 

2/      « 

4      1      4 

161 

5x    2y     z 

~  10* 

----5 

a      X 

15. 

1      1      1 

_  + = 

X     y      z 

--a, 

16. 

2      13^ 

-+ =0, 

X      y      z 

1      1      1 

+  -  = 

X     y      z 

-b, 

?-?-2=0, 

2      2/ 

1      1      1 

_  + = 

y      z     X 

=  c. 

114 
X      z     3 

17. 

x  +  l 

y  +  l  =  '' 

2^  +  2^4 
«+l     *' 

2+3       1 

a;+3"'2' 

18. 

I.+  1  -^' 

32/+ «>     9 
a;+l  "''' 

3«+a: 

2/+1 

19. 

y    » 

20. 

ary       1 
x+y'^'5* 

yz       1 
2/  +  «°6' 

;ca:        1 

«  +  «*"7' 
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;>' 


21.  ;p^  =  20,  22.    ---  =4, 


4y- 

3x 

xz 

2x- 

Zz 

yz 

=  15, 


a      6      c 


a      6      c 

+  - 

X     y      z 

2a     b      c 


0. 


X       y 
10     6 


a; 


^  _,2.  Hl.15.12. 

47/  -  o«  2/      2z 

23/   9xy  =  20(ar  +  y),  24.     ary=    3(^  +  2/), 

10a;2!  =  24(x+2),  a-«=    8(j;+ «), 

ll?/2=30(2/+2;).  7y^  =  24(y+«). 

25.^  =  .+y.  36.  %f+^=l, 

o  a      0      c 

Sxz  X      y      z      , 

-TK-  =  ^  +  ^^  -  +  -  +  -r=l, 

10  a      c      b 

2yz  X      y      z      ^ 
-f-  =  y-\-z.  +^4._==1. 

lo  b      a       - 


c 


xy 


27.    -  +  -+-  =3,  28.  -:^=a, 

X      y      z  x^y 

xz 


+  -=1,  =  b, 

X     y      z  x+  z 


^'   =c. 


X     y      z  y+ z 

29.  y  +  z-x  =  a,  *30.    2np  =  (p  +  m)x -  (p - m)y, 

z  +  x-y  =  b,  2mp  =  (m  +  n)y- (m-n)z, 

x  +  y-z  =  c.  2mn  =  (n  +  p)z -(n-p)x. 

31.  (x  +  2)(2y+l)  =  {2x  +  9)y, 
{x-2){Sz  +  l)  =  (  a;  +  3)(3«-l), 
{y+l){z  +  2)  =  (y  +  3){z+l). 

32.  &x{y  +  z)  =  iy{z -¥  x)  =  3z(x  +  y), 

-  +  -  +  -  =  9. 
X     y      z 

33.  z+y  +  z=a-i-b-c, 

bx  -cy-\-az  =  ay  +  bz-cx  =  ab-  (a  +  b)c. 
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PROBLEMS   PRODUCINQ   SIMPLE   SIMUL- 
TANEOUS  EQUATIONS. 

190.  It  is  often  convenient  and  sometimes  necessary  to  use 
more  than  one  unknown  quantity  in  solving  problems.  If  we 
use  two  unknowns,  x  and  y,  we  must  have  two  independent  equa- 
tions resulting  from  the  statement  of  the  problem.  If  there  are 
three  unknowns  employed  then  the  problem  must  admit  of  three 
independent  equations;  and  generally  the  problem  must  furnish 
as  many  independent  equations  as  there  are  unknowns.  If  there 
be  more  equations  than  unknown  numbers  some  of  the  equations 
are  superfluous  or  contradictory,  in  other  words,  too  much  has 
been  given;  if  there  be  less  equations  than  unknown  numbers 
then  the  problem  is  indeterminate,  that  is,  more  than  one  solu- 
tion can  be  obtained. 

Ex.  1. — The  sum  of  two  numbers  divided  by  2  gives  as  a  quo- 
tient 24,  and  the  difference  between  them  divided  by  2  gives  as  a 
quotient  17.     What  are  the  numbers? 


(1) 

(2) 

(3) 
(4) 


Let  x  = 

=  one  number 

and  y  = 

» the  other  number. 

Then 

2 

=  24, 

so 

2    " 

=  17; 

.•.  a:+y= 

.48 

id 

a.-y  = 

.34. 

From  (3)  and  (4)  we  find  a:«»41  and  y«-7« 
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Ex.  2. — A  certain  fraction  equals   -  when  7  is  added  to  its 

denominator,  and  equals  2  when  13  is  added  to  its  numerator. 
Find  the  fraction. 

Let  X  =  numerator  of  fraction 
and  y  =  denominator  of  fraction. 

Therefore  ^^=1,  (1) 

a:  +  13      _  ... 

also  — -^  =  2.  (2) 

y 

Simplifying  (1)  and  (2), 

2x-y==1  (3) 

and  x-1y=  -13.  (4) 

Solving  (3)  and  (4)  by  usual  methods  we  get  ar  =  9,  y=  11. 


Ex.  S. — The  sum  of  the  two  digits  of  a  number  is  8,  and  if  36 
be  added  to  the  number  the  digits  will  be  interchanged.  What 
is  the  number  ? 

Let  X  =  right-hand  digit  of  the  number 
and  ?/  =  left-hand        "  "  " 

Then,  since  y  represents  the  digits  in  tens'  place,  10y-f-a:  =  the 
number. 

If  the  digits  are  interchanged  10x  +  y  =  the  new  number. 


/.  3 

5  +  lOy  +  x  =  lOx  +  y, 

(1) 

also 

x  +  y  =  8. 

(2) 

From  (1), 

9x-9y  =  36 

or 

x-y  =  i, 

(3) 

but 

x  +  y=:8. 

(2) 

Therefore  from  (3) 

and  (2)  Ave  obtain  x  =  6,  y  =  2. 

Hence  the 

number  is  26. 

U 
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Ex.  If. — A  crew  which  can  pull  at  the  rate  of  1 2  miles  an  hour 
down  the  stream  finds  that  it  takes  twice  as  long  to  come  up  the 
river  as  to  go  down.     At  what  rate  does  the  stream  flow  % 

Let  X  =  rate  of  rowing  in  still  water 
and  y—       "      stream. 

Then,  since  rate  do\\Ti  stream  is  rate  of  rowing  in  still  water 
+  rate  of  stream,  we  have  for  equation 

x  +  y=\2.  (1) 

But  rate  up  stream  is  rate  of  rowing  in  still  water-rate  ot 
stream;  it  is  also  6  miles  an  hour. 

.-.  x-2/  =  6.  (2) 

From  (1)  and  (2)  we  find  a;  =  9  and  y  =  3.  Hence  stream  flows 
at  the  rate  of  3  miles  an  hour. 


Ex.  5. — A  and  B  together  earn  $40  in  6  days;  A  and  G  to- 
gether earn  $54  in  9  days;  B  and  G  together  earn  $80  in  16 
days.     What  does  each  earn  a  day  1 

Let  X  =  amount  earned  by  ^  in  1  day, 
"    z=       "  "  C       " 


Then  from  conditions  of  the  problem, 
6a;  +  6y  =  40, 
9x+9z=5i, 
16y  +  152  =  80. 

Dividing  (1)  by  6,  (2)  by  9,  and  (3)  by  (15), 

20 
^  +  2/  =  y. 

X  +  2  =  6, 

16 

y  +  .-j. 


(1) 
(2) 
(3) 


(4) 
(6) 
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Adding  (4),  (5)  and  (6)  together, 

2x  +  22/  +  2«=18  (7) 

or  ■     a;  +  2/  +  2  =  9.  (8) 

20 
But  x  +  y  =  ~,  (4) 

7 

Similarly,  by  subtracting  (5)  and  (6)  in  turn  from  (8)  we  get 

?/  =  3  and  a;  =  — .     Hence  A  earns  $3§,  B  $3,  and  C  $2  J. 
o 

Ex.  6. — A  sura  of  money  at  simple  interest  amounted  in  6 
years  to  $26,000,  and  in  10  years  to  $30,000.  Find  the  sum  and 
the  rate  of  interest. 

Let  X  =  sum  of  money 

and  y  =  rate  of  interest  per  dollar  for  1  year.  • 

Then  6?/  =  interest  on  $1  for  6  years 

and  10y=  "  "        10      " 

Also,  6j?/=  **  a;  dollars  for  6  years, 

and  10.^2/ =  "  "  "  10      " 

/.  x  +  6 jrv/  =  26000  (1),  amount  in    6  years, . 
and  a;+10j-2/  =  30000  (2),  «         10      " 

Subtracting  (1)  from  (2), 

4^2/ =  4000, 
.-.  a-y=1000. 
Hence    a;  +  Gary  =  a; +  6000  =  26000, 
.-.  ar  =  20000. 

Again,  because  xy=\()QO 

and  ar=  20000, 

^  1000       1 
^     20000     20 ~ 

Hence  sum  of  money  is  $20,000,  and  rate  per  cent  is  5. 
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EXERCISE  LX. 

1.  Two  numbers  are  such  that  three  times  the  first  plus  five 
times  the  second  equals  44,  but  three  times  the  second  plus  six 
times  the  first  equals  60.     What  ai'e  the  numbers  1 

2.  The  sum  of  two  numbers  is  210,  and  their  sum  is  to  the 
first  as  7 : 4.     Find  the  numbers. 

3.  Find  two  numbers  whose  sum  is  54,  and  whose  sum  and 
difierence  are  in  the  ratio  of  9:5. 

4.  A  fraction  is  such  that  if  3  be  added  to  each  of  its  terms  it 
equals  f ,  and  if  3  be  subtracted  from  each  of  its  terms  it  equals  ^. 
What  is  the  fraction? 

5.  A  number  consists  of  two  digits  whose  difierence  is  3.  If 
the  order  of  the  digits  be  chaiiged  the  number  obtained  will  be 
f  of  the  first  number.     What  is  the  first  number  ? 

6.  A  number  consists  of  two  digits  whose  sum  is  8.  If  the 
order  of  the  digits  be  changed  the  new  number  will  be  f  of  the 
sum  of  the  digits  plus  twice  the  first  number.  What  is  the  first 
number  1 

7.  The  sum  of  two  digits  of  which  a  number  is  composed  is  9. 
If  3  be  subtracted  from  each  of  the  digits  the  result  is  |  of  the 
first  number  diminished  by  6.     What  is  the  first  number? 

8.  The  sum  of  two  numbers  is  26.  The  third  of  the  first  and 
three-fourths  of  the  second  are  equal.     What  are  the  numbers  ? 

9.  If  $28  are  paid  to  6  artificers  and  2  laborers  for  a  day's 
work,  and  if  for  another  day's  work  the  same  sura  is  paid  to  5 
artificers  and  4  laborers,  what  is  a  day's  pay  of  an  artificer  and 
of  a  laborer  1 

/ID.  Find  two  numbers  whose  sum  and  difference  are  as  5:1, 
and  their  sum  and  product  as  5 : 8. 

11.  Two  numbers  are  such  that  the  smaller  divided  by  the 
greater  gives  for  a  quotient  i\,  and  the  greater  divided  by  the 
smaller  gives  2  for  a  quotient  and  5  for  a  remainder.  Find  tlie 
number. 
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12.  Find  two  numbers  such  that  the  first  added  to  four  times 
the  second  equals  29,  and  the  second  added  to  six  times  the  first 
equals  361 

13.'  A  servant  receives  $9  to  buy  4  kilogrammes  of  butter  and 
7  of  soap,  and  15  cents  ought  to  be  returned;  but  she  makes  a 
mistake  and  buys  7  kilogrammes  of  butter  and  4  of  soap,  and 
ought  to  return  30  cents  of  the  money.  What  was  the  price  of 
the  butter  and  of  the  soap  1 

14.  A  man  has  two  vessels,  and  for  the  two  a  single  cover 
worth  90  cents.  If  he  puts  the  cover  upon  the  first  vessel  it  will 
be  worth  1^  times  as  much  as  the  other.  If  he  puts  the  cover 
upon  the  second  vessel  it  will  be  worth  1^  times  as  much  as  the 
first.     What  is  the  value  of  each  vessel  1 

15.  Two  persons  together  owe  $1200.  The  first  said  to  the 
second,  "  If  you  give  me  f  of  what  you  have  I  shall  have  enough 
to  pay  my  debt."  The  second  replied,  "  If  you  give  me  f  of  what 
your  purse  contains  I  can  pay  my  debt."  How  much  do  they 
each  have  1 

16.  Two  friends,  A  and  B,  in  reviewing  their  libraries,  said 
that  I  of  A's  library  plus  ^  of  B's  would  be  780  vols.;  but  that 
^  of  A's  library  added  to  }  of  B's  would  be  20  vols.  less.  How 
many  volumes  did  each  have  ? 

17.  Two  women  buy  velvet  and  silk.  One  buys  3|  yards  of 
velvet  and  12|  yards  of  silk;  the  otlier  took  4|  yards  of  velvet 
and  5  yards  of  silk.  They  each  pay  $63.80.  How  much  per 
yard  did  each  cost  1 

18.  Three  women  go  to  market  to  sell  eggs.  If  the  first  gives 
}  of  hers  and  the  third  iV  of  hers  to  the  second  they  will  all  have 
equal  numbers.  They  all  together  carry  360.  How  many  has 
each? 

19.  A  number  is  composed  of  three  figures  whose  sum  is  17. 
The  figure  of  the  hundreds  is  double  that  of  the  units.  When 
396  is  subtracted  the  order  of  the  figures  is  reversed.  What  is 
the  number  1 
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20.  Find  three  numbers  such  that  the  first  plus  ^  of  the 
second,  the  second  plus  ^  of  the  third,  and  the  third  plus  ^  of 
the  first,  are  each  1000. 

21.  A  grocer  bought  tea  at  60  cents  a  pound  and  coffee  at  40 
cents  a  pound  to  the  amount  altogether  of  $120.  He  sold  the 
tea  at  75  cents  a  pound  and  the  coifee  at  48  cents,  and  gained 
altogether  $28.     How  many  pounds  of  each  did  he  buy  "i 

'  22.  A's  money  with  \  of  Ks  would  be  \  as  much  again  as  be- 
fore; and  if  2s.  be  taken  from  A^s  present  sum  and  added  to  Ks 
the  latter  amount  will  be  \  of  the  former.  What  had  they  each 
at  first  1 

V  23,  A  cistern  has  three  pipes,  -4,  B  and  C.  By  A  and  B  to- 
gether it  can  be  filled  in  36  minutes,  and  emptied  by  C  in  45 
minutes;  whereas  if  A  and  G  were  opened  together  it  would  be 
emptied  in  IJ  hours.  In  what  time  would  it  be  filled  by  A,  or 
by  B,  or  by  all  opened  together  ? 

^24.  Two  vessels,  A  and  B^  contain  each  a  mixture  of  water 
and  wine,  A  in  the  ratio  of  2 : 3,  i?  in  that  of  3:7.  What  quan- 
tity must  be  taken  from  each  to  form  a  mixture  which  shall  con- 
sist of  5  gallons  of  water  and  1 1  of  wine  % 

25.  A  pound  of  tea  and  3  pounds  of  sugar  cost  together  6s.; 
but  if  sugar  were  to  rise  50  per  cent,  and  tea  10  per  cent,  they 
would  cost  7s.     Find  the  prices. 

26.  A  and  B  can  reap  a  field  of  wheat  in  m  days,  B  and  G  in 
n  days,  and  A  can  do  p  times  as  much  as  G  in  the  same  time. 
In  what  time  would  the  three  reap  it  together  1 

27.  If  A'a  money  were  increased  by  \  of  B\  it  would  amount 
to  £54;  and  if  B's  present  sum  were  trebled  it  would  exceed 
three  times  the  difference  of  their  original  sum  by  £6.  Wliat 
had  each  at  first  1 

28.  A  vintner  would  mix  wine  at  IDs.  a  gallon  with  another 
sort  at  6s.  a  gallon  to  make  100  gallons  to  be  sold  at  7s.  a  gallon. 
How  much  of  each  sort  must  he  take  % 

29.  Find  that  number  of  two  figures  to  which,  if  tljo  number 
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formed  V)y  changing  the  places  of  the  digits  be  added,  the  sum  is 
121,  and  if  the  same  two  numbers  be  subtracted  the  remainder 
is  9. 

30.  A  man  and  his  wife  could  drink  a  barrel  of  beer  in  15 
days.  After  drinking  together  6  days  the  woman  alone  drank 
the  remainder  in  30  days.  In  what  time  would  either  alone 
drink  it  1 

31.  A  farmer  mixes  barley  at  2s.  4d.  a  bushel  with  rye  at  3s. 
a  bushel  and  wheat  at  4s.  a  bushel,  so  that  the  whole  is  100 
bushels  and  worth  3s.  4d.  a  bushel.  Had  he  put  double  as  much 
rye  and  10  bushels  more  wheat  the  whole  would  have  been  worth 
exactly  the  same  per  bushel.    How  much  of  each  kind  was  there  1 

32.  What  fraction  is  that  which,  when  its  numerator  is  in- 
creased by  7,  becomes  equal  to  f ,  and  when  its  denominator  is 
increased  by  10,  equal  to  ^? 

33.  A,  B  and  G  together  possess  j660;  A,  B  and  D  together 
£72;  A,G  axi({D  together  £90;  and  B,  G  and  D  together  £102. 
Required  what  each  possesses. 

34.  Income  and  assessed,  taxes  together  amount  to  £30;  but 
if  income  tax  be  increased  20  per  cent,  and  assessed  taxes  dimin- 
ished 25  per  cent,  the  taxes  will  together  amount  to  £32  2s.  6d. 
Required  each. 

35.  A  and  B,  with  G  pulling  against  them,  would  raise  a  weight 
in  5  hours;  A  and  C,  with  B  pulling  against  them,  in  7;  and  B 
and  C,  with  A  pulling  against  them,  in  8.  Required  the  time 
which  it  would  occupy  each  alone  to  raise  it. 

36.  A  person  rows  down  a  stream,  which  runs  at  the  rate  of 
4  miles  an  hour,  for  a  certain  distance  in  1  hour  and  40  minutes. 
In  returning  it  tsikes  him  4  hours  and  15  minutes  to  arrive  at  a 
point  3  miles  short  of  his  starting  place.  Find  the  distance  he 
pulled  down  the  stream  and  the  rate  of  his  pulling. 

37.  A  person  rows  down  a  stream  a  distance  of  20  miles  and 
back  again  in  10  hours.  He  finds  he  can  row  2  miles  against 
the  stream  in  the  same  time  he  can  row  3  miles  with  it.     Find 
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the  time  of  his  rowing  down  and  of  his  rowing  up  the  stream, 
also  the  rate  of  the  stream. 

38.  A  grocer  mixed  tea  that  cost  him  42  cents  a  pound  with 
tea  that  cost  him  54  cents  a  pound.  He  had  30  pounds  of  the 
mixture,  and  by  selling  it  at  the  rate  of  60  cents  a  pound  he 
gained  as  much  as  10  pounds  of  the  cheaper  tea  cost  him.  How 
many  pounds  of  each  did  he  put  into  the  mixture  1 

39.  A  grocer  mixes  tea  that  cost  him  90  cents  a  pound  with 
tea  that  cost  him  28  cents  a  pound.  The  cost  of  the  mixture  is 
$61.20.  He  sells  the  mixture  at  50  cents  a  pound  and  gains 
$3.80.     How  many  pounds  of  each  did  he  put  into  the  mixture  1 

40.  A  farmer  has  28  bushels  of  barley  worth  84  cents  a  bushel. 
With  his  barley  he  wishes  to  mix  rye  worth  $1.08  a  bushel  and 
wheat  worth  $1.44  a  bushel,  so  that  the  mixture  may  be  100 
bushels  and  be  worth  $1.20  a  bushel.  How  many  bushels  of  rye 
and  of  wheat  must  he  take  1 

41.  A  cistern  has  three  pipes,  A,  B  and  C  A  and  B  will  fill 
it  in  1  hour  and  10  minutes,  A  and  C  in  1  hour  and  24  minutes, 
and  B  and  C  in  2  hours  and  20  minutes.  How  long  will  it  take 
each  to  fill  it  1 

42.  A  piece  of  work  can  be  completed  by  A,  B  and  C  together 
in  10  days,  by  A  and  B  together  in  12  days,  by  B  and  CUB 
work  15  days  and  C  30  days.  How  long  will  it  take  each  alone 
to  do  the  work '! 

43.  A  cistern  has  three  pipes,  A,  B  and  G.  A  and  B  will  fill 
it  in  a  minutes,  A  and  C  in  i  minutes,  and  B  and  C  in  c  minutes. 
How  long  will  it  take  each  alone  to  fill  it  1 

44.  A  rectangular  room  having  been  measured  it  was  observed 
that  if  it  were  5  feet  broader  and  4  feet  longer  it  would  contain 
116  square  feet  more;  but  if  it  were  4  feet  broader  and  5  feet 
longer  it  would  contain  113  square  feet  more.  Required  its 
length  and  breadth. 

45.  If  the  sides  of  a  rrctaiigul.ar  {'wM  wcic  o.aoh  incroasod  by 
2  yards  the  area  would  be  increased  by  2l!U  sijuarc  yards;  if  the 
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length  were  increased  and  the  breadth  were  diminished  each  by  5 
yards  the  area  would  be  diminished  by  185  square  yards.  What 
is  its  area  1 

46.  If  a  given  rectangular  floor  had  been  3  feet  longer  and  2 
feet  broader  it  would  have  contained  64  square  feet  moi*e;  but  if 
it  had  been  2  feet  longer  and  3  feet  broader  it  would  have  con- 
tained 68  square  feet  more.  Find  the  length  and  breadth  of  the 
floor. 

47.  A  cask,  B,  contains  12  gallons  of  wine  and  4  gallons  of 
water;  another  cask,  C,  contains  8  gallons  of  wine  and  12  gallons 
of  water.  How  many  gallons  must  be  drawn  from  each  cask  so 
as  to  produce  by  their  mixture  7  gallons  of  wine  and  7  gallons 
of  water  1 

48.  A  cask,  A,  contains  12  gallons  of  wine  and  18  gallons  of 
water,  and  another  cask,  B,  contains  9  gallons  of  wine  and  3  gal- 
lons of  water.  How  many  gallons  must  be  drawn  from  each 
cask  so  as  to  produce  by  their  mixture  7  gallons  of  wine  and  7 
gallons  of  water  ] 


CHAPTEE  XI. 


SQUARE  AND  CUBE  ROOT. 
SQUARE  ROOT. 

191.  The  Square  Root  of  an  algebraical  expression  is  one  of 
the  two  equal  factors  of  which  the  expression  is  composed. 

Thus  the  square  root  of  16a-  is  either  +4a  or  -4a/  for  (  +  4a) 
x(  +  4a)  =  16a2,  and  (-4a)x(-4a)  =  IGa^. 

From  this  example  we  see  that  the  square  root  of  an  alge- 
braical expression  may  be  either  positive  or  negative. 

In  this  chapter  the  roots  will  be  taken  with  positive  signs. 

192.  First  let  us  proceed  to  find  the  square  root  of  a  monomial. 
Since  abxab  =  a^b%  the  square  root  of  a^i^  can  be  found  by  multi- 
plying together  the  square  roots  of  the  different  factors  of  a'^b^. 

Again,  a^6V  =  abc  x  abc,  .'.  the  square  root  of  a^b-c^  is  abc  or 
the  product  of  the  square  roots  of  the  different  factors,  a^,  b\  c*. 

Generally,  then,  to  find  the  square  root  of  a  monomial,  extract 
the  square  root  of  each  factor  and  multiply  together  the  quanti- 
ties so  obtained;  the  result  will  be  the  square  root  of  the  given 
quantity. 

Ex.  1. — Extract  square  root  of  81a'6*. 


VSla'i'-ga'i*. 


Ex.  /?.— Find  V  64a*  6'V. 


\/64a*6«»c>-8a«A»c. 


SQUARE   ROOT.  163 

193.  To  find  the  square  root  of  a  fraction. 
a      a      c?      ^       \d^     a 

Hence,  to  find  the  square  root  of  a  fraction : — 
Find  the  square  root  of  the  numerator  for  a  new  numerator, 
and  square  root  of  the  denominator  for  a  new  denominator;  the 
new  fraction  thus  obtained  will  be  the  result  required. 

Ex.  1 


I  id'  _  2a 


Ex.  2. 


194.  We  now  proceed  to  explain  the  method  of  extracting  tiie 
square  root  of  a  multinomial. 

The  following  mode  of  arranging  the  square  of  any  expression 
should  be  carefully  noticed : — 

(a  +  6)2  =  a2  +  (2a  +  6)^>,  (1) 

(a  +  6  +  c)^  =  a*  +  (2a  +  i)i  +  (2a  +  26  +  c)c,  (2) 

{a^■b  +  c  +  df  =  a?  +  {2a  +  b)b  +  {'la■\■2b■Vc)c  +  (^la  +  2b  +  2c-^d)d,  (3) 

and  so  on  for  the  square  of  any  number  of  terms. 

From  (1)  it  is  seen  that  a  +  6  is  the  square  root  of  a^+(2a  +  6)i 
or  a?  +  1ab  +  b-. 

To  find  the  first  term,  a,  of  the  root,  it  is  necessary  to  extract 
the  square  root  of  a?,  the  first  term  of  a^  +  (2a  +  i)6. 

To  find  the  second  term,  b,  we  subtract  the  square  of  a  from 
a?+2ab  +  b'',  and  into  the  first  term  of  the  remainder,  2aJ  +  6^  or 
(2a  +  &)6,  divide  2a  or  double  the^rs^  term  of  the  root;  the  quo- 
tient will  be  b  or  second  term  requii-ed.  We  now  add  b  to  2a, 
and  multiply  the  sum  by  b;  this  product  subtracted  from  the  re- 
mainder lab  +  6*  will  leave  no  remainder,  hence  the  root  ha^  been 
found. 
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195.  The  process  of  finding  a  square  root  consisting  of  two 
terms  may  now  be  stated  in  a  general  form : — 

Arrange  the  terms  of  the  given  expression  in  the  order  of 
magnitude  of  indices  of  one  of  the  letters  involved;  then  take 
the  square  root  of  the  first  term,  and  set  down  the  result  as  the 
first  term  of  the  root.  Subtract  its  square  from  the  given  ex- 
pression and  bring  down  the  remainder.  Double  the  first  term 
of  the  root  and  set  down  the  result  as  the  first  term  of  a  trial- 
divisor;  divide  the  first  term  of  the  remainder  by  the  first  term 
of  this  divisor,  and  add  the  result  to  the  first  term  of  the  root 
and  also  to  the  first  term  of  the  divisor.  Multiply  the  complete 
divisor  by  the  second  term  of  the  root,  and  subtract  the  result 
from  the  first  remainder;  then  if  there  be  no  remainder  the  root 
has  been  found. 

Ex.  1. — ■Extract  the  square  root  of  W-\-\1ab  +  %'^. 
4a2 


4a  +  3ft;  +\2ab  +  W 

EXPLANATION. 

The  square  root  of  4a^  is  2a.  Squaring  2a  and  subtracting 
the  result  from  40^^-1- 12a6  + 96^  the  first  i*emainder  is  12a6  +  9ft"'^. 
Doubling  2a  for  a  trial-divisor  we  find  that  4a  will  divide  12ai 
and  give  the  quotient  36,  .".  second  term  of  root  is  36.  Adding 
36  to  4a  and  multiplying  the  sum  by  36  we  get  12a6-f-96^  As 
there  is  no  remainder  2a +  36  is  the  required  square  root. 

Ex.  2. — Find  the  square  root  of  a'6''-Hl62a6  +  6561. 

a'62-Hl62o6  +  6561  fa6  +  81 
a'6« 


2a6-j.8i;  +162«6  +  Gr)61 
+  162a6  +  G5Gl 


Bemainder  —  0,   .*.  square  root  =  a6  +  8 1 . 
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196.  Again,  from  (2)  it  is  seen  that  a  +  b  +  c  is  the  square  root 
oi  a'  +  (2a  +  b)b  +  (2a  +  2b  +  c)c  or  a^  +  b'  +  c^  +  2ab  +  2bc  +  2ca. 

To  find  the  root  a  +  b  +  c  from  a' +  {2a  +  b)b  +  (2a  +  2b  +  c)c,  we 
find  first  (a  +  b)  as  in  preceding  case,  and  then  treat  (a  +  b)  as  one 
term,  and  proceed  as  before.  For  after  finding  a  +  b  there  will  be 
a  remainder,  {2a  +  2b  +  c)c  or  2ac  +  2bc  +  c'^.  Doubling  a  +  b  and 
dividing  the  first  term  of  the  product  into  2ac  we  obtain  the 
quotient,  c,  the  third  term  required.  Adding  c  to  2(a  +  b)  for  a 
complete  divisor,  and  multiplying  the  sum  by  c,  we  find  there  is 
no  remainder,  and  .*.  a  +  b  +  c  \&  the  root  required. 

Similarly  the  square  root  a  +  b  +  c  +  d  oi 

a^  +  {2a  +  b)b  +  {2a  +  2b+c)c  +  (2a  +  2b  +  2c  +  d)d 
can  be  found. 

197.  The  method  of  the  extraction  of  the  square  root  of  an 
expression  of  more  than  three  terms  can  best  be  made  clear  to 
the  beginner  by  a  few  examples. 

Ex.  1. — Extract  the  square  root  of  a*+4a'+ 20^-40+  1. 
a^  +  W+2a^-ia  +  \(a''  +  2a-\  Ans. 


2a'  +  2a;  +4a»  +  2a2-4a  + 1 
+  4a^  +  ia^ 

2a2  +  4a-i;  -2a^-^a+-\ 
-  2a'  -  4a  +  1 

Ex.  2. — Extract  the  square  root  of 

ga;"  - 1 2ar»2r  + 1 6xy  -  24a;y  +  iy*+\  Gxy*. 
Re-arrange  as  follows: — 

ear"  -  24a;y  -  12ar'y»+  16a;V  +  16z/+  4/ 

^^-ixy"^)  -24a;y-12r'2/'+16a;y    (Z3?-4:xf-2f  Ans. 
-24a;y+16x2y* 

%x?-%xf-2f)  -12r'2/'+16ar/ +42/" 
-12a^/+16x2/s  +4/ 
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ISXEfiOISS   T.XT.      • 
Extract  the  square  root  of 

25a*6«        256a:"     625^2    49a2ftV 

'  l21^y^'     28V  '   32462'     Q^^^i  • 

3.  ic«+12a;  +  36,  2-^-80;+ 16,  ia^x"^  +  4:abx  +  h\ 

4.  a:*  +  2x»  +  3a:2+2a;+l,  4a;*  -  4r»  -  Sx^  +  2a;  + 1. 

5.  a;*  - 1  Oaa;» + 33aV  -  40a3a;  + 1 6a*. 

6.  49a;*  +  56r'3/  +  30a;Y  +  8a;2/^  +  2/*. 

7.  a;*  -  2x^2/  +  3xV  -  2xi/'  +  y\ 

8.  4a«-12a5a;  +  5a*x2  +  6aV  +  a2r*. 

9.  1 6x*  -  1 6a6a;2  +  1 66^x2  +  4a262  _  SaP  +  4  6*. 

10.  4a;*  +  9-30a;-20ar'  +  37a;2 

11.  a;«  +  25r'+i0a;*-4.i-5-20.c3+16-24a;. 

12.  4a8+16c«+16aV-32aV. 

13.  4-12a-lla*  +  5a2-4a«  +  4a''+14a». 

14.  a;*  +  8^*2/*  -  ^^y  -  *-^/  +  ^^Y  "  lOary  +  y' 

15.  25a^-Slx*i/  +  3^r'if-S03^y  +  i/-8xi/+]0^>/\ 

16.  4i/*-12?/-^2;  +  25yV-24v/«3  4.i6«*. 

17.  a2+4a6  +  462  +  9c2  +  6ac+126c. 

18.  a" + 2a»6  +  3a*6'  +  4a'b'^  +  Sa%*  +  2ab^  +  J«. 

19.  9-24ar  +  58a;'-116x»+129.c*-140aH»+100x«. 

20.  9a'-12a6  +  24ac-166c  +  4/;2+16c». 

21.  25a;*y2-30r»/  +  29j;y-12ary»  +  42/". 

22.  4y*a;»  - 1 2y»a;»  + 1 7y=j;'  - 1 2y3^  +  4a;«. 

23.  25a:»  -  20a?y  +  ii/  +  9z''-l  2yz  +  30a;«. 

24.  4x2(x«-2/)  +  y'(y-2)  +  2/'(4a:»+l). 

26.  m''-4OT^+10OT"-20m»-44m»  +  35//i*  +  46w2-40m  +  25. 

26.  4a»6»  +  (o»  +  by  +  4a6(a»  +  i*). 
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198.  When  fractional  terms  occur  in  an  expression  its  square 

root  can  be  obtained  in  the  same  manner  as  when  the  terms  are 

not  fractional,  but  the  beginner  will  require  to  exercise  more 

care. 

a*     a'ar     43  3  a:* 

Ex. — Find  the  square  root  of  —  — r—  +  -r^a?3^  —  -  aa?  +  — . 

y       2       48  4  4 


a^     a^x         43  ,  ,     3      ,     a:*  ^a«     3  t? 

A ax aor  A —  / ax  A — 

9       2       ^48  4^4  \  3     4^2 


2a2      3        ^       a^x         43  ,  , 
-3--rV-T-     +48" -^ 


+r6«^^' 


2«2      3       ,  ^S       1    ,  2     3      -     a:* 


+  -aV-  -a3?  +  -- 
o  4  4 


EXERCISE   LXIL 
Find  the  square  root  of 

7 

1.  a;*  -  a?y  -  -  a;^  +  xi/^  +  y*. 

2.  X*-  ix^y  +  Gxy  -  Ga-yS  +  5y  -  -^  +  ^. 

3  1   !   12  ?2  55  ?1  1? 

x      a^     a?     X*     a^     a;^' 

.      .       ,      5a;*    a:      1 
4.  x*  +  a?-—- — r-+-. 
12      3      9 


^    a«    2a     „     26     6» 
0*0  a     or 
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3  A3         lA  • 

6.  ia'-llab  +  ah'+W --—-  +  —. 

2       Id 

„      ,     o  ,     „,      16    32 

X*      x^ 

„    1     4     9      4       6     12 

or    y^     sr     xy     xz     yz 

„     ia?     !?     9v^      ,      6m     12.rw 

9-  — +  -2  +  -4  +  4-  — r-- 

Z^       X^        Z^  X  z^ 

,^    a?     h^      (P'     d?    ah     lac     ad     he     bd     cd. 
1  n 1 I        J. I I . 

9     16    25     4      6      15      3     10     4      5* 

199.  The  following  are  examples  of  a  more  diflficult  character. 
No  fixed  rule  can  be  given  for  facilitating  the  extraction  of  the 
roots ;  much  must  be  left  to  the  teacher  and  the  ingenuity  of  the 
pupil.  Sometimes  it  will  be  necessary  to  remove  the  brackets 
and  then  proceed  in  the  usual  manner;  sometimes  the  root  can 
be  obtained  by  inspection  and  sometimes  by  factoring. 

Ex.  1. — Extract  the  square  root  of 

1 6a3(a  +  6  +  c)  +  4aic(6  +  c)  +  ia\l?  +  c^)  + 1  Mhc  +  iV. 
Remove  brackets  and  arrange  according  to  powers  of  a. 

16a*  +  16a='(i  +  c)  +  ia-{W  +  c^  +  46c)  +  iahc{h  +  c)  +  \?<? 
16a* 

8a' + 2*a(6  +  c)  j  1 6a'(ft  +  c)  +  Wil)^  +  c'  +  46c)    (\a^  +  2a(6  +  c)  +  6c 
1  'oa\h  +  c)  +  4a'(6'  +  c'  +  26c) 

8a'  +  4a(6  +  c)  +  he)  +  4aX26c)  +  4tt6c(6  +  c)  +  6V 
+  4ff'(26c)  +  4a6c(6  +  c)  +  6V 

Ex.  S. — Extract  the  square  root  of 

a*  +  b*  +  c*  +  d*  +  2a\l?  ■k-d?)  +  26'(c'  +  cP)  +  2c«(a'  +  d}). 
Re-arranging  wo  get  the  equivalent  expression, 

a*  +  2«'(6'  +  c'  +  c/')  +  6*  +  26'(c'  +  c/*)  +  c*  +  ^c'dr  +  d\ 
which  is  evidently  the  square  of  a'  +  i'  +  c'  +  dK 


SQUARE   ROOT.  169 

Ex.  3. — Extract  the  square  root  of 

{x^-yzf  +  {y'-zxy  +  {f-xyy-^{x'-yz){y'-zx){z'-ocy). 

This  expression  may  be  arranged  as  follows: — 

[^'-yzf-(x'-yz){y'-zx){z^-xy)  +  {f-zxf-{x''-yz){f-zx){z^-xy) 

+  (2-  -  xyf  -  {3^-yz){y^  -  zx){z^  -  xy) 

=  {x^  -  yz)  { {x"^  -  yzf  -  (y'  -  zx){z'^  -  ^y)}  +  ^^^^-  "•■  ^^^^• 

=  {x^  -  yz)  { a;*  -  2x'^yz  +  y^z^  —  y'^z^  +  xy^  -^xi?  -  x'^yz]  +  anal.  +  anal 

=  [x"^  -  yz){x^  +  xif  -k-x^-  ?>xhjz]  +  anal.  +  anal. 

=  x^x^  —  yz){3?  +  1/  +  :?-  3xyz)  +  anal.  +  anal. 

=z{a^  +  y^  +  ii?-  3xyz)  {x{x^  -  yz)  +  y{7/  -  zx)  +  z^z^  -  xy)  \ 

=  {3?  +  ^  +  ^^-  Zxyz){3?  +  2/3  +  2^  -  ^xyz) 

=  (x^  +  y^  +  7?-  3xyz)-. 

:.  Root  required  is  3^  +  y^  +  :^-  3xyz. 

EXERCISE  LXIIL 
Extract  the  square  root  of 

1.  3(3a2-  2ab  +  b''){a''  +  36=^)  +  b\a  +  ibf. 

2.  a\a  -  5b)(a  -b)  +  b\3a  -  bf  -  Sa^'b'^. 

3.  (a  -  b)'  +  2{a*  +  b*)  -  1{a^  +  b''){a  -  bf. 

4.  ax{ax-\-\){ax  +  2){ax  +  3)-¥\.    Hence  show  that  the  product 
of  any  four  consecutive  numbers  plus  one  is  a  perfect  square. 

5.  a\a?  +  62- c2)  +  2(a  +  b){b  +  c)ac  +  2a-{ab  +  ac  +  be)  +  6V. 

6.  {a?  +  62  +  cy  +  2(a6  +  6c  +  caf  -  3(a2  +  6"  +  c'^){ab  +  ac  +  bc)\ 

7.  i{{a^-b'')cd  +  ab{c'^-(P)Y-^  {{a--b''){c--cP)-iabcd}\ 

8.  a^  +  b'  +  c*  +  d*-  2a-{b''  +  (^2)  _  2b\c-  -  c^)  +  2c''{a^  -  dr). 

9.  (a6  +  ac  +  6c)2-4a6c(a  +  c). 

10,  (.H.^y-4(.-i). 

11.  x\x^  +  2/2  +  ^2)  +  2/222  +  2x{y  +  z){yz  -  a;2). 
12 
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200.  The  Cube  Root  of  an  algebraical  expression  is  one  of 
the  three  equal  factors  of  which  the  expression  is  composed. 

Thus  the  cube  root  of  a^  is  a^,  for  a^xa^  xa^  =  a^.  The  cube 
root  of  —a^  is  -a\  for  (-a^)  x  (  — a^)  x  (-a^)=  -  a\  Hence  we 
see  that  the  cube  root  of  a  positive  quantity  is  positive,  and  the 
cube  root  of  a  negative  quantity  is  negative. 

201.  We  find  the  cube  root  of  a  monomial  by  extracting  the 
cube  root  of  its  difierent  factors  and  then  multiplying  the  difierent 
quantities  so  obtained  together.  The  product  is  the  cube  root 
required. 

202.  To  find  the  cube  root  of  a  fraction,  extract  the  cube  root 
of  the  numerator,  and  divide  the  result  by  the  cube  root  of  the 
denominator.     The  resulting  fraction  is  the  root  required. 

Fx.  i.— Find  the  cube  root  of  21a%^c\ 


Ex.  2. — Find  the  cube  root  of 


8a36«c" 


21cH'h'^' 


<) 


8a36«c"  _2a6V 


203.  To  find  the  cube  root  of  a  polynomial  is  a  more  tedious  pro 
cess.  Let  it  be  required  to  find  the  cube  root  of  a'  +  3a'i  +  3ai^  +  /A 
/^'ow,  we  know  that  (o  +  6)' =  a' +  Sa'^i  +  Sai'^  +  i'  or  its  equivalent, 
o»  +  (3tt*  +  3a6  +  6*)6.  (1)  Therefore  a  +  i  is  the  cube  root  of  (1). 
To  find  «,  or  first  term  of  cube  root,  we  extract  the  cube  root  of 
first  term,  a'.  Subtracting  a'  from  the  given  expression  there 
remains  ZaV,  +  3ai'  + 1?  or  i(3aH  3a/>  +  b%  To  find  second  term,  i, 
of  the  cul)0  root,  we  must  square  a,  multiply  the  result  by  3,  and 
divide  the  product  into  the  first  term  of  the  remainder,  3a'6.     To 
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obtain  the  complete  divisor,  3a^+3ai  +  6',  multiply  the  product 
of  first  and  second  terms  of  the  root  by  3,  and  add  the  result  to 
three  times  the  square  of  the  first  term  of  the  root;  then  add  the 
square  of  the  second  term  of  the  root  to  the  previous  sum.  Multi- 
ply the  complete  divisor  now  obtained  by  the  second  term  of  the 
root,  and  subtract  the  product  from  the  first  remainder.  If  the 
second  remainder  is  zero  the  expression  we  have  obtained  is  the 
cube  root. 

Ex.  i.— Find  the  cube  root  of  8a^  +  36a:»y  +  54a;y*+27y'. 

%3?  +  Z^xhj  +  bixy^  +  27?/'  (Ix  +  3?/  Ans. 


+  36a:V +  54^  +  27/ 


3x(2a;)'=12a;2 
3x2a;x32/  =  18x«/ 

12x2+18a;2/  +  V 

Here  2x  is  the  first  term,  12a:' the  trial-divisor,  and  12a:'+18ary 
+  9?/^  the  complete  divisor. 

204.  To  find  the  cube  root  of  a  quantity  whose  root  consists 
of  more  than  two  terms. 

Since       {{a  +  b)  +  cY={a  +  bf+   Z{a  +  bfc-^^{a  +  by  +  <^ 

=  (a  +  4'+{3(a  +  i)'  +3(a  +  6)c  +i^]c, 

we  see  that  the  third  term,  c,  can  be  found  by  the  rule  employed 
in  finding  the  second  term,  that  is,  we  first  find  a  +  b  and  then 
treat  a+6  as  one  term  to  find  c.  The  second  trial-divisor  is  now 
3(a  +  i)^  and  the  complete  divisor  3(a  +  i)2  +  3(a  +  i)c  +  c^.  The 
divisor,  3(a  +  6)2  +  3(a-l-i)c  +  c^  is  multiplied  by  the  third  term,  c, 
and  the  product  subtracted  from  the  second  remainder,  3(a  +  6)'c 
+  3(a  +  6)c'^  +  c^  There  is  now  no  remainder,  hence  the  cube  root 
has  been  found. 

205.  Similarly,  to  find  a  cube  root  consisting  of  four  terms, 
a^-b  +  c  +  d,  we  first  find  a  +  b  +  c,  then  treat  (a  +  b  +  c)  as  one  term 
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to  find  the  fourth  term,  d.  The  student  must  bear  in  mind  that 
the  method  employed  to  find  a  cube  root  of  three,  four,  etc.,  terms 
is  exactly  the  same  as  that  employed  in  finding  the  first  two 
terms. 

Ex.  2. — Find  the  cube  root  of  x^-?>o^  +  b3?-Zx-\. 

x' 


3a:*-3.r3  +  a:V   -  3a;^  +  5.^^  -  3a:  -  1 
-3.7^  +  Sx*-a^ 


S(x''-xf-3{a^-x){-l)  +  {-iy 


-  3x^  +  Qx^-3x-l 
-3a:*  +  6ar»-3x-l 


In  this  example,  to  find  second  trial-divisor,  Ave  treated  x^-x 
as  one  term,  and  then  proceeded  to  find  third  term  in  precisely 
the  same  way  as  we  found  the  second  term. 


EXEECISB   LXIV. 

Find  the  cube  root  of 

1.  a^  +  Gx^y  +  Uxy^  +  Sy^. 

2.  a^+12x^  +  i8x  +  6i. 

3.  a»-9a'  +  27a-27. 

4.  3fi~3axf^+6a*a^-3a^x-a\ 

5.  3fi  +  33^  +  Q3l^  +  7a^  +  6x*-i-3x  +  l, 

6.  a!«-6a!«+15a!*-20r'+15a;»-6a;  +  l. 

7.  8a«  -  36o*6'  +  5iaVj*  -  27 b\ 

8.  o»  -  6»  +  c*  -  Sa^b  +  3a'c  +  U^a  +  3i'c  +  3c'a  -  BcV)  -  Gnbc. 

9.  8a:«-36a:»+66a^-63x-»  +  33a:'-9a;  +  l. 
10.  l-9«  +  39x'-99j:»+156a;«-U4j:*  +  64a^. 
U.  64a!«+192a^+144ar«-32x*-36a:»+12«-l. 


CUBE   ROOT.  173 

12.  a«  +  9a55-135a86'  +  729a65_729&''. 

13.  c"-  126c5  +  606V  -  160iV  +  2406V-  1926''c  +  646«. 

14.  a;«_5^  +  l2-6a;3. 

ar 

^ 8_    J 1 

8     27a»'^3a»     2* 

16.  ,^3+1+3/^+ I 
a;"        \       a; 

a"     6"     „/a«     /r 


206.  The  square  root  of  a*  is  a^  and  the  square  root  of  a'  is  a/ 
therefore  the  fourth  root,  a,  of  the  given  expression,  a*,  can  be 
found  by  extracting  the  square  root  of  the  expression  and  then 
the  square  root  of  the  result. 

207.  To  find  the  sixth  root  of  an  expression  we  notice  that  a, 
the  sixth  root  of  a^,  is  the  cube  root  of  a',  which  is  the  square 
root  of  a'.  Therefore  we  can  find  the  sixth  root  by  taking  the 
square  root  of  the  expression  and  then  the  cube  root  of  the  result, 
or  vice  versa. 


CHAPTEE   XII. 


THEORY   OF  INDICES. 

208.  In  Art.  10  a  meaning  has  been  attached  to  the  expression 

o"  when  n  is  a  positive  integer.     We  have  now  to  assign  meanings 

p 
to  such  expressions  as  a°,  a«,  a""*,  for  it  is  evident  that  the  defini- 
tion in  Art.  10  is  not  applicable  to  quantities  with  such  indices 

P 
as  0,  - ,  -  m.    Before,  however,  we  proceed  to  interpret  such  sym- 
bols it  is  necessary  to  prove  what  are  known  as  "Index  Laws." 

209.  If  m  and  n  are  positive  integers, 

(1)  a"'xa"  =  a'"+"; 

(2)  (a"')"  =  a'»»; 

(3)  {abf^a^'h''; 

(*)  (:-)"4:-    . 

(1),  (2),  (3)  and  (4)  are  known  as  "  Index  Laws." 

210.  To  prove  the  Index  Laws: — 

I.  a"^  y.  a^  ^  {a  y.  a  •>(.  a to  m  factors)  x  (a  x  a to  n  factors) 

—  a  X  a  X  a. .. .  to  {m  +  n)  times  factors 

—  a"*+"  (by  definition). 

IL      (a"*)"  ^  a*"  X  a"  X  a"* to  n  factors 

„^w+ii»+«»....toi.tMiM     (From  I.) 

—  a"**. 

TIL      {aby '^abxabxab....  to  n  factors 

—  (rt  X  a  X  a to  n  factors)  x  (6  x  J. . . .  to  n  factors) 

—  o"  X  4"  ■■  a"A". 
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IV.   (-)   =-x-X7....tow  factors 
\6/       bob 


ax  ax  a to  n  factors 

b  xbxb..:.  to  n  factors 

£ 

211.  We  proceed  now  to  assign  meanings  to  o",  a«  aud  a"*. 
Assuming  that  the  laws  which  are  proved  to  be  true  when  the 
indices  are  positive  integers  to  hold  good  when  the  indices  are 
zero,  negative  or  fractional,  we  arrive  at  the  following  results: — 

(a)  o»=l. 

From  (1), 

Dividing  by  a™, 

lb)  a-"  =  — . 

From  (1),  a'^xa-'^  =  a'^ 

But,  from  (a),  a°=l, 


a"* 

xa°  = 

^m+O 

= 

a™ 

a'" 

xa''  = 

a™. 

a»  = 

a"* 

1 

Dividing  by  a"*, 


a'"xa"'"=l. 
_      1 


a  "•  =  — 
o" 


(c)  a2=  -^aP. 

It  has  been  proved  that  (a™)"  =  a™"  when  m  and  n  are  positive 
integers;  and  as  we  assume  the  same  law  to  hold  good  for  frac- 
tional indices, 


p         p 
.'.  {a^)i  =  a^      =aP. 

p 
:.  (a«)«  =  a*.  . 


Extracting  the  g*"  root  of  each  side, 

p         

.-.  a«=  V^a*. 


176       •  Theory  of  iNDtcfiS. 

Hence  the  equivalent  of  any  expression  with  zero  for  an  index 
is  unity;  with  a  negative  index,  unity  divided  by  the  same  ex- 
pression with  a  corresponding  positive  index ;  and  with  a  frac- 
tional index,  the  expression  raised  to  a  power  indicated  by  the 
numerator  of  the  fraction,  and  then  the  root  extracted  indicated 
by  the  denominator.     For  instance, 

20=1,  3-2  =  1=1    a^='^"^  a^=  v"^,  2^=  V¥=  V32. 

212.  Again,  since         a'"  x  a"  =  a'"+", 
.',  a"^""xd" 

Dividing  by  a",  0™-"  =  —,  or  conversely, 


a" 
a" 
a"* 


i       1  i 

213.  trove  that  a"  x  b''  =  {ab)\ 

i        1  i  i 

(a"  X  i")"  =  (a")"  X  (6")"  Art.  209   (3) 

=  ax  h  =  ah; 

:.  (a"  X  //')"  =  ab. 

Extracting  the  n""  root  of  each  side, 

i      1  i. 

a"  X  6"  =  (a6)». 

This  result  is  of  great  use  in  surds.     For  example, 

Prove  v^  2"  X  -/ 3"  =  a/ 6". 

V2"  =  2^    \/3'  =  3i; 

/.    '/2'x  '/■3=2*x3*=6*=  V6". 

Again,  prove  v^3  x  ^  i  «»  \^\2. 

V^3-3*,    -^4-4*; 

.'.   ^S"  X  i?'I-3*x4*-12*- fl2. 
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Also,  from  the  above  result,  we  can  find  the  value  of  such  a 
product  as  V  3  x  V  2. 

For  i?'3"  =  3^=3*  =  (32)*  =  9*. 

and         .  ■     '^2=2*  =  2^  =  (23)i=(8)*; 

.-.   -^"S  X  v^ I  =  9*  X  8^  =  (9  X  8)* 
=  (72)*  =  v^T^. 

Sx.  ^.— Find  the  value  of  .r°+^-«xa;»+''-»x.r''+<'-*. 

^a+b~e  ^  „b+c-a  ^  ^c+o-6  _  ^o+6-e+b+c-a+c+o-6  _  ^a+b+e^ 

Ex.  ^.— Find  the  value  of  x"'^  xx^-^xx'-". 

X<^-b-Hx^-Cy^^-a  ^^a-b+b-c^-a  ^^0  ^l^    from   (o). 

Ex.  5.— Simplify  ah^c  x  a~hc^. 

ah^-c  X  a-hc^  =  «'-n^'^V"^* 

'256\-| 


^a:.  ^—Simplify    (^— j     . 

c 


/256\-|     /625\| 
,625/     "  V256 j 


r/625\iV_ /5y_125 

\V256J  J  "U/  ""el 


The  student  will  observe  that  we  have  extracted  the  fourth 

625  .       .  .  625 

root  of  -=T7  before  cubing  it.     We  might  have  raised  — —  to  the 

256  256 

third  power  and  then  extracted  the  fourth  root,  but  the  largeness 
of  the  numbers  involved  would  have  made  the  process  cumbrous. 
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Ex.  5.— Multiply  x^  -2x^  +  \  by  a;*  - 1. 
From  observation  we  see  that 

a:§  _  2a;*  +  1  =  (x*  _  1)2. 
.-.  {x^  -  2x^  +  1)  X  {x^  -  1)  =  {x^  -  If 

=  ix^f-'6{x^f  +  2>{x^)-\ 
=  a;-3a;§  +  3a:*-l. 
Otheirwise, 
x^  -2x^  +  1 

a;*-l 

a:   -  2a;^  +    a;* 

-    a;^  +  2a;*  -  1 
X   -  3a;^  +  3a;*  -  1 
Ex.  6. — Divide  x^y'^  +  2  +  a;"^  by  xi/~^  +  x~'^y. 

xi/~^  +  x'^y)  a?y~^  +  2  +  x'^y"^  (xy~^  +  x~^y 
,  3^y-^+\  + 

i+g-y 

We  might  have  performed  this  division  by  first  changing  terms 
with  negative  indices  into  equivalent  ones  with  positive  indices, 
and  then  proceeding  as  in  ordinary  fractions. 

Thus,  ar»y-»+2  +  a;-y  =  ^  +  2  +  ^ 

X      y 

and  «y-*  +  x-V=-  + -; 

y     X 

.'.  x*y~^  +  2  +  x~^y'^ -T- xy~^  +  x'^y 

.^+2+?^^?+y 

y'  a?     y     X 

«_  +  -  =xy-^-\-yx-\ 
y     X 
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Ex.  7. — Extract  the  square  root  of 

9a:-*  -  \^x-^y^  +  ISx-^  -  6^:"^^  +  y\ 

9a;-*  -  l^xSj^  +  \bx-''y  -  6a;- ^^  +  if  (^3a;-»  -  Zx'^y^  +  y 
9a;-* 

6a;-'-3a;-i2/*;  -  \%x-^y^  +  XhxSj 


6a;-^  -  ^x-^y^  +y)  +    6a;-V  -  6a;-^y*  +y* 
+    6a;-»2/-6a;-V*  +  y^ 


214.  In  solving  the  following  examples  let  the  beginner  bear 
in  mind  the  index  laws  and  the  meaning  of  such  expressions  as 
a**,  a"",  and  no  serious  difficulty  will  be  experienced. 


EXERCISE   LXV. 
Express  with  fractional  exponents 

/     1.     V^,     ^^',    {V^y    V''<     A^<    (V""^)^    V^^. 

2.  ^xy^,    ^^yi*,    ^MV,  5  V  a' be' 3^. 
Express  with  radical  signs 

3.  J,  a^b^,  4.r*2/~*,  3x^y~^. 
Express  with  positive  exponents 

4.  a-»,  3x-Y%  6a;-»i/,  x*y-\  3 ,"^2 ^ _y 

Write  in  the  form  of  integral  expressions 
3a;y      z       a        c^       x~^     x~^ 
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Simplify 

6.  a^  xa^,   b^  xb^,  c^  x  c^'^,  cfi  x  d^'. 

7.  m^  X  m~^,  a"  x  a^,  a'^xa^  x  a~^. 

8.  a^  xV  a,  c~^  xVc,  y^  x  \^  y ,  x^  x  V  x-^. 

9.  a^6^c"^xaH"Md 

10.  x^y^z^  X  x~^y~^z~^,  x^y^z^  x  x'^y~^-z~^. 

13.  (a«)U(a«)^  (c-i)^,   (m-i)S  (n*)-^. 

-  m"'  i^^"  <''-'>"• 

,,   ,..    ,  EXERCISE   LXVI. 

Multiply 

1.  x^  -x^  +  1  by  x^  +  1. 

2.  o»6-»  +  2+a-«6'  by  a«6-'-2  +  a-«6'. 

3.  4x-»+3a;-'  +  2a:-*  +  l  by  x'^-x-^  +  l. 

4.  a:^  +  a!»'y*'+y'^  by  x*^-3^i/''+y^''. 

5.  x^  -xy^  +z^y-y^  by  ar  +  ar^y'+y. 

6.  ar*  +  T(a*  -  6*)  -  o*6*  by  a:'  -  ar(ai  -  b^)  -  ah^. 
7^  jpt"*-!)*  _«(»-»)«  by  x^-y"*. 
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Divide 

8.  x^  -X]i^  +  x^y  -  y^  by  x^  -  y^. 

9.  a^  -  a^b  +  ab^  -2a^-lr  -^h^   by  cl'  -  ab^ +a^-b-b^. 

3n  3n  n  n 

10.  a^  -  a  ^  by  a^-a  \ 

11.  X  -  2{x^  -  x~^)  +  2{x^  -  x~^)  -  x-^  by  a;*-a;~^. 

12.  (a;")--l  by  a:"-l. 

Simplify 

13.  {2xi  +  3v/i)(2,ti  -  3yi)(4a;*  +  Qx^iji  ^\*) 

14.  -^7^  X  V^7+T  X  '^x-''~^l  X  v'Z+T+T  X  (x« -  1)8. 

2""*^  —  2  X  2"     7-1^ 

15.  Show  that       2-+'x4:     "  8  ' 

2"  X  (^2""'^" 

16.  Simplify  -^i^TT^i' 

Find  the  square  root  of 

17.  x^  -  2x^y^  +  2a;^s^  +2/^  -  2v/*5;*  +a^. 

18.  a;*  +  4x^2/^  -  2a;* s^  +  iy^  -  iyh^  +  a*. 

19.  4a;-*  +  12a;-3  +  9a;-2. 

20.  a;24-4a;  +  2-4a;-i  +  a;-'. 

21.  a;-2  +  2a;"*  +  x-i-2a;~'  +  x-'. 

22.  4a  -  12an^  +  %^  +  IQah^  -  2U^c^  +  16c*. 
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23.  256j:^  -  512x  +  640x^  -  512a;*  +  304  -  128a;"*  +  40a;"^ 

—  Sx'^  +  x' 

25.   (x  +  x-y-4(a--a;-»). 

Simplify 

27.       .      .  j'X 


28. 


29. 


30. 


31 


x^+x-^+2(x+x-'')     /a;'  -  ly 
a;3  -a;-3r^('a;-a;-i)^  V^^ITT/  " 

3a-''a;^  +  5a-^a;-12 

a-V-8a-V-12a-ia;  +  63' 

a;-4-3a;*  +  4y^  -a;*y* 
ar-8-2a;*+  12y*  -33;^ 
e'->'  +  xy-^  +  yx-^  +  e""" 


a;y-V-«'  +  2+ya;-V— * 

32.  {(a-6)»  +  4a6}i  x  {{a  +  bf  -  iah}^  i^^d^  +  2ah{a  +  h)\^ . 

33.  3(a^  +  i*)'  -  4(a*  +  i*)(a*  -  b^)  +  (a*  -  i*)«. 
36.   {(a'")'"" •»}"»+». 
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Find  the  H.  C.  M.  of 

39.  l+x  +  x^  +x^   and  2x  +  2x^  +  3x»  +  3x*. 

Find  the  L.  C.  M.  of 

40.  ax""-!,  ax'+l,  {Jx-lf  Jx^-l,  Js^+l.   '" 

41.  li  x^  +y^  +z^  =0,  prove  (x  +  ij +  zY  =  27 xyz. 

Simplify 

(x'^y   ^   (^ 

43.  (8^  +  4^)  X  16-1 

A  A.     . . 

45.  27^  +  16* -  +  — -„. 

g-S      4"* 

46.  {x+l){x^'  +  x  +  l)-'  +  {x-l){x^-x  +  l)-''  +  2(x*  +  x*+l)-\ 
1  1  1 


iJ-^ 


47. 


1  +  a;"'-"  +  a;"*--^    1  +  a;"""'  +  a;""*    1  +  z*""*  +  a;^""' 
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SURDS. 

215.  When  a  root  is  indicated  but  cannot  be  exactly  deter- 
mined it  is  called  a  Surd.  Thus  '/2,  v'4,  \^  Q,  are  surds. 
When  the  root  is  indicated  but  can  be  exactly  determined  it  is 
said  to  have  the  form  of  a  surd,  as  V  4,  \^  8.  Surds  are  also 
called  irrational  numbers. 

216.  A  Quadratic  Surd  is  one  in  which  the  second  root  is 
required ;  a  Cubic  Surd  one  in  which  the  third  root  is  required, 
and  so  on. 

217.  The  product  of  a  rational  factor  (i.e.,  a  factor  not  con- 
taining a  surd)  and  a  surd  factor  is  called  a  Mixed  Surd,  as 
3  V2,  5  v^  3",  3  v^  6. 

218.  When  there  is  no  rational  factor  outside  the  radical  sign 
the  surd  is  said  to  be  entire,  as  v'  6,    V  5. 

219".  A  mixed  surd  can  be  expressed  as  an  entire  surd.     Thus 

2V3  =  v'^  X  V3  =  ^12.     Generally  aV b  can  be  expressed  as 

an  entire  surd,  for  in  the  chapter  on  Indices  it  has  been  proved 

that 

*      i  i 

a"  X  6"  =  (aft)" 

or  V  a  X  V  b  ^  Vab. 

Now,  rt-  V'o" 

fiz-T-        w/^        "/-T"       */ — r 
.*.  aV  6  -  va"  X.  V  b  -m  V a'% 
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220.  Hence,  to  reduce  a  mixed  surd  to  an  entire  surd,  raise 
the  rational  factor  to  the  power  indicated  by  the  root  to  be  ex- 
tracted, multiply  the  result  by  the  factor  under  the  radical  sign, 
and  write  the  radical  sign  over  the  product. 

221.  An  entire  surd  can  often  be  expressed  as  a  mixed  surd. 
Thus  v/8"  =  2V'"2,    \/50  =  5\/2'. 

For  V' 8  =  V 4^2  =  (4  x  2)*  =  4^  x  2*  =  2  x  2*  =  2  V^ 2". 

Similarly,     VbO  =  v/25x2  =  (25  x  2)*  =  (25)*  x  2*  =  5  \^2. 
Generally,  v' a"6  =  (a"6)"  =  («")"  x  i"  =  a.//*  =  a\^  b. 

222.  Hence,  to  reduce  (when  possible)  an  entire  surd  to  a 
mixed  surd,  separate  the  quantity  under  the  radical  sign  into 
two  factors,  of  one  of  which  the  required  root  can  be  obtained, 
and  set  the  root  outside  the  radical  sign. 

223.  The  expression  under  the  radical  sign  is  called  the  Surd- 
factor  or  Base.  When  the  surd-factor  is  as  small  as  possible^ 
and  integral,  the  surd  is  said  to  be  in  its  simplest  form. 

224.  Similar  Surds  are  those  which  have,  or  may  be  made 
to  have,  the  saine  surdfactor  and  surd-ind;x.     Thus  2  \/  2,  3  ■/  2, 

VbO,  are  similar  surds;  so  also  are  V a,   V b^a,  3  Va. 

The  student  will  notice  that  before  two  surds  can  be  said  to 
be  similar  they  must  have  the  same  quantity  under  the  radical 
sign,  and  the  same  surd-index  or  number  which  indicates  the 
root  to  be  extracted.  Thus  */  a  and  V  a  are  not  similar  surds, 
for  they  have  not  the  same  surd-index.  Sometimes  the  term 
radical-index  is  used  for  that  which  indicates  the  root  to  be 
extracted. 

225.  When  the  surd-factor  is  a  fraction,  and  it  is  required  to 
reduce  the  surd  to  its  simplest  form,  it  will  be  necessary  to  ex- 
press the  fraction  in  the  form  of  an  equivalent  fraction,  with  a 

13 
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denominator  whose  root  can  be  taken;  for  the  expression  under 
the  radical  sign  must  be  made  integral.     For  instance, 


25     \ll25     \/125  5 

In  this  example  the  cube  root  of  25  cannot  be  taken;  but  as 
25  =  5-  and  25x5  =  5',  therefore  if  we  multiply  both  numerator 
and  denominator  by  5  the  new  denominator  will  be  a  perfect 
cube,  and  its  cube  root  can  be  removed  outside  the  radical  sicn. 

Ex.  1. — Express  in  the  form  of  a  cubic  surd  2,  3,  -,  («-^),  --  • 


2=^8:3=^27,  \=i]l,^-^=n^-'^\i-'^ 


Ex.  2. — Reduce  the  following  entire  surds  to  the  form  of  a 
mixed  surd : — 

(1)  v'l08=  -^27  X  4=  -^27  X  '^4=3v'I. 

(2)  \/72=  'v/36  X  2=  -v/sex  V~2=^V1. 


(3)    V^  7a:y  =  v'  lirif  x  y^  =  V  7.t^/  x  \/'if=^y'^  IxSf. 


^  '  \2U^c^    NJ  166V      \  166V     26c 

(6)   v^405=  v^27x15=  -^27  x  ^15  =  3v^r5. 

£x.  3. — Express  as  entire  surds  the  following  mixed  surds: — 
a'bVhc,    3V2T,    5V32,    3c' v'^,    a'v'^^    2x\^xj}, 

(         \    I       ^  +  .V 
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(1)  a?hVl)c=  VaFF^x  Vl)c=  Va^b'^  x  bc=  Va*lj^c. 

(2)  3  a/2I  =  VJ  X  \/21  =  a/189. 

(3)  5  a/32  =  a/25  x  V32  =  v/800. 


(4)  3c'^\^abG=  v'27c''x  V^a6c=  ^  27 abc\ 

(5)  a?\^lK^=  V^o^^x  V^^=  a/o^I 


(6)  2xv^a-y=  v^S^or^x  -^3;^=  v'32j:V 

^  '   ^         '\ix'+zxy+  if  ^  \ix'+2x\ 


xy+if  -         \ix'+'Axy+y 

\  x^  +  2xy  +  if  -^ 


Ixy  +  'if 

226.  Surds  are  simple  or  compound  according  as  they  contaic 
one  or  more  terms. 

EXERCISE   liXVII. 
Express  as  mixed  surds 


1.    VxYz,    VSa'b,    v'54a*a;y,    a/24,    Vl25a*(P. 


2.    v'lOOOa,    v'leOjry,    v'i08m»rii«,    \^U72a''b'\ 


3.    v^a*  -  3a36  +  Sa-fi^  -  ai^     v'50a-  -  lOOab  +  50l>\ 

*•  \l9'    \W    \8'    \2'    N/S' 

la  +  6       sUa  -  by       4U  /3flr6x 

Express  as  entire  surds 

'  6.  3  V'2,  2  v'Y,  3  v" "5,  5  v'"9,  2  \/ "6. 

7.  3v/a,  4aA/3^,  3^^,  2fl.rJ^, 
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8.   (m-.n)^|!^^.    {a^h)A^,    f._-jAU^xy 


Simplify 
9.  H  '^80a«62c«,    9^8l^z,  5V726. 

11.  aa;V6^,    2a%''\^b^. 

12.  Show  that  v'20,    v'45,  .1-  are  similar  surds. 

13.  Show  that  1^~c^\    ^W,   -^^%  are  similar  surds. 

14.  Show  that  \/50,    \/72,    a/32,    J  -  are  similar  surds. 

227.  Surds  having  the  same  radical  sign  are  said  to  be  of  the 

4  . 

same  order.    Thus  v  a,  2  v  6^,  -  v  3,  are  each  of  the  third  order. 

0 

228.  It  is  often  necessary  to  bring  surds  of  different  orders  to 
the  same  order.     This  can  be  done  as  follows : — 

i  i  t  CT 

Let  a",  i™  be  surds  of  different  orders.     Then  aJ^  =  a^^  and 

In  m  1^  n  1  I 

6«"  =  6'»»;   but  a'""  =  (a'")'»''  and  i"^=(6»)'^,  therefore  o""=Ta»' 

1^         

and  4™=  VA".     It  is  evident  that  Va™  and    \/6"  are  of  the 
same  order. 

Hence,  to  reduce  surds  to  the  same  order,  find  the  L.  C.  M.  of 
their  radical  indices  for  a  common*  radical  index.  Raise  each 
expression  under  the  radical  sign  to  the  power  indicated  by  the 
number  obtained  by  dividing  its  radical  index  into  the  common 
radical  index,  and  write  over  the  result  the  common  radical  index. 
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Or,  express  the  different  surds  in  the  form  of  quantities  having 
fractional  Exponents  with  a  common  denominator.  The  common 
denominator  will  be  the  common  radical  index.     Thus  V  2  and 

^  3  may  be  expressed  in  this  form:  2'  and  3*  or  V  2^  and  V^3'. 

Ex.  1. — Reduce  to  a  common  radical  index  ^  3  and  ■/  4. 
V'3=3*=3*  =  (3»)*=1?'E 

Ex.  S. — Reduce  to  common  index  V  8  and  'V~2. 

0 

I?'!  =  8*  =  8"  =  (8^)^  =  i?'8^ 
'/'2  =  2^  =  2"  =  (^y^  =  v''2^. 

KXERCISE   LXVIII. 
Reduce  to  a  common  radical  index 

1.  a/ 5",  ^f~i.  2.  ^\   A/y.  3.  s/\   s/1. 

4.  sf\  \^8".  5.   \/2;   v'S,   v^e".  6.  \/l,  \f\  '^l20. 

7.  ^3",  ^6,  ^10.  8.  ^a^-ab^li\  v^cT+l.  9.  M,   A^-. 

229.  Surds  can  be  compared  with  respect  to  magnitude  by 
reducing  them  to  the  same  order,  and  then  expressing  them  as 
entire  surds. 

Ex.  1. — Which  is  the  greater,  V2  or  x^Z'i 

^3  =  v^3^=>^9; 
.*.    V  3  is  greater  than   V  2. 


190  SURDS. 

Ex.  2. — Which  is  the  greater,   \^~^  or  V^  5 1 

.'.   1?'  5  is  greater  than  v'  3 

EXERCISE   LXIX. 

1.  Which  is  the  greater,  3  VT  or  2  ^16% 

2.  Arrange  in  order  of  magnitude  9  '/3,  6  v'T,  b  V\0. 

3.  Arrange  in  order  of  magnitude  4^4,  3  -/  5,  5  \/  3. 

4.  Arrange  in  order  of  magnitude  6  V  7,  4^9,  3  V^18. 

230.  Similar  surds,  in  their  simplest  forms,  may  be  added  or 
subtracted  by  adding  or  subtracting  their  rational  factors  and 
then  affixing  the  common  radical  factor. 

Ex.  1. — Find  the  algebraic  sum  of  V50  +  ^/l^  -  3  v'2'+— -. 

^/2 


V50  =  5v/2,    \/72  =  6v/2,  -^=-  \' 2. 
.*.  Algebraic  sum  =(5  +  6-3+  -)  V  2  =  —  ^2. 

Ex.  J?.— Simplify  2  v^320  -  2  v^40. 

^320=  v^64  X  5  =  4v^5', 
/.  2v'320  =  8v^5. 

/.  3^40  =  6^6. 
.-.  Ile8ult-.8v^6-6^'5-(8-6)fF-2l?'e. 
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231.  Surds  having  the  same  radical  index  can  be  multiplied 
together  by  finding  the  product  of  their  rational  factors  or  coeffi- 
cients, and  affixing  to  the  result  the  product  of  their  hoses  with 
the  common  radical  index  written  over  it. 

Ex.  1. — Find  the  product  of  V^a  and  V  b^. 

For  V'a^  =  a^  and  a/ Z3=  i^, 

.-.    Vli  X  \/  63  =  a*  X  i^  =  {ah^f-  =  Va&, 

n  /  —  n  /  — 

Ex.  2.- — Find  the  product  of  a  V  c  and  hV  d. 

ay  c  X  bv  d  =  abv  cd. 

__      i_  1 

For  \^  c  ^c""  and  V d=d'', 

_„_ii  in 

.-.    v'  c  X  v^  d=c"xd"  =  {cd}"  =  V  cd 

.".  aV  c  X  bV  d  =  aby  cd. 
Hence  the  rule. 

232.  Surds  having  different  radical  indices  can  be  multiplied 
together  by  first  reducing  them  to  surds  of  the  same  order,  or 
common  radical  index,  and  then  finding  their  product  by  the 
preceding  rule. 

Ux.  7.— Find  the  product  of  V^,    v^  3"  and   v^T. 

The  L.  C  M.  of  2,  3  and  5  is  30,  therefore  the  common  radical 
index  is  30.     Hence 

^4  ^'^46. 


.-.    a/2x^3xv^4  =  V'2''  X  3»»  x  4« 
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Ex.  2. — Find  the  product  of  y/~a.  and  'V~b. 

1  m 

1  m 

v'  6  =  6™  =  6""*, 

m  n  1 

/.    V  a  X  V  6  =  a*""  X  6'""  =  (a^i")""*  =  V  a"'6" 
Hence  the  rule. 

233.  If  two  surds  are  of  the  same  order  the  quotient  of  the 
one  by  the  other  can  be  obtained  by  dividing  the  rational  factor 
of  the  dividend  by  the  rational  factor  of  the  divisor,  and  to  the 
result  affixing  the  quotient,  with  the  common  radical  index  writ- 
ten over  it,  of  the  one  base  by  the  other.  If  the  surds  are  of 
different  orders  they  can  be  reduced  to  the  same  order,  and  the 
preceding  rule  applied. 

Ex.  i.— Divide  ^"9  by   V^TH. 
Ex.  £— Divide  ^3"  by   v^T. 

/3'\*^/27\i^  n/27 
"UV        \16/       \16 

Ex.  S. — Divide  V^5  by    v^7. 

234.  The  multiplication  and  division  of  compouiul  surds  difler 
in  no  respect  from  tli<i  iiiiilti[)iii;iili()ii  and  division  of  polynomial 
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rational  expressions,  except  that  surd  terms  are  used  instead  of 
rational  terms.     An  example  or  two  will  illustrate  this, 

Ex.  1.— Multiply  together  v/ 3"  +  \/2"  and    V  3"  -  ^'^. 

Here  we  have  the  sum  of  two  expressions  multiplied  by  their 
difference,  therefore  the  pi'oduct  =  the  difference  of  their  squares; 

.-.  ( v/ 3"  +  v/ 2")(  V  3  -  -/ 2")  =  3-2  =  1. 

Ex.  ^.— Find  the  product  of  2  \/ 3"  +  v" ¥  and   V^i"  +  ^~b. 

2^3"  +  ^2" 
^4"+  ^/5■ 


2^3^x4^+ v'S 


+        2\/l5+ v'2'-^x53 


2v^27xl6  +  2  +  2v/l5+  ^4x125 

Ex.  5.— Square   V  2"  +  -^  3"  +  1. 

(a/'2  +  v'3  +1)2 

=  (  a/ 2")^  +  ( v" 3')2  +  1  +  2  \/ 2"  X  v"  3"  +  2  \/ 2"  +  2  v'S 


=  2+v'9+1  +  2v^8x9  +  2V2+2v'3 
=  3  +  ^9"  +  2  v'72  +  2  \/ 2"  +  2  v' 3 

Ex.  4.— Divide  -/¥  +  3  a/24  +  5  ^m  by    \/ 12. 
a/8" +  3  a/24 +  5^/56  4- V 12 

r2+-^^2+Ni2 


Jf^3A/..g- 
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235.  If  the  divisor  consists  of  two  or  three  terms  it  is  better 
to  rationalize  it  before  proceeding  to  division.  The  method  of 
rationalizing  a  divisor  or  denominator  will  be  explained  hereafter. 


Simplify  EXERCISE   LXX. 

1.  2 a/3"  +  ay's;    uVTs-iVTs. 

2.  5VJ  +  3VJ  +  2VJ,     8  \/IO  +  3  a/To  +  2  VIO. 

3.  4  vTl  +  3  v/Tl  -  5  \/II,     2V3  -dVJ  +  dVs. 

4.  4  v^  3"  -  3  v'y  +  2  v"  3;     7  v^  2"  -  \/i8. 

5.  5v'T  +  2^32- V'TOS,     3  a/ 2"  +  4  v"  2"  -  v^ei. 

6.  2^/175 -3  a/63 +  5  a/28,     1  v'5"+ ?  v'5  +  ?- ^40. 

2  2  4 

7.  \/2"+3a/32+^  a/T28-6a/I8. 

8.  '/75+  a/48-  a/ 147+  a/300. 

9.  20V/245-  V5+  a/T25-  ^  a/T80. 

10.  3  v"  3"  -  5  A?^48  +  ^^243. 

11.  a/ 27?-  v'8?+  ^r25c. 

12.  v'^- A^6«+  v'm 


1 3     Va*£  +  a/  // ar  -  '/4a»6'''x. 


14.  6av/63a^-3A/ll2aW+2a6A/343a6-  5hV2Sa''b. 

1 5.  V^  32^  +  6  V'726  +  3  A/r28a"W  -  4  v^288a''6». 


«-;l^;K-^^^<li-# 
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/-       /—        !~        |9         |9"        |25        [20 

18.  2^^W6-0-Vr5  +  J'-+^l. 

20.  (a  +  x)  Va^-x^  +  (a-  +  *-)aJ^-3^. 

21.  Va  +  x+  Vox-  +  x^+  V(a  +xf. 

EXERCISE   LXXL 
Multiply  together 

1.  -/Sand   v/27,     V  5"  and   \/20,     Viand   v/l8. 

2.  v'3'and   \^9,     v' I  and   v'32,     -^16  and   ^32. 

3.  \^27  and   v^S",      V^108  and  V^r2,     v'T  and   v^S". 

4.  f  1331,    A^'Il   and   -^121;    x^'d,    ^81  and   v^729. 

5.  VQ,   VU  and   V'72;    v'5'^    \^5'  and    v'5^. 

6.  3  v'le  and  5  v^I;    ^  V^  8"  and  ?  ^^^  2". 

7.  (\/I8  +  2a/72-3\/8 -^  v/r28)  and   \/2". 

8.  (V32-iA?'864  +  3v^I)  and  v"! 

.J 

9.  3  +  2^5"  and  2-  V^. 

10.  8  +  3  \/ 2"  and  2-  '/2". 

11.  5  +  2\/3"  and  3  -  5  v" 3. 
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2.  3-  \/6"and  6-3/6". 

3.  2\/6"-3\/5"and   a/3'  +  2\/2". 

4.  -^  9"  -  2  v"!  and  4v'3"+v^2'. 


A 


5.    V5  _  >/4   ana    ^5  +  a/4. 


6.    '^S  +  a/ 2'  and    ^3  -  V2. 


7.    '^ll  -  \/lO  and    ^11  +  VlQ. 


8.    '^6+  VU  and    ^6-  Vll. 


9.    ^10  -   a/36  and    ^10  +   a/36. 


20.    ^^9+  V\l  and   ^9  -  V\l. 


21.  ^^12+  a/19  and    ^12-  a/19. 

22.  2a/30-3a/'5+5a/"3  and    a/ 8"  +  a/ 3  -  a/S". 

23.  3a/"3 -4a/8'+5a/T8  and  hV2  +  a/3+ J-. 

24.  X-  -  a;  a/  3  +  1  and  a:^  +  a;  a/ 3^  +  1. 

25.  v/a"+ a/6"+ a/7,    Va  +  VJ  -  Vc,    V^  -  Vb  +  Vc, 

and    a/6  +  A^c  -  a/o^ 

26.  Vb  and  V^T;     a/I26  and    V^36. 

27.  v'le  and   i?:250;    A^7»  and   \/b\ 

-  J!  -"  <Jf  ^  ;JI  -  <!?• 
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EXERCISE   LXXn. 
Perform  the  following  divisions: — 

1.    VMS-^VJ;     v'SO-f-V^'S;     v'Sl-^v'S'. 

^-  \/T2"n|7'    \9"\/2'    sIsE^sJT' 

4.  3\/6'  +  45\/2"^3v/3'. 

5.  42  V' 5"  -  30  a/S"  ^  2  \/l5. 

6.  84Vl5  +  168\/6'-i-3A/2T. 

7.  56v/30-84A/I0  +  100\/T4-^4v/35. 

8.  30v'I-36v'l0  +  30v'90^3v^20. 

9.  50v'l8+18v'20-48v^5 -=-2v'30. 
a'         la 

11. 


10..  I^.J":     <^2J.;]2,. 

i-1  a  -  b  1  -a 


12. 


a^  +  ab  +  b^       acr^  ^  y  -  bcif  *J  x 


a  +  V  ab-\-  b  c  Vay 

13.  a/544-  v'SG;    v'Q'^-  VJ. 

14.  jA^aJ^gJ;    V^l2  4-  Ve". 

15.  \^2x-i- Vs^;    v'8xy-^2a:y. 
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236.  It  is  evident  from  its  definition  that  a  surd  cannot  be 
equal  to  a  rational  quantity.  From  this  fact  the  following  im- 
portant theorems  are  deduced: — 

I.  A  surd  and  a  rational  quantity  cannot  he  equal  to  a  rational 
quantity.  For,  if  possible,  let  a  +  \^h  =  c,  where  a  and  c  are 
rational  quantities  and  y/  h  a  surd ;  therefore  'V  b  =c  -  a.  But 
c  -  a  is  a  rational  quantity,  being  the  difference  between  two 
rational  quantities;  therefore  A/i  =a  rational  quantity,  that  is, 
a  surd  equals  a  rational  quantity,  which  is  impossible.  Therefore 
a  +  'V  h  does  not  =  c. 

II.  A  surd  and  a  rational  quantity  cannot  equal  a  surd. 
Let  a  +  VT>  =  V~c. 

Squaring,  a^  +  b  +  lay/  h  =c 

or  2a\^ b  =c-  a^  —  b; 

-a^-b 


Vb 


2c 


But  ^r is  a  rational  quantity,  therefore  "V^  6  =  a  rational 

jja 

quantity,  which  is  impossible.    Therefore  a  +  \^  b  does  not  =  Vc. 

TIL  If  a  surd  nn^l  a  rational  qv^ntit-/  be  together  equal  to  a 
surd  and  a  rational  quantitif,  then  the  rational  parts  of  the  equa- 
tion will  be  equal,  and  there/ore  the  surds  parts  equal.     In  brief,  if 

a  +  V  b  =c  +  Vdj 

then  a=:c 

and  V'b=  Vd. 

For,  if  possible,  let         a  +  Vb=c  +  Vd; 

then,  transposing,    (a-c)  +  V  b  =V d. 

Therefore  the  rational  quantity  («  -  c)  and  the  surd  yb  =the 
surd  V d,  which  is  impossible  unless  a  -  c  =  0,  and  tliercfore  a  =  c. 
If  a  =  c  it  follows  that  Vb"  Vd. 
NoTBt — This  in  a  veri/  important  theorem. 
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IV.  If 

a  +  Vb=c+Vl, 

then 

a  -  Vb  =  c  -  V2. 

For,  from  III., 

a  =  c 

and 

\/Jj  =  Vd. 

.'.  subtracting, 

V 

a  -  V^  --=c  -  Vd. 

V.  If 

a  +  V'b=-V~x+Vy, 

then 

V 

a  -  V^  =  Vx  -  VJj. 

Squaring  (1), 

:.  a  =  x  +  y 

and 

VT>='2Vln/. 

Subtracting, 

a-VT)  ^x  +  y-W^. 

Extracting  square 

root 

y/a-'b  =  V X  -  Vy. 
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(1) 

(2) 


237.  We  are  now  in  a  position  to  extract  the  square  root  of  a 
binomial  surd. 

Ex.  1. — Extract  the  square  root  of  7  +  4\/3. 

Assume  ^1  +  4^/  3  =  Vr  +  V^y ,  (1) 

.-.  Vl  -W^^V  x-Vy.  (2) 

Multiplying  together  (1)  and  (2), 


.-.  V49-48  =  a:-2/  (3) 

or  \=x  —  y. 

Squaring  (1 ),  7  +  W  3  =x  +  y  +  iVxy; 

:.  7  =x  +  y. 
But  l=x  —  y. 

Solving,  .".  .r  =  4  and  .y  =  3. 

.-.  ^7  +  4^3  ^  ^4  +  V3  =  2  +  \/3, 
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Ex.  2. — Extract  the  square  root  of  a  +  \^  b. 

Assume  ^a  +  Vb=Vx+  Vi/,  (1) 


Then  "^  a  -  V  b  =V  x  -  V;/.  (2) 

Multiplying  together  (1)  and  (2), 


.'.  Va^-b  =  x-i/. 

Squaring  (1) 

and  equating  rational  terms, 
a  =  x  +  1/. 

Hence,  to  find  x  and*^/,  we  have  the  equations, 

a  =  x  +  y, 

(3; 

\/a"''  -  b  =  x  -  y. 

(4) 

Therefore,  by 

addition  and  subtraction  of  (3) 

2x  =  a  +  y/ d^  -  b. 

and 

(4), 

■we  obtain 

and 

2y  =  a-Va:^-b, 

or 

a  +  Va^  -  b 
^^          2 

and 

n  _  \/d'-  -  b 

Hence  VTTVt  =  J-i^V  J"-^^' 

and  .         ^7-7f  ^  J"-±:^  -  s|"~^. 

If  a'  -  6  is  not  an  exact  square  these  results  are  more  compli- 
cated than  the  original  surds. 
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EXERCISE    LXXIII. 

Extract  the  square  root  of 
1.  7-4\/3.  2.  i  +  2VJ. 

3.  27  +  10\/2.  4.  27-10V^2". 

5.  6  +  2\/5".  6.  6-2\/5. 

7.  10  +  4V6.  8.  21-8\/5'. 

9.  a  +  b  +  2V'^.  10.  a2  +  i+2«VX 


11.  2a  +  2V(r-b-\  12.  2(u2  +  i2)  + 2Va*  +  o»62+ i*. 

^^-   9'^3\|3-  ^^-  I00"M250- 


17.  a2  -  2i\/a='-  62.  18.  (a  +  bf  -  4(a  -  i)\/a6. 


19.  a'^  +  x-  +  V-Cia*-2a-£'^-x*).  20.  36^  +  a- +  VGa-i- +  a^ 

238.  The  square  root  of  a  binomial  surd  can  often  be  obtained 
by  inspection. 

Since  {V^  +  V~bf  =  a  +  b  +  2Vab, 


the  square  root  of  ^ a  +  b  +  2V ab  =  \^ a  +\^  b, 

from  wliich  we  see  that  when  the  binomial  surd  is  written  with 
2  for  the  coefficient  of  its  surd  term  the  terms  in  its  square  i-oot 
are  found  by  obtaining  two  quantities  which,  when  added  to- 
gether, give  (a  +  b),  and  multiplied  together  give  ub. 

Let  us  take  the  example  7  +  4^3. 

7  +  4  V  3"  =  4  +  3  +  4\/3' 

=  4  +  3  +  2VT2. 
U 
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The  numbers  which,  when  multiplied  together,  give  12,  and 
added  together,  7,  are  4  and  3, 


.-.  V7  +  4V/3  =\/4  +\/3 
=  2  +  \/ 3. 

EXERCISE   LXXIV. 
Obtain  bj  inspection 


1.   Vio  +  2\/21,    V16  +  2A/55,    Vi4  _  4^6. 


2./V/13  -  2\/30,    ^^38- 12^10,    V57-12\/15. 


3.  'V^U  +  6\/5,      ^20  -  SVQ,      V'li  _  6\/2. 


4.  "V^  9  -  2  VU,    V87-12V42,    ^17  +  4^15. 

239.  When  the  denominator  of  a  fraction  consists  of  one  or 
more  surd  terms  it  is  sometimes  necessary  to  reduce  the  fraction 
to  the  form  of  one  with  a  rational  denominator.  In  simple  ex- 
amples this  process,  called  rationalizing  the  denominator,  consists 
of  multiplying  both  the  numerator  and  the  denominator  of  the 
fraction  by  its  denominator,  with  one  sign  changed. 

o 
Ex.  1. — Rationalize  the  denominator  of 


a/3  +\/2" 
Multiplying  both  numerator  and  denominator  by  \/3  -V^, 

2_ 2(V3-\/2) _2\/3-  IV2 

"  V3+v/2"(\/3  +  V2)(\/3  -  V2)  "         3-2 

2\/3-  W2 


Ex.  2. — Rationalize  the  denominator  of 
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1 


V3+V2  +1 

Multiplying  both  numerator  and  denominator  byV'3-'V^2  +1, 
1 V3  -  V 2  +  1 

"  \/3+V2"+l"  (a/3 +l  +  \/2)(\/3  +1-^2") 

\/3-\/2+l_V3-\/2+l 
""(^3  +  1)2-4      4  +  2\/3-4 

_  ^3-^2" +  1  _  (VS  -  \/2  +  \)VZ 
'2^3  (2V3)\/3 

3-A/6+V3 
6  • 

240.  It  is  not  often  required  in  elementary  algebra  to  ration- 
alize denominators  with  radical  indices  higher  than  the  second 
order.  When  such  denominators  occur  their  rationalization  may 
be  accomplished  by  finding  a  factor  which,  taken  with  the  given 
denominator,  will  give  as  a  product  a  rational  expression.  We 
give  a  simple  example,  as  the  more  difficult  problems  are  not 
suitable  for  classes  in  elementary  work. 


Ex. — Rationalize  the  denominator  of 


1 


V  X  +  ^ 


y 


Now,  the  question  arises,  of  what  rational  quantity  is  x^  +  ?/*  a 
factor'!  As  the  sum  of  two  quantities  will  dividethe  difference  of 
two  even  powers  of  these  quantities,  therefore  x^  +  y*  is  a  factor 
of  (a;  )"  — (y  )"  if  n  is  an  even  number;  and  this  expression  is 
rational  if  w  =  6.     Therefore  if  we  multiply  both  numerator  and 

denominator  by  ^ — ^-^—L  or —,  that  is,  by  x'  -xhf  + 
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x^y^  -xy  -k-x'-y^  -  a;^,  the  denominator  of  the  fraction  — = — = 

V  z  +  \  y 

will  be  a  rational  quantity. 

EXERCISE   LXXV. 
Rationalize  the  denominators  of  the  following: — 
2^2"  Vn  +  Vs"     7  -  3\/l0 


1. 


2. 


3\/2-2\/3'    Vll-Vs'    5  +  4^5  ' 
21\/3"  120V^2  75\/H 


5. 


4^3-3^2'    5V'6+3Vl0'    8^2+2^7* 

Vb-VZ      vTS-v/rO     2  +  2V/2" 
A/5"  +  \/3'    VIS+VIO'    6  +  5^6"' 

V  8"  +  V  7"     V  6"  +  VlO     3  +  5V3" 
\/7  -V2'    VTO-Vg'    4-3^2"" 

l-VSl'  +  Vs"     2  +  V'6"-\/2      3-\/5'-V2' 
1+^2-^3"    2-\/6'  +  a/2''    3  +  ^5+^2"* 

7  _  2\/3  +  3V2  2-v/3"-3V'6 

3  +  3A/3  -  2\/2"'    v/^- VS  +^5  -Ve"' 


7. 


Va  +  a;  ■\-Va-x     Vu?  +  b'  +  Va?-U' 


8. 


Vx^'ia+Vx-^a     X  +  V4a'-'  -  a' 
Vx  +  '6a -  Vx-'da     x  -  >/ W  -  x^ 

1  2\/3  2v^2"-  '/a 

^'    T^ff'    v^4  +  v^3'      a/3  -^5"' 

7-2V/5      15+6\/5  ^^      \/3  +  1  ^  /3_- J, 

4-^/5    ~    2  + V6    "  V3-1      \/3  +  l 
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,„     20+30\/2'     5-2\/2"  ,,  5  +  V5"     5  +  2^5" 

12. L_ =-.  lo.  — — =   X ::^. 

3  +  A/3  2-\/3  1  +  V5       2  +  ^5 


,,    ^a  +  x  +  Va  +  X  ,^     2\/a  +  6  +  3\/a  -  6 

14. —  15.    ^ ■ 

a  +  a;  +  \/(a  +;r)*  2\/a  +  6  -  SVa  -  b 

241.  It  is  often  necessary  to  find  the  value  of  a  surd  expres- 
sion when  a  particular  value  is  given  to  the  unknown  quantity 
involved. 

Ex. — Find   the  value  of  x'^  +  xy-\-y-  when  x  =  - — = and 

y=       __ . 

V3  +  1 

x^  +  xy  +  y-  =  (x  +  yY  -  xy 

V3  +  1      \/3"-  1\2      VF-t-  1      V3-1 


V3  -  1      V3  +  1/       V3  -  1      V3  +  1 
4  +  2^3"+  4-2v/3\2 


■)- 


V  3-1 

=  (4)2-1  =  15. 
This  example  might  have  been  solved  by  rationalizing  the  de- 

nominatoi'S  of  — = and  ^r— —   before  substituting. 

\/3  -  1  ^3  +  1 

Thus,  V£^,(V3^1)^4.2V^,,^^3 

a/3-1  3-1  2 

and  ^^^^l^J^l^^.VZ, 

V3  +  1  3-1  2 

.-.  a;2=(2  +  A/3)2  =  7+4\/3 
and  2/'  =  (2  -  V'if  =  7  -  4\/3; 
also,  ^y=^, 

:.  a;2  +  a;2/-l-2/-  =  7  +  4\/3  +l+7-4\/3  =15. 


206  SURDS. 

242.  In  the  following  example  instead  of  directly  substituting 
the  problem  is  reduced  to  a  simpler  form  by  means  of  a  well- 
known  theorem  in  fractions.     (Axt.  169,  Theorem  I.) 


rr        -r.-   J  xi-         1      ■   r  'V^a  +  x  +  Va  -  X  2ab 

Jiix. — Ifind  the  value  or  -  ^^nz  when  x  = 


Va  +x-Va  -  X  l+b'^' 


^                   y/  a  +  a;  +  \/  a  -  x     k 
Let  — = -==r-. 

V  a  +  X  —  V  a  —  X     '■ 

Adding  numerator  and  denominator  of  each  fraction,  and  divid- 
ing by  their  difference. 


2Va  +  X     k  +  I 


Va  +  X     k  +  1 

or  •  . =  =  -j r- 

Va-x     ^ -  1 

a  +  X     k'^  +  2k  +  1 
Squaring,  ^^r^  =  k' -  2k  +  V 

Again,  adding  numerator  and  denominator  of  each  fraction, 

and  dividing  by  their  difference, 

2a  _  2P  +  2 

2x         4/fc     ' 

a      k'^+l        X        2k 
or  -  =  —777—  or  -  = 


X        2k         a     h?  +\' 
Substitutnig  now  for  x  its  value  - — —  we  obtain 
2b  2k 


or 


1  +  i'    k^+l 

1  +  26  +  b-"     1  +  2A:  +  A;' 
1  -26+6«"l-2A!  +  A'" 


Extracting  square  root  of  each  side, 

1 +k        1 +b 
l-k'^^l-b' 
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If  we  take  the  positive  sign  we  obtain  for  k  the  value  b;  if  we 
take  the  negative  sign  we  find  k=  -.  Therefore  the  value  of  the 
fraction  =  b  ov  -  . 

0 

Had  this  problem  been  solved  by  direct  substitution  the  pro- 
cess would  have  been  somewhat  as  follows: — 


Va  +  x-ir  Va  - 
Va  +  X  -  Va  - 


I         2ab  I         2a 


I  2ab  I         2ab 

II  +  26  +  b""        |l  -  26  +  b* 
\      1  +  6^      "^NI      1+6'^ 


■    [1  +  26 +  6'^        ll-  26  +  6» 
nJ      1  +  62         sj      1  +  ^2 


1  +  6 


1-6 


V/l+6'^    Vl  +  62 


1+6 


1-6 


Vl+b""    Vl+b^ 

(l+6)±(l-6) 
-(1  +  6)^(1-6) 

2        26     1        , 
=  26"^'¥==6-"''*- 

N.B. — The  double  value,  it  will  be  noticed,  is  obtained  by 
using  the  double  sign  before  the  square  root  of  the  second  terms 
of  numerator  and  denominator.  Had  the  double  sign  been  used 
in  all  the  terms  the  result  would  not  have  been  changed. 
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EXERCISE   LXXVI. 

.  V  a"^  +  x^  +  X     .  a(b  -  c) 

1.  Find  the  value  of  — ^ when  x  = — ^. 

Va^'  +  x^  -  X  2Vbc 

,  Vx'  +  a^  +  Vx""  -  a-     ,  |a*  +  l 

2.  Find  the  value  of     ,  ,  when  x  =  ^      „     . 

\/ x^ -^  d'-y/ x'  -  a^  >     2 

„    _    ,    ,         ,         ^aa;  +  l+V^^^     ,  ? ^^' 

3.  Find  the  value  of ,  when  x=    ,—- — r-. 

/r-                       ,        ,    ,     1             1      u            3  +  V5 
^  4.  Find  the  value  of  x-  +  — ,  +  a;  +  -  when  x  = ^r . 

x^  X  2 

ix  -\-  4  / — 

5.  Find  the  value  of  .  j- 7  when  a;  =  4v  2. 

\a;  -  4 

6    Given  Vs"  =  1.7320508,  find  the  value  of — . 

2  +  V3 

l+x                 1-x  .  VS 

7.  Find  the  value  of -===  + ,  when  a;  = 


1  +  Vl  +a:     1  +  Vl  - 


x 


2 


l+x  l-x  ,  V'3    I 


8.  Find  the  value  of '         + ; when  x  = 


1  +  Vl  +  Jc  s  1  -  Vl  - 


X 


2 


Wd'  +  x^  +  Vd'-x^     ,  2a 

9,  Find  the  value  of     ,         ,  when  x  =  -— :. 

Va^  +  x^-Va'-T'  V5 

10    li2m  =  x+  - ,  2y  =  y  +     ,  find  the  value  of 
X  y 

mn  +  VCm'-  !)('*''  -  1)  i"  terms  of  x  and  y. 

2«c      „    ,  ,.         ,        f  Va  +  bx  +  Va-hx 
6(l+c')  V  a  +  Ax  -  V  a  -  6a; 


IMAGINARY   EXPRESSIONS.  209 
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243.  The  square  root  of  a  positive  quantity  may  be  positive  or 
negative.  For  (  +  a)  x  (  +  a)  =  a^ ;  also  (  -  a)  x  (  -  a)  =  o^;  there- 
fore y/a^  =  ±a.  As  both  ( +  a)'  and  (  -  af  are  positive  it  is  easily 
seen  that  the  squai'e  root  of  -  a^  cannot  be  either  +  a  or  —a. 
Such  an  expression  as  a/  -  «^  is  therefore  called  an  impossible,  or 
imayinarij,  expression.  We  mean  by  an  imaginary  expression 
one  which,  if  raised  to  an  even  power,  will  give  a  neyative  ex- 
pression.    All  other  expressions  are  said  to  be  real. 

244.  All  imaginary  square  roots  may  be  made  to  take  the 
same  alsrebraic  form. 


Thus  V  -a''  =  Va^>^{-l)  =  aV  -\; 


V  -  .T  =  V  a;  X  (- 1)  =  ViV  -  1. 

245.  The  beginner  should  note  carefully  such  results  as  the 
following : — 

(1)  V^  X  \/^=  -  1,  i.e.,   {V~^f=  -  1. 

(2)  (V^f-  (V^)-  X  (V^)  =  ( -  1)  X  V^  =  -  V^\. 

(3)  {V^'^iV^y  X  (\/TT)'-'=,(  _  1)  X  (-  1)=  -f  1 

Generally,  V  —  1  raised  to  an  even  power  is  rational,  to  an  odd 
power,  imaginary. 

If  the  power  is  even  ^nd  a  multiple  of  4  the  result  is  positive ; 
if  even,  and  liot  a  multiple  of  4,  it  is  negative. 

Ex.  1. — Express  V  -  4  in  the  form  of  aV  -  1. 
V^l  =  \/4x  -  1  =  2V~^. 
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Ex.  ^.—Simplify 

V  -S 

riince       V^  =  W^  and   V^  =  V'3.V^, 

V-3    VsV-i    Vi 

Ex.  5.— Multiply  Vs  +  V^  by  V^  -  V^. 
{V~5  +  V^^)  X  (\/ 6  -  V^) 

=  ^30  +  6^^-  Vib.  V^  +  V^ 

=  \/30  +  (6  -  ViO)  V"^  +  Vis 
=  VSO  +  (6  -  2\/l0)  V^  +  W3. 

Ex.  ^.—Multiply  a  +  V^  by  a-V^. 
{a  +  V^){a  -  V^)  =  «'  -  {V^f  =  a-  -  (  -  1)  =  a=  +  1. 

EXERCISE    LXXVII. 

Express  in  the  form  of  aV  -  1, 


1.  V/-625,  V  -  25,  \/-81,  A/-144,   V-0\ 


2.  \/^T6,  V^^ei,  V-9a:«,  V-8lm\ 
Find  the  value  of 

3.  (V^r,  {V^)\  {V^y,  {V^y*,  {V^r. 

Add  together 
4.  ^^25,    V^^l9,    V/^^T2T,     -V^^. 
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5.  b  +  V^^lQ,  3-V^,  S  +  V^. 

Multiply 


7.  \/  -  16  X  V  -  9,   \/  -  25  X  \/  -  49,  V  -  9/  x  V  -  16««. 

8.  (3  +  5\/'^)x(4-7V^),  (3x  -  8V^)  X  (3a;  +  3 V^). 

9.  {2a  +  3bV^)x(c-dV^),   (m  +  bV^)  x  {n  -  bV^). 


Divide 

^°-  v^- 

X        V-x"        b         V  -  lOar' 
V -X    V  -X    V-b'^'     V -5x 

11     Tf  rr 

12.  Ifa;  =  - 

-V-3 

— ^ find  the  value  of  a;-  -  a:  +  1. 

13.  Simplifj 

I7  +  V-S     8  +  3V-S     4(2 -V- 3) 
[2-\/-3      2+V-3          1-V-S 

14.  I£x  =  - 

l+\/-3       .         _i_V_3 
2           andy-           ^         - 

prove  x*  =  2/  and  y-  =  x. 

CHAPTBK    XIV. 


SIMPLE  EQUATIONS  INVOLVING  SURDS. 

246.  When  an  equation  involves  one  or  more  surd  expressions 
it  may  frequently  be  solved  by  a  process  called  clearing  of  surds. 

247.  If  an  equation  contains  but  one  surd  the  radical  sign  can 
be  removed  by  bringing  the  surd  to  one  side  of  the  equation  and 
the  remaining  terms  to  the  other,  and  then  raising  both  sides  to 
the  power  indicated  by  the  radical  index. 


Ex.  1.— Solve  V^x^  +  Sx-l6  =  2x  +  2. 

Squaring  both  sides, 

4a;2  +  3x-16  =  4a;2  +  8x  +  4; 

.'.    -5a:=  —  20  or  a;  =  4. 


Ex.  2.  —Solve  Vx^  -  9  +  a:  =  9. 


Transposing,  Vx^  -  'J  =  9  -  a; 

Squaring,  a:»- 9  =  81  -18.c  +  .t». 

.-.  18a;  =  90  or  a:  =  5. 

248.  When  two  quadratic  surds  occur  in  the  equation  the 
clearing  of  surds  may  be  accomplished  by  bringing  one  surd  to 
one  side  of  the  equation  and  all  the  other  terms  to  the  other, 
and  then  squaring  both  sides.  There  may  still  remain  one  surd, 
which  can  be  removed  by  the  method  of  the  preceding  articla 


SIMPLE    EQUATIONS    INVOLVING    SURDS.  213 


^^.  i.— Solve  \/x  +  4  +  V'x+15  =  ll. 


Transposing,  Vx  +  15  =  11  -  V.c  +  4 


Squaring  both  sides,  a;+15  =  121-  22V JC  +  4  +  a:  +  4. 

Transposing,  2  2  VxTi  =  110; 


.-.    V.V  +  4:  =  5. 
Squaring  again,  x  +  4  =  25 ; 

.-.  x  =  21. 

Sometimes  it  is  more  convenient  to  keep  both  surds  on  one 
side  and  take  all  the  other  terms  to  the  other  side. 

Ex.  ^.— Solve  Vx  +  l  -  Vx^i  =  4, 


Squaring,        a:  +  4  +  a;-4  +  2Vx'^  -  16  =  16. 


Simplifying,  V-t'  -  16  =  8  -  r. 

Squaring  again,  x^  -  16  =  64  -  \6x  +  x^. 

.'.  16^  =  80  and  x  =  5. 


„     ^      c  ^       v/l2.r+l  +  \/l2x     ,„ 

^:r.  5.— Solve  — =~ — =18. 

\/12.c  +  1-a/12x 


\/l2a;+l  +  V'l2x     18 
Vi2x+l-Vl27c~  1  ' 

Therefore,  adding  numerator  and  denominator  of  each  fraction, 

and  dividing  by  difl'erence, 


2\/l2x+l_19 
2VT2i    ~17 

|l2a;+l      19 
\    12a;    ~17' 

Q         .,,,.,  12.r+l     361 

Squaring  both  sides,  ^^x    =  289 * 


or 


214  SIMPLE   EQUATIONS   INVOLVING   SUKDS. 

Dividing  ntunerators  by  denominators, 

''"12a;        "^289* 

Simplifying,  —  =  _ 

289 
and  x  = . 

864 

Ex.  4.— Solve  Vx  +Vx  +  3  =  —=^. 

Vx  +  3 

Multiplying  through  by  the  denominator  V'x  +  3, 

Vx{x  +  3)  +  x  +  3  =  5. 

Transposing,  X^x^x  +  3)  =  2—x. 

Squaring  both  sides,  x'  +  3x  =  i  -  ix  +  x\ 

.*.  7.r  =  4  or  x=  -. 

7 

249.  Sometimes  when  the  equation  contains  three  quadratic 
surds  it  assumes  the  form  of  a  simple  equation  after  clearing  of 
surds.  In  such  cases  to  clear  .of  radicals  we  employ  the  same 
methods  as  for  equations  containing  one  or  two  surd  expressions. 


Ex.  i.— Solve  Vx-5  +  Vx  +  5  =  Vix  -  6. 
Squaring  both  sides, 


X-5  +  X  +  5  +  iV^  -  25  =  4a;  -  6. 
Simplifying  and  transposing, 


2  Va;»  -  25  =  2x  -  6 

or  ^^-  25  =  a;-3. 

Squaring  again,  «*  —  25  «■  a;*  -  6jr  -  9. 

.-.  6j;-34  or  ar-5j. 
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Ex.  ^.— Solve  VxT'^  +  VxT^  =  ^Vx. 
Squaring  both  sides, 


Simplifying  and  transposing, 


2V  x^  +Ux  +  2i  =  1x  -\\. 

Squaring  again,         4x^  +  44.r  +  96  =  4a;'*  -  44j;  +  121. 

25 

.-.  88x  =  25  or  x  =  —  . 
oo 


EXERCISE    LXXVIII. 
Solve  the  following  equations: — 

1.  2VxT5  =  V28.  2.  3A/4.r-8  =  Vl3x-3. 

3.  4  =  2\/x-3.  4.  5-3^^=4. 

5.  9+1\/^=ll.  6.  6-3\/^  =  4. 

7.  ll-4\/5^  =  9.  *       8.  7  +  2v^3^=5. 


9.  V^  +  9  =  5\/.r  -  3.  10.  2j;-8  =  V4j;2-12a;+32. 

ai.   a/.^^- Vx-4-1.  12.   \/ar+15  +  V^=15. 


13.  Vx-\Q  +  Vx=^.  14.  Vx-5  +  V'j;  +  7  =  6. 


15.  V'.i-l+'N/a;- 4-3  =  0.  16.  Va;  -  1  =  3  -  a/.i- +  4. 

3g  90 

17.  Vx+Vx-^=    , .  18.  y/x-\-l  +  \/x=            ■ 

V.f-9  V.r  +  7 

_         105  — fi 

19.  Va;-15  +  A/a;=— .=.  20.   'V/x+Vx-4  =  — -_^=. 

Vjj-IS  Vjr-4 
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35  „^    Vx-?,     Vlc+l 


21.  Vx  +Vx-2\=—^.  22        _  _ 

Vx  Vx  +  3     A/a;-2 

93    ^^-8_  V^-4  VJ+16     \/7+32 

'  \/^-6     V^+2*  ■  Va;"+  4      \/^  +  12" 

25.  1±:^^  =  3.  26.  ?^i^^^^^2. 
l-Vl-:r  3a;  -  Via;  +  a;'^ 

27.  VxT~l  +  '\/.r  +  1 6  =  2a/^c  +  25. 


28.  V4a  +  a;  =  2\/6  +  .r-'\/.c.      29.  Vi  +  .-r  +  V.f  +  1  =  2\/a;  -  2. 
30.  V4x  +  5-\/7=\/xT3.        31. ■  + 


Va;+i     Va;-1     V^'-l 


32.  \/(a;-a)-  +  2ai  +  6"''  =  x-a  +  6. 


33.  V(.r  +  a)2  +  2a6  +  62  =  6  -  a  -  :r. 

34.  a;*-j-(i;-9)*=36(.c-9)"^.    35.  (12+.r)^ +.i;*  =6. 
36.  (.r-3)*+a;^=-i— .  37.  a-*  -  (^V  =  (a  +  x)^ 


38.  -:^iz^  =  -y±t4,.       39.  -^L  =1  ^^^^  -  1 


40. 


2-Vl+a;     2  +  V\-x  Vbx  +  1  2 
I_ 1 _2x 

i  +  vr^   i-Vi"r"a.~9* 


2  2 

41.     ; 4- -=r==X  +  b. 

X  +  V2  +  X'    X-V2  +  X'' 

.«  5  5 

42.  7=+ 7T==x  +  8. 

x  +  V^+x*     x-V^i  +  x'^ 


43.  1/40  +  *  + Va  +  «-2V«  +  2tf. 


CHAPTEE   XY. 


SYMMETRICAL    EXPRESSIONS. 

250.  An  expression  is  said  to  be  symmetrical  with  regard  to 
any  number  of  letters  when  its  value  is  not  altered  by  inter- 
changing any  two  of  the  given  letters.  Thus,  if  we  interchange 
a  and  h  in  ab,  a  +  h,  a^  +  ah  +  h^,  {x-a){.r-b),  we  get  ba,  b  +  a, 
l,'i^l,a  +  a\  (x  -  b)(x  -  a).  But  tliese  are  the  same  expressions  as 
before;  they  are  therefore  said  to  be  symmetrical  with  regard  to 
a  and  b.  If  in  the  last  expression  we  interchange  a  and  x  we 
get  (a  -  x){a  -  b),  which  is  not  the  same  as  before;  it  is  therefore 
not  symmetrical  with  regard  to  a  and  x. 

Again,  a  +  b  +  c,  a^  +  b'^  +  c^  —  ab-bc-ca,  {x-a){x  —  b)[x-c)  are 
unaltered  by  interchanging  any  two  of  the  letters  a,  b,  c;  these 
expressions  are  therefore  symmetrical  with  regard  to  the  three 
letters  a,  b,  c. 

Similarly,  expressions  may  be  formed  which  are  symmetrical 
with  regard  to  four  or  more  letters,  but  we  shall  confine  our  at- 
tention chiefly  to  those  formed  from  three. 

251.  The  simplest  form  of  a  symmetrical  expression  is  the  sum 
or  the  product  of  the  letters  involved,  thus  a  +  b  +  c  or  abc.  If 
one  tei'm,  involving  one  or  more  of  the  letters,  be  given,  the  re- 
maining terms  necessary  to  form  a  symmetrical  group  can  be  at 
once  written  down  by  using  all  the  letters  in  the  same  way;  thus 
if  a^  be  the  given  term,  a^  +  b^  +  c^  is  the  group  required.  Simi- 
larly from  —  a/>  we  write  -ab  —  bc  —  ca;  from  a?b  we  write  a'-ljj  +  c) 
+  b-{c  +  a)  +  c'^{a  +  b)  to  complete  the  symmetry.  In  the  latter  ex- 
ample we  are  given  the  square  of  one  letter  into  the  first  power 

15 
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of  another;  therefore  to  complete  the  symmetry  we  must  have 
the  square  of  each  into  the  first  power  of  each  of  the  others.  If 
two  or  more  terms  be  given  we  can  complete  the  symmetry  by 
writing  a  group  as  before  from  each  term ;  thus  from  a^  -  he  we 
write  a'^+h'  +  c'^—ah-t/c--ca.  But  from  abi-hc  we  should  only 
write  one  group,  viz.,  ab  +  bc+ca,  because  the  two  given  terms 
belong  to  the  same  symmetrical  group. 

A  symmetrical  group  of  terms  is  evidently  homogeneous. 

252.  If  two  or  more  symmetrical  expressions  be  combined  in 
any  way  by  addition,  subtraction,  multiplication  or  division,  or 
if  a  root  be  extracted,  the  result  in  any  case  will  be  symmetrical ; 
for  if  two  letters  be  interchanged  in  the  given  expressions  the 
same  letters  will  be  interchanged  in  the  result,  and  since  the 
given  expressions  are  unchanged  the  result  will  be  unchanged, 
i.e.,  it  will  be  symmetrical. 

253.  The  product  of  two  homogeneous  expressions  will  evi- 
dently be  homogeneous  and  of  a  number  of  dimensions  equal  to 
the  sum  of  the  dimensions  of  the  factors,  since  each  term  of  the 
product  is  formed  by  multiplying  two  terms,  one  being  taken 
from  each  factor.  Similarly,  the  quotient  of  two  homogeneous 
expressions  will  be  homogeneous,  and  of  a  number  of  dimensions 
equal  to  the  difference  between  the  dimensions  of  the  dividend 
and  the  divisor. 

This  Art.  and  the  precedin'^  are  of  great  assistance  in  testing 
the  accuracy  of  algebraical  work  ivnd  in  remembering  the  factors 
of  algebraical  expressions. 

254.  Many  expressions  which  have  not  the  perfect  symmetry 
described  in  Art.  250  are  still  unaffected  by  particular  inter- 
changes of  the  letters  involved.  For  example,  the  expression 
(ax  -  bi/Y  -  (ay  -  bzf  is  unaltered  by  interchanging  a  and  x,  pro- 
viding we  at  the  same  time  interchange  h  and  y ;  or  we  may  in- 
terchange a  and  b  providing  we  also  intercliahgo  x  and  ;//.  Again, 
the  expressions  a'b  +  l^o-^o^a  and  (a-b)(b-c)(c-a)  remain  the 
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same  if  we  change  a  into  5,  h  into  c,  and  c  into  a;  but  if  we  inter- 
change any  two  letters  the  latter  expression  has  the  same  numeri- 
cal value  as  before,  but  of  the  opposite  sign,  while  the  former 
expression  is  entirely  different.  'Expressions  like'  the  latter  are 
sometimes  called  Alternating  Expressions.  Expressions  which 
are  unaffected  by  a  series  of  changes  similar  to  that  just  given 
are  of  the  greatest  importance,  and  the  greater  portion  of  this 
chapter  is  devoted  to  their  consideration. 

255.  We  shall  now  explain  tlie  formation  and  investigate  the 
properties  of  the  particular  class  of  symmetrical  expi-essions  re- 
ferred to  in  the  preceding  Art. 

Place  any  tliree  letters,  a,  />,  c,  on  the  circumference  of  a  circle ; 
then  in  passing  around  the  circle  they  will  be  found  in  the  order 
of  one  of  the  three  groups,  ahc,  bca,  cab.  No  other  order  is  possi- 
ble so  long  as  we  pass  around  the  circle  in  the  same  direction, 
and  each  group  is  derived  from  the  preceding  by  changing  a  into 
b,  b  into  c,  and  c  into  a.  Similarly,  if  any  expression  whatever 
containing  one  or  more  of  these  letters  be  written  down,  two 
others  may  be  derived  from  it  by  the  same  series  of  changes. 
Thus  from  x  +  a  we  get  x  +  b  and  x  +  c. 

"  a-b  we  get  b  —  c  and  c-a. 

"  a-{b  -  c)  we  get  6^(c  -  a)  and  c-{a  -  b). 

•*  {b-  c){x  -  a)  we  get  (c  -  a){x  -  b)  and  (a  -  b){x  -  c). 

256.  Similarly,  from  x  +  i  we  get  x  +  c  and  x  +  a;  from  c'^{a  -b) 
we  get  a?ib  -  c)  and  b'^{c  -  a),  etc.  Thus  from  any  one  of  the  three 
expressions  the  other  two  may  be  obtained  by  the  same  series  of 
changes,  the  expressions  following  each  other  in  the  same  way 
as  a,  b,  c  follow  each  other  on  the  cii'cle.  If  now  we  form  a 
compound  expression  by  taking  the  sum  or  the  product  of  the 
three  expressions  so  obtained,  it  will  remain  unchanged  when  a 
is  changed  into  b,  b  into  c,  and  c  into  a,  just  as  a  +  b  +  c  =  b  +  c  +  a 
or  abc  =  bca.  For  example,  (a  -  b){b  -  c)(c  -a)  =  [b-  c){c  -  a)(a  -  b) ; 
a^b  -c)  +  b\G  -  a)  +  c\a  -b)  =  b\c  -a)  +  c\a  -b)  +  a%b  -  c),  etc.  In 
these  examples  the  letters  are  said  to  be  written  in  circular  order, 
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and  the  expressions  so  formed  are  said  to  be  symmetrical  in  circu- 
lar order,  to  distinguish  them  from  those  which  are  perfectly 
symmetrical. 

257.  The  orderly  manner  in  which  the  letters  of  symmetrical 
expressions  follow  each  other  enables  us. to  transform  or  simplify 
such  expressions  without  writing  down  alt  the  terms  which  com- 
pose them.     This  will  be  understood  from  the  following  examples: 

Ex.  1. — Arrange  in  powers  of  x  the  expression 

c{x  —  a)(^x  —  h)  +  a{x  -  b)(x  —  c)  +  h{x  -  c)(x  —  a). 

We  observe  that  the  letters  a,  b,  c  in  the  successive  terms  follow 
each  other  in  circular  order.  Expanding  the  first  term  we  get 
c{x  —  a){x  -  b)  =  cx^  -  c{a  +  b)x  +  abc. 

The  coefficient  of  x^  is  c;  in  the  next  term  it  will  be  a,  and  in 
the  next  b/  hence  the  coefficient  of  a:^  in  the  result  is  a  +  b  +  c. 

The  coefficient  of  x  is  -(bc  +  ca);  in  the  following  terms  it  will 
be  —(ca  +  ab)  and  —(ab  +  bc);  hence  the  coefficient  of  x  in  the 
result  is  -2(ab  +  bc+ca). 

From  abc  we  know  we  shall  get  bca  and  cab  in  the  following 
terms. 

The  whole  result  is  therefore  (a  +  b  +  c)x'^  -  2(ab  +  bc  +  ca)x  +  Zabc 

Ex.  ^.—Simplify  {a-b){b-c)-\-{b-c){c-a)-\-{c-a){a-b). 
{a  -  b){b  -  c)  =  a6  +  be —ca-  b\ 

From  ab  +  be  —  ca  we  learn  that  if  all  the  terms  were  expanded 
we  should  have  all  the  products  ab,  be,  ca  three  times  over,  twice 
with  the  positive  sign  and  once  with  the  negative  sign. 

From  —b"^  we  learn  that  we  should  have  the  s<]uare  of  each 
letter  taken  with  the  negative  sign. 

The  result  is  therefore  ab  +  be  +  ca  -  d^  -  b^-  c\ 

^  Ex.  S. — Find  the  value  of  z'  +  i/*  +  z''-xy  —  i/z-zx  in  terms  of 
a,  b,  c,  when  xn^a  +  b,  y=>b  +  c,  z^^c  +  a. 

This  expression  consists  of  two  parts,  each  symmetrical  in 
itself;  the  value  of  each  must  be  found  separately. 
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Now,  a;^  =  (a  + J)^  =  a^+i^  +  2o&,  from  which  we  see  that  we 
shall  have  all  the  squares  twice  over,  and  also  twice  all  the  pro- 
ducts, viz.,  2{a^  +  b"^  +  c^  +  ab  +  be  +  ca) ; 

And  xy={a  +  b)(b  +  c)  =  b^+ab  +  be  +  ea,  from  which  we  see  that 
we  shall  have  all  the  squares  once  and  the  products  three  times, 
viz.,  a'^  +  b^  +  c'^  +  3(ab  +  be  +  ca). 

Subtracting  this  result  from  the  former  we  get  tRe  final  result, 
a'^  +  b^  +  c'^-ab-  be- ea. 

An  easy  solution  may  also  be  obtained  by  writing  the  given 
expression  in  the  form  x[x-y)  +  i/(j/ -z)+z{z—x). 

Ex.  Jf. — Simplify 

{ax  +  by-  cz){ax  —by  +  cz)  +  (bx  -Vey-  az){bx  -cy-\-  az) 

+  {ex  +  ay-  bz)  {ex  —  ay  +  bz). 

{ax  +  by  —  ez){ax  -by  +  cz)=  {ax  +  {by  -ez)]{ax  —  {by  —  ez)} 
=  a  V—  b-y^  -  c^z^  +  2bcyz; 
.:  {a'^  +  b'^  +  c^){.v^-y'^-z-)  +  2{be-^ca  +  ab)yz  is  the  result  required. 

The  student  should  write  the  tenns  in  full  a  few  times  and 
carefully  observe  the  order  in  which  the  letters  follow  each  other 
until  he  can  write  the  required  result  from  examining  a  single 
term,  as  in  the  preceding  example. 

258.  The  three  following  combinations  of  letters  occur  so  fre- 
quently that  they  should  be  carefully  remembered : — 

1.  {a-b)  +  {b-c)  +  {e-a)  =  0. 

2.  e{a-b)  +  a{b-e)  +  b{c-a)  =  0. 

3.  {x-a){x- b){x -e)  =  x^ - {a  +  b  +  e)x^  +  {ab  +  bc  +  ca)x - abc. 

Simplify  EXERCISE   LXXIX. 

1.  (a  +  i)2-l-(/;  +  c)2  +  (c  +  a)l  2.  {a-bf+{b-cf  +  {e-a)\ 

3.  {a  +  b){b  +  c)  +  (i  +  c){e  +  a)  +  {e  +  a){a  +  b). 

4.  (a - b){b  -e)  +  {b-  e){c  -a)  +  {e-  a){a -  b). 
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5.  (a  -  b)(b  +  c)  +  {b-  c){c  +  a)  +  (c-a)(a  +  b). 

6.  {a  +  b){b-c)  +  (b  +  c){c-a)  +  (c  +  a)(a-b). 

7.  {a  +  b-cy+{b  +  c-ay  +  (c  +  a-b)\ 
•  8.  (a-b-cf  +  (b-c-ay  +  (c-a-by. 

9.  {a-b){a-hb-c)  +  (b-c)(b  +  c-a)  +  {c-a){c+a-b), 

1 0.  (a  +  b)(a -b  +  c)  +  {b  +  c){b  -c  +  a)  +  {c  +  a){c -a  +  b). 

1 1 .  (a-b)(ma  +  mb-nc)  +  {b~c)(mb  +  vic-na)  +  {c-a){inc  +  ma-nb). 
1  1  1 


12. 
13. 


(a  -  b){b  -c)     (b  -  c){c  -a)     (c  -  a){a  -  i)' 

a  b  c 

{a  -  b){a  -  c)  "^  (b-c){b-a)  ^  (c  -  a){c  -  by 


a  +  b  b  +  c  c  +  a 

14, -  +  - -  + 


15. 
16. 
17. 
18. 
19. 


(b-c)(c—a)     (c-a)(a  —  b)     (a  -  b)(b  -  cY 
(2a; -  y - zy  +  (2y  -z-xY  +  {2z-x-  yy 

(y  -  zy +{z-  xy  +  {X  -  yy         • 

x  +  y - z  y  +  z -  X  z  +  x  —  y 

{y-z){z-x)     {z-x){x-y)     {x-y){y-zy 

x+y  y+z  z+x 


(x^  -  yz){f  -  zx)     {y'  -  zx){z^  -  xy)     {z'  -  xy) [x"  -  yz) ' 

x-{y-z)      ^      VJz-x)      ^      z\x-y) 
{z  +  x){x  +  y)     {x  +  y){y  +  z)     {y  +  z){z  +  a;)* 

{(ax  +  by  -  (bx  +  u){cx  +  a)}  +  two  similar  terms 
[{ax  +  by  -  {ex  +  a){cx  +  b)]  +  two  similar  terms  * 


Arrange  in  powers  of  x 

20.  (ar  +  a)(a; + i)  +  (a:  +  b){x  +  c)  +  (a:  +  c){x  +  a). 

21.  {x-a){x  -  6)  +  (ar  -  h){x-c)  +  {x-  c){x  -  a). 

2  2.  c{x  -  a){x  -b)  +  a(x-b){x-c)  +  b{x-c){x-a). 
23.  c(x  -  a){x  +  b)  +  a{x  -  b){x  +  c)  +  b(x  -  c){x  +  a),  v 
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24.  {a-b){x-c)  +{b-c){x-a)  +{c-a){x~b). 

25.  (a-b){x-cf  +  {b-c)(x-ay  +  (c-a){x-b)\ 

26.  (a  -b){x-  cf  +  {b-  c){x  -  af  +  (c  -  a)(x  -  bf. 

27.  (a-b)(x-a){x-b)  +  {b-c){x-b)(x-c)  +  (c-a){x-c){x-a). 

28.  (a  +  6)(a;  +  a)(a;-/>)  +  (i  +  c)(i;  +  i)(j;-c)  +  (c  +  a)(x  +  c)(a;-a). 

29.  a{b-c){x-bc)  +b{c-a){x-ca)  +  c{a  -  b){x  -  ab). 

30.  a{b  -  c){x  -  bcf  +  b{c  -  a){x  -  caf  +  c{a  -  6)(.c  -  abf. 

If  2s  =  a  +  i  +  c  simplify  the  following: — 

31.  s{s-a)  +  {s-b){8-c).  32.  (s-a)2  +  (»-6)^  +  (s-c)'  +  ««. 

33.  (s - a){s - b)  +  {s - b){s -c)  +  {s-c){s-a)  +  8\ 

34.  a(s-a)  +  b{s-b)+c{s-c)  +  28\ 

35.  a{s-b){s-c)  +  b{s-c){s-a)  +  c{s-a){s-b)  +  2(8-a)(s-b){s-c). 

36.  (s-ay''  +  (s-6)2  +  (s-c)-  +  2(6^-«)(s-i)  +  2(s-6){s-c)  +  2(s-c)(s-a). 

37.  {s-ay  +  {8-bf  +  3{s-a){s-b)c. 

38.  (s-af+(s-6)3+(»-c)3  +  3f//>c. 

39.  s{(s-26)(s-2c)  +  (s-2c)(s-2«)  +  (s-2a)(s-26)  +  2s2} 

-{s-2a){s-2b){s-2c). 

Ii28  =  a  +  b  +  c  and  2aS'^  =  a''  +  6'  +  c^  show  that 

40.  a2(*S'«  -  «•')  +  i-(*S'2  -  b')  +  c-(,S'2  -  C-)  =  Ss(s  -  a)(s  -  i)(s  -  c). 

41.  {S^-a'XS^-b')  +  (aS^ -  b''){S^-c-)  +  {S'-c''){S^-a') 

=  4s(s  -  a)(s-  J)(s  -c). 

259.   Factor  a(h^-c')  +  b(c'-a'')  +  c{a^ -b% 

Removing  the  brackets,  adding  and  subtracting  6',  and  re 
arranging  the  terms,  we  get 

a(i2  -  C-)  +  b{c-  -  a^)  +  c(a2  -  b'-)  =  (a  -  &)(i'^  -  c^)' -  (a* -  /v^)(6  -  c) 

=  (a-i)(6-c){6  +  c-(a  +  i)} 
=  («-/;)(/> -c)(c- a). 
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By  changing  the  signs  and  rearranging  the  terms  the  given 
expression  may  be  reduced  to  either  of  the  following  forms, 
a\b-c)+h\c-a)+c\a-h), 
ab(a—b)  +  bc{b  -  c)  +  ca[c  -  a), 
whose  factors  are,  therefore,  known  to  be   —(a-b)(b-c){c-a). 
The  three  forms  of  this  example  should  be  carefully  noted  and 
used  in  working  the  following  exercise.     By  their  use  a  large 
number  of  the  examples  may  be  solved  mentally.     Similar  re- 
marks apply  to  Exercises  LXXXI.-LXXXV. 

^..^Sxmphfy  ^Zi;y^ZV)tib-c){b-a)Uc-a)ic-by 

We  observe  that  the  terms  of  one  factor  in  each  denominator 
are  the  reverse  of  the  regular  circular  order;  we  therefore  take 
-  (a  -  b){b  -  c){g  -  a)  for  the  L.  C.  M.  of  the  denominators.  Re- 
ducing the  fractions  to  the  L.  C.  D.  we  get  (b  -  c){x  ■{- ay  for  the 
first  numerator,  and  we  know  that  the  other  numerators  may  be 
obtained  from  this  by  the  usual  interchange  of  letters.  Then 
(b  —  c){a?-^  lax  +  a?)  =  (6  -  c)x?  +  2a(b  —  c)x  +  a-{b — c),  from  which  we 
see  that  when  the  sum  of  all  the  numerators  is  taken  the  terms 
involving  x"^  and  x  will  vanish.     The  sum  of  the  given  fractions, 

,       ^         .    a^(b-c)  +  b\c-a)+cXa-b)     ,      , 

therefore,  is / t-^-t — — ^-- =  1,  the  result  required. 

-  (a  -  b){b  -  c){c  -a)  ^ 


Simplify 

a(b  +  c)  b(c  +  a)  c(a  +  b) 


(c  -a)(a-  b)     (a  -  b){b  -  c)     (b  -  c){c  -  a) ' 

o»  i»  c" 

2.    : r- T  +  T. s-r. r  + 


(a -  b){a  -c)     {b- c)(b  -a)     (c  -  «)(c  -  b)' 

ab  be  ca 

(a  -  c){b  -  c)'*'(6T^(c-  a)"*'(c  -  b){a  -  b)' 

a*  -  be                b^  -  ca  c'  -  ab 

i.  z :: r:  +  : — ^ttt, r  + 


(o  -  o)(tt  -  6)    (a  -  b){b  -c)    {b  -  c){o  -  a)' 


5. 
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X  -  a  x  —  b  x  —  c 


a{a-b){a-c)     b{b-c){b-a)     c{c-a){c-b)' 

(x-af  {x-bf  (x  -  cf 

{a -  b){a  -  c) ^{b-  c){b  -  a)^ {c  -  a){c  -  b)' 

(x  -  a){x  -  b)     (x  -  b){x  -  c)     (x  -  c)(x  -  a) 
{a  -  c){b  -  c)  ^  (6  -  a)(c  -  a)  ^  (c  -  b){a  -  b) ' 

a^(x-b)(x-c)     b\x-c){x-a)     c'^(r-a)(x-b) 
■   "(a-bXa-cy^Jb-cXb-a)"^   ^c-a){c-b)  ' 

bc{x  -  ay  ca(x  -  by  ab(x  -  c)^ 


(a-b){a-c)     (b-c){b-a)     (c-a){c-b)' 

^^    {l+ab){\  +  bc)  ^  (l+6c)(l+m)  ^  (l+ca)(l+a&) 
(a  -  b)[b  -  c)         (6  -  c){c  -a)        (c  -  a)(a  -  b) 

a  -  b     b  -  c    c  -  a    (a  —  b){b  -  c){c  —  a) 
'  a  +  b  .  b  +  c    c  +  a     {a  +  b){b  +  c)(c  f  a)' 

(ax  +  b){bx  +  c)icx  +  a)  -  (ax  +  c){bx  +  a)(cx  +  b) 
(ax  +  bf  +  {bx  +  cy  +  {ex  +  af  -  {ax  +  cf  -  {bx  +  af  -  (ex  +  b) 

13.    ,_,^-,..^-^^H.  * 


{a-b){a-c){x-a)     {b-c){b~a){x-b)     {c-a){c-b){x-cy 


a^  b^ 


(a-6)(a-c)(j;-a)     (6-c)(6-a)(a;-6)    (c-a)(c-6)(a;-c)" 

260.  ^x.  i.  a(63-c3)  +  ^'(c3-a»)  +  c(a'-i!') 

=  (a-i)(i''-c=')-(a'-i')(6-c) 

=  {a-b){b-c){b^  +  bc  +  c''-{a^  +  ab  +  b^)} 

=  {a-b){b-c){c-a){a  +  b  +  c). 

Similarly,  by  rearranging  the  terms  as  in  Art.  259,  the  factors 
of  the  first  two  examples  in  the  following  exercise  may  be  ob- 
tained . 

Hx.  ^.—Simplify 

{a  +  b){a  +  c)  {b  +  c){h  +  a)         (c  +  a)(c  +  b) 


bc{a-b){a-c)     ca{b-c){b-u)     ab{c  -  a)(c  -  bY 
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The  L.  C.  M.  of  the  denominators  is   -ahc(a-b){b-c){c-a). 
Reducing  to  the  L.  C.  D.,  the  first  numerator  is 

a(b  —  c){a  +  b)(a  +  c)  =  a{b -  c){ofi  +  ah-{-bc  +  ca) 

=  a\b  -  c)  +  {ab  +  bc  +  ca)  [a{b  -  c)}. 

Now,  the  numerators  of  the  other  fractions  may  be  obtained 

from  this  by  the  usual  change  of  letters;  and  by  separating  the 

expression  into  two  parts  as  above  we  see  that  the  second  part 

will  vanish,  because  ab  +  bc  +  ca  remains  constant  and  a{h  -  c) 

+  b{c  -  a)  +  c{a  -  b)  =  0.     The  numerator,   therefore,   reduces  to 

a\b  -c)  +  b^{c  —  a)  +  c\a  -  b),  and  the  whole  of  the  given  expression 

a  +  b  +  c 
reduces  to  — ; — . 

abc 

EXERCISE   LXXXI. 

1 .  Factor  a\b  -c)  +  b\c  -  a)  +  c\a  -  b). 

2.  Factor  ab{a^  -  b"")  +  bc{¥  -  c")  +  caic"  -  a-). 

Simplify 

a{b'^  +bc+  c^)     b{c'  +  ca+  a")    c{a''  +  ab+  b"^) 
^'  (c  -a){a-b)'^ (^r^){b  -c)'^{b-c){c-ay 

ab{a  +  b)  bc{b  +  c)  ca{c  +  a) 

(a  -  c){b  -c)'^{b-  a}{c  - «) "^ (c  -  b)(a  - b)' 

a}                          W                           c* 
5    .^ I , 

bc(a  -  b)[a  -  c)     ca(l)  -  c){b  -  a)     ab(c  -  a){c  -  b) 

a"  b^  c" 

^'  (^^=^ -"6) "^ (a  -  b){b  -c)'^{b-c){c-a)' 

a(a-^h){a-irc)     b(h  +  c){b  +  a)    c{c  +  a)(c  +  b) 
^'    {a-b){a-c)"^\b-c){b-a)  ^  {c-a){c-b)  ' 

(a  +  b)(x-a){x-b)    (b  +  c){x -  b)(x  -  c)    {c  +  a)(x-c)(x -a) 
®-        (^^(6^^       ■*■      {b-a){c-a)      ^       {c-b){a-b)      ' 

_(x-a)'  {x-bf  (x-cy 

{a-b){a-c){b-c){b-a)    {c-a){o-b)' 
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(1  +  a%){l  +  a'c)     {l+b'c){l+b^a)     (1  +  c^a)(l  +  c%) 
{a-b){a-c)     ^     (b-c){b-a)      "^     {c-a){c-b)     ' 

b+c-a  c+a—b  a+b-c 


12. 


(b+c){c-a){a-b)     (c  +  a){a  -  b){b  -  c)     (a +b){b-c){c~ay 

(b  +  c- 2a){c  +  a-2b)    (c  +  a-  2b){a  +  b- 2c) 

(c-ay 


{a  +  b-2c){b  +  c-2a)' 

(ax  +  b)*  +  (hx  +  c)*  +  (ex  +  a)*  -  (ax  +  c)*  -  (bx  +  a)*  -  (ex  +  b)* 
■         [a'x  +  U')(b-x  +  c-)(g''x  +  a')  -  (a'x  +  c-)(b-x  +  a?)(c^x  +  b')       ' 

24    (a-a:)(a-?/)(a-g)  ^  (b  -  x)(b  -  y)(b  - z)  ^  (c  -  x)(c -y)(c-z) 
(a  —  b)(a-c)  {b-c)(b  —  a)  (c-a)(c-b) 

a2_j2     J2_^    c^-a^ 

15.  Solve  the  equation, 1 1- r  =  0. 

x-c      x—a      x-b 

261.  Ex,  1.  a(b'-c')  +  b(c*-a'^)+c{a*-b*) 

=  (a-b)(b'-c*)-(a*-b*)(b-c) 

=  (a-b)(b-c){b'  +  b''c  +  bc''  +  c^-(a^  +  a^  +  ab^  +  l/')} 

=  (a  -  b)(b  -  c)(c  -  a)(a?  +  6*  +  c*  +  a6  +  6c  +  ca). 

Ex.  2. — Solve  the  equation, 

{a-b)(x-cf  +  (b-c)(x-aY^(c-a)(x-bY 

=  &{(a-b)(cx  +  yf-V(b-c)(ax+yf  +  (c-a)(bx  +  yy]. 

(a  -  b)(x*  -  icx'^  +  6cV  -  4c«.2;  +  c*)  +  &c. 

=  6  {(a  -  i)(cV  +  2cxy  +  y"-)  +  kc.]; 

-ix{<^(a-b)^&ic.)  +  {c\a-b)-\-&ic.]=^0; 

_     c\a -b)  +  a*(b-c)  +  b*(c  -  a)     _a^  +  b-  +  c-  +  ab  +  bc  +  ca 
^  ~  A{c\a  -b)  +  a\b  -  c)  +  b\c  -  a)]  ^(^mT +1)  ' 

In  the  above  the  coefHcients  of  a;*  and  of  a^  vanish,  those  of  a? 
on  the  two  sides  are  equal,  and  those  of  xy  and  y"-  on  the  second 
side  vanish,  leaving  the  result  as  given. 
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EXERCISE   LXXXII. 

1.  Factor  a*(b-c)  +  b\c-a)  +  c\a-by 

2.  Factor  abiw"  -  6^)  +  ^»c(i'' -  c^)  +  ca{c''  -  a% 
Simplify 

a*  5*  c* 


(a  -  b){a  -c)^{b-  c){b  -a)     (c- a){c -  b)' 


(c2 -  a^yia'  -  b"^    {a?  -  b''){b^ -  c")    (b'  -  c^c'-d')' 

^       a'^  +  ab  +  b^  b^  +  bc  +  c'^  c'^  +  ca  +  a^ 

Q I I 

c{c-a){c-b)     a{a-b){a  —  c)     b{b-c){b-a)' 

.       a-(a  +  b)(a  +  c)     b^(b  +  c)(b  +a)    c\c+a){c+b) 
{a  —  b){a  —  c)        (b  —  c)[b-a}        {c-a){c  —  b) 

7.  ""^  *' 


{a-b){a-c){b+c)     (b  -  c){b  -  a){c  +  a)     {c  -  a){c  -  b){a  +  b)' 
o^ix-aY     ^      b'(x-by-  c%x-cf 


{a-b){a  —  c)     {b-c){b-a)    (c  —  a)(c-b)' 
a{x  -ay      _       b(x-  by  c(x  -  c)^ 


10. 

11. 
12. 


{a-b)(a-c)     {b-c){b-a)     (c-a){c-by 
(a -by  (b-cy 


{b  +  c-2a){c  +  a-2b)     {c  +  a-2b){a  + b-2c) 


{a  +  b-2c){b  +  c-2ay 
(q'g  +  by  +  (Px+cy+ (c^x  +  ay  -  (a?x  +  c)'  -  (b^x  +  a)'  -  (c^x  +  by 
{a?x  +  by  +  {b''x  +  cy + {c'x  +  ay  -  {a?x  +  cy  -  (iVf^)«-(c«a;  + 6)'* 
{aH  -  by  -j-jb^x-  cy  +  (c^x  -  ay  -  (a'^x  -  c)»  -  (b^x  -  a)»  -  (c^x  -  by 

{a*x + cy  +  {b*x + ay  +  {c*x+ by  -{a*x+ by  -  {b*x +cy-{c*x+ay  ■ 

Solve 

13.  {a-b){x-cy+{b-o){x-ay+{c-a)(x-by^O. 

14.  {a-b){x'c)(x-<^)  +  {b-c){x-a)(x-a')+(c-a){x-b){x-b')^0. 

1 5.  e'ia  -b){x-  c»)  +  a\b  -c){x-  a»)  +  b\c  -a)(x-  i«)  -  0. 
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262.  —Ex.  a^b"  -  c^)  +  b\(^  -  a^)  +  cXa'^  -  V^ 
=  (a'  -  b^){b^  -  c»)  -  (aS  -  6')(//  -  c') 

=  (a  _  b){h  -  c){(a  +  b){p  +  6c  +  c")  -  {a?  +  ab  +  b^(b  +  c)} 
=  (a  -  b)[b  —  c)(c  -  a)(ab  +  bc  +  ca). 

Similarly  the  first  two  examples  in  the  following  exercise  may 
be  factored. 

EXERCISE   LXXXIII. 

1.  Factor  a^b""  -  c^)  +  bXc"  -  a?)  +  c\(r  -  b""). 

2.  Factor  a^b'^a  -  b)  +  b'^c^b  -  c)  +  c''d\c  -  a). 

Simplify 

a^(b  +  c)  b^lc  +  a)  c^la  +  6) 

3.  •; \r-, — - —  +  T, — \,.  +  ■ 


{a-b){a-c)     {b—c){b-a)     (c—a){c  —  h) 
a(b^  +  be  +  C-)        b{c^  +  ca  +  a')       c{a^  +  ab  +  P) 


bc{c  -  a){ti  —  b)  cu[a  —  b)(b  —  c)  ab{b  —  c){c  —  a) 

ab  be                          ca 

d(a  -  c){b  —  c)  'a{b  -  a)(c  -  a)  b{c  -  b){a  -  b)' 

a?  b^ 


(a  -  b){a  -  c){a  -  x)     {b  -  c){b  -  a)(b  -  x)     {c  -  a)(c  -  b){c  -  x) 


(x  -  a){x  -  b}(x  -  c)' 
ab(a  +  b)  bc(h  +  c)  ca(c  +  «) 


(6  -c){c- a)(x -c)     (c - a){a - b){x -a)    (a- b){b - c)(x -  6) ' 

ab(a  -  b){a^  +  ¥)  +  hc{b  -  c){P  +  c-)  +  ca(c  -  a){(?  +  «-) 
a?lr{a  -  b)  +  iV-(6  -  c)  +  c'd'{c  —  a) 

ab(a-b)(a^+b^-2c^)  +  bc(b-c){b^  +  c'-2a^)  +  ca{c-a)((r'  +  a^-2b^) 
{{a-by-  +  (b-cy  +  {c-ay}{{a-bf  +  {b-'^'T(c-df}      "" ' 
Solve 
10.  (a  -  b){x  +  a'Xx  +  62)  +  (i  _  c){x  +  P)(x  +  c^) 

+  {c-a){x  +  c'){x  +  a-)  =  0. 


9. 
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1 1.  c(a  -  b){x  +  a?){x  +  h"")  +  a{b  -  c){x  +  b-)(x  +  c") 

+  b{c-a){x  +  c'')(x  +  a'')  =  0. 

12.  (a  -  b){x  +  bc){x  +  ca)  +  (b-  c){x  +  ca){x  +  ab) 

+  (c  -  a){x  +  ab){x  +  be)  =  0. 

1 3.  {a?x  +  &)(i2j;  +  c){c''x  +  a)  =  {arx  +  c)(i-x  +  a)(c^r  +  6). 

263.  Various  artifices  may  be  employed  to  obtain  the  factors 
of  complicated  expressions  from  those  of  simpler  expressions 
whose  factors  are  known.  We  shall  give  two  examples  which 
illustrate  some  of  the  most  important  methods. 

Ex.  1. — Factor  [aJrb  +  cf-a^-b^-  c". 

Writing  the  expression  in  the  form  {(a -vb^-cf  -  a'}  -  (i^  +  c^) 
we  see  that  6  +  c  is  a  factor.  Similai'ly  c  -y  a  and  a  +  6  are 
factors.  Now,  it  may  easily  be  shown  that  (a  +  hf  —  a^  —  // 
=  5a6(cr  +  6)(a^  +  a6  + i^);  and  since  the  expression  on  the  left  is 
what  the  given  expression  becomes. when  for  c  we  write  0,  the 
factors  on  the  right  are  what  the  factors  of  the  given  expression 
become  when  for  c  we  write  0.  The  given  expression  is  perfectly 
symmetrical  with  regard  to  a,  h  and  c,  therefore  its  factors  are 
also  symmetrical. 

,-.  {a■\■b^■cf~a!'-W-d' 

=  5(a  +  h){b  +  c){c  +  a){(^  +  l!^  +  c-  +  ab  +  be  +  ca). 

Ex.  2. — Factor  {x  -  yf  +  (y  -  zf  +  {z-  xf. 
Let  x  -y  =  a,  y -z  =  by  then  z-x=  -  (a  +  b)  and 
(•^-2/)" +  (2/ -«)'  +  (« -a:)' 

-  -5ab{a  +  b){a^  +  ab  +  b^) 

-  5(a!  -  y){y  -  z){z  -  x){x'^  +  y^  +  z^-xy-yz-  zx). 

To  express  o'  +  ab  +  b*  in  terms  of  r,  y  and  «,  it  is  best  to  write 
it  in  tlio  form  {n  +  b)*  -  ab,  wlien  the  substitutions  can  be  easily 
effected. 
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■n,      ,  EXERCISE    LXXXIV. 

J^  actor 

1.  {a  +  bf-a^-h\       2.  {a  +  hf-a^-h\      3.   {a -\- by  -  a' -  V . 

4.  (a -  bf  ~a^  +  bK       5.   (a  -  by  -a'  +  b''.      6.  a'  -  {a  -  by  -  b\ 

7.  {x-yf  +  (^j-zf+{z-xf.        8.  {x-yy  +  {y-zy  +  {z-xy. 

9.  a{b-cy  +  b{c-ay  +  c{a-by.       10.  a%b-cy  +  b\c-ay  +  c'-{a-by. 

11.  {x  +  yy  +  x'  +  y\  12.  (x  -  y)*  +  (y  -  «)*  +  (2  -  a-)*. 

13.  (a  +  b  +  cy-a^-P-c".  U.   («  +  /.- c)^  -  a'-ZZ  +  cS^ 

1 5.  (.r  +  y  +  2)*  -  (a;  +  y  -  2)^  -  (a;  -  3/  +  2)^  -  (  -  a;  +  7/  +  2)^ 

IG.  8(x  +  y +  2)=* -(.t; +  ?/)'- (y  +  ^)'-(^  +  a•)^ 

17.  (a  _  i)3  +  (ft  _  c)=  +  (c  -  (/)3  +  (,Z  _  ay. 

18.  (a  -  i)'  +  (6  -  cy  +  (c  -  (/)^  +  (J  -  a^. 
Prove 

19.  {(:r-2/y^  +  (2/-2)^  +  (2-x)^}^  =  2{(ar-2/)^^(y-2)^  +  (2-a:)«}. 

20.  25{{x-yy  +  {y-zy  +  {z-xy}{{x-yy  +  {y-zy  +  {z-xy} 

=  2i{{x-yy+{y-zy+{z-xyy. 

Ifa  +  i  +  c  =  0  prove 
a^+b^  +  c^     a^  +  ^3  +  c"    a^  +  b"^  +  c' 


21 


90 


5  3  2         " 

a^  +  //  f  c^     a^  +  ft"  +  c5    „2  ^  ^^2  ^  g2 


2 

a"  +  63  +  (T*    a*  +  i*  4-  c* 


3  2 

23.  U  a  +  b  +  c  +  d  =  0  prove 

_  (a5  +  fts  +  c5  +  (Z^)  =  -  (a3  +  fts  +  cs  +  c^'Xa^  +  ft2  +  c^  +  (^2^. 

24.  Factor  {b  +  c-a-xy{b-c){a-x)  +  (c  +  a-b- xy{c -  a)(b - x) 

+  {a  +  b-c-xy{a-b){c-x). 
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264.  It  is  frequently  convenient  to  express  the  cube  of  a  tri- 
nomial in  one  of  the  following  forms: — 

1.  (a  +  6  +  cf  =^(a  +  bf  +  (^  +  3c(a  +  b){a  +  b  +  c) 

=  a^  +  6'  +  c^  +  Sab{a  +  b)  +  Sc{a  +  b){a  +  b  +  c) 
=  a^+b'  +  c^  +  3{a  +  b){ab  +  ac  +  bc  +  c^) 
=  a^  +  P  +  c^  +  3{a  +  b){b  +  c){c  +  a). 

2.  {a  +  b  +  cy-(a^  +  b^  +  c^-3abc) 

=  (a  +  b  +  c){(a  +  b  +  cY-{a'  +  P  +  c'-ab-bc-ca)} 
=  3(a  +  b  +  c)(ab  +  bc  +  ca); 
:.    (a  +  b  +  cy  =  a^+b^  +  c^  +  3{{a  +  b  +  c){ab+  bc  +  ca)-abc}. 

265.  The  following  identities  may  easily  be  verified,  and  should 
be  committed  to  memory: — 

1.  a{b^  +  c")  +  b{(?  +  a?)  +  c{a?  +  b"")  +  2abc  =  (a  +  b){b  +  c){c  +  a). 

2.  a(62  +  g2)  ^  j(c2  +  a2)  +  c{a?+h'^)  +  Zabc  =  {a  +  b-\-c){ab-{-bc-{-  ca). 

3.  a{J^  +  c')  +  b{<?  +  a")  +  c{a?  +  h^)  =  a^{b-^c)  +  b\c  +  a)  +  <P(a  +  b) 

=  ab{a  +  6)  +  bc(b  +  c)  +  ca(c  +  a). 

■p     .  EXERCISE   LXXXV. 

1.  a(I)  +  c)2  +  b{c  +  a)*''  +  c{a  +  6)^  -  4aic. 

2.  a6(a  +  6)  +  Jc(6  +  c)  +  ca{c  +  a)  +  3aic. 

3.  a«(6  +  c)  +  ft^c  +  «)  +  c'(a  +  h)  +  2a6c. 

4.  (a  +  i)(c-a)(c-i)  +  (6  +  c)(a-i)(a-c)  +  (c  +  a)(6-c)(fi-a)  +  8aic. 

5.  a{b  +  c){l)  +  c-a)  +  b{c-k-a){c-\-a-b)  +  c{a¥b){a  +  b-c). 

6.  a(l  +  i2)(l  +  <?)  +  6(1  +c')(l  +  a')  +  c(l  +  a«)(l  +  Z/^)  +  4tt6c. 

7.  a(l-i"0(l-c»)  +  i»{l-c')(l-a»)  +  c(l-a2)(l-i»)-4a6c. 

8.  (a  +  i)(l-6c)(l-ca)  +  (6  +  c)(l-ca)(l-a6)  +  (c  +  a)(l-a6)(l-6c) 

-(a  +  i)(/>  +  c)(c  +  a). 

9.  (a  +  i)»  +  (6  +  c)»  +  (o  +  o)»-3(a  +  6)(ft  +  c)(c  +  rt). 

10.  (ax  +  Uf  +  (6x  +  c)'  +  (ex  +  a)»  -  Z{ax  +  i)(ix  +  c)(ca;  +  a). 
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Prove  the  following  identities: — 
11.    ha  +  b  +  c){{a-  by  +  (6  -  cf  +  (c  -  a)-'}  =  «»  +  6'  +  c'  -  Zabc. 


12.  (a  +  b  +  cy-3{a{b-c)-  +  b{c-a)-  +  c{a-by}=a^  +  b^  +  c'  +  2iabc. 

I 

2 


13.    ^{{a  +  b  +  7c){a  -by  +  {b  +  c  +  7a){b  -cy  +  {c  +  a  +  7b){c  -  a)»)> 


=  (a  +  b  +  cy -27  abc. 

14.  (4a  +  45  +  c)(«  -  by  +  (46  +  4c  +  a)(5  -  c)^  +  (4c  +ia  +  b){c  -  ay 

=  9(a»  +  63  +  c3)-(a  +  i  +  c)'. 

1 5.  a\b  +  cy  +  62(c  +  a)2  +  a\b  +  cy  +  2abc(a  +  b  +  c)  =  2{ab  +  bc  +  cay. 

16.  {b  +  cy{G  +  ay  {a  +  by  +  2aW-c'^  -  a\b  +  cy  -  b\c  +  ay  -  c\a  +  by 

=  2{bc  +  ca  +  aby. 

17.  (6  +  c)''(c  +  a)2(a  +  by  +  2a''-b-'c' -a'b^a  +  by-b-c-{b  +  cy  -  c\i\c  +  ay 

=  2abc{a  +  b-\-cy. 

18.  2(a  +  6  +  c)^  +  (a  +  5  +  c)(a6  +  6c  +  ca)  +  a6c 

=  (2a  +  b  +  c){a  +  26  +  c){a  +  S  +  2c). 

19.  4(a  +  6  +  c)'  +  2(a  +  6  +  c){ab  +  6c  +  ca)  - a6c 

=  (a  +  26  +  2c)(2a  +  6  +  2c)(2a  +  26  +  c). 

20.  (3a  -  26  -  c)-(36  -  2c  -  a)^  +  (36  -  2c  -  a)2(-3c  -  2a  -  6)^ 

+  (3c  -  2a  -  6)-(3a  -  26  -  c)^  =  49(a6  +  6c  +  ca  _  a^  -  6^  -  c^. 

21.  (a  +  6-c)='(6  +  c-a)'  +  (6  +  c-a)Xc  +  a-6)='  +  (c  +  a-6)'(a  +  6-c)'' 

+  24a6c(a  +  6  -  c)(6  +  c~a){c  +  a  —  b) 

=  (2a6  +  26c  +  2ca  -  a^  -  6^  -  c-")'. 
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CHAPTEE   XYI. 


THEORY  OP  DIVISORS  AND  COMPLETE 
SQUARES. 

266.  Before  proceeding  to  study  the  subject  to  ■which  this  chap- 
ter is  devoted  it  will  be  necessary  for  the  student  to  clearly  com- 
prehend the  exact  meaning  of  the  word  "  condition  "  in  Algebra. 
A  simple  example  will  make  its  meaning  clear. 

267.  Is  a; -  2  a  factor  oi  x^-ax  +  b?  A  little  consideration 
will  show  that  the  answer  depends  upon  the  values  of  a  and  b. 
If  a  =  5  and  6  =  6  then  x-2  is  a  factor  of  x^ -ax  +  b.  Here, 
then,  are  two  conditions  which,  being  fulfilled,  render  x-2  a 
factor  of  the  other  expression. .  But  if  a  =  1  and  6  =  -  2,  or  if 
a  =  3  and  6  =  2,  it  is  also  a  factor.  Hence  we  conclude  that  the 
conditions  a  =  5  and  6  =  6  were  sufficient  but  not  necessary.  If 
we  give  a  and  6  any  values  such  that  6  —  2a  +  4  =  0,  we  shall  find 
that  a;-  2  is  a  factor  of  x^  -  ax  +  b;  but  if  such  values  be  given 
that  6  -  2a  +  4  is  not  =  0,  then  it  is  not  a  factor.  Therefore 
i  —  2a  +  4  =  0  is  the  necessary  and  sufficient  condition  that  x-2 
may  be  a  factor  of  x"^-  ax+  6, 

268.  To  find  the  conditions  that  x'+px  +  q  may  be  a  factor  of 
a^  +  ax*  +  bx  +  c  for  all  values  of  x. 

Proceed  as  in  ordinary  division  as  follows: — 

a?  +  px  +  q)3^  +  ax*  +  bx  +  c(x  +  (a  - p) 
a^  +  px'  +  qx 

(a-p)x*+    (b-q)x  +  o 
{a-p)x*+p(a-p)x  +  q{a~p) 

Now,  if  b-q^p{a-p)  and  c  —  q(a-p),  the  remainder  is  zero 
for  all  vcdues  of  z,  and  the  first  expression  is  a  factor  of  the 
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second.  These  are  the  necessary  and  sufficient  conditions  re- 
quired.    If,  however,  we  divide  the  former  equation  by  the  latter 

we  obtain =  t-   or  qip  -  q)  =pc,  a  necessary  condition  that 

the  first  expression  may  be  a  factor  of  the  second,  but  which  in 
itself  is  not  sufficient. . 

269.  One  expression  may  be  a  factor  of  another  for  particular 
values  of  their  leading  letter  though  not  for  all  values.  Thus,  if 
.T  =  10  both  x-1  and  z  -  3  are  factors  of  a"  -  6a:  +  1 6 ;  for 

a;2  -  6a;  +  1 6  =  (.r  -  2){x  _  3)  -  (a;  -  10) 

=  (.r  -  2)(ar  -  3)  when  x=\Q. 
Such  values  may  be  found  by  dividing  one  expression  by  the 
other  and  equating  any  remainder  .which  contains  x  to  zero ;  for 
if  the  remainder  is  zero  the  division  is  complete. 

Ex. — Find  values  of  x  which  will  render  a;'  -  2a;  +  3  a  factor  of 

ar»-a;='  +  5a;-21. 

Dividing  in  the  usual  way  we  obtain  x  +  l  for  quotient  with 

4a;-  24  remainder,  which  vanishes  when  a;  =  6.     If  we  place  —  1 

in  the  quotient  instead  of  + 1,  as  before,  the  remainder  is  2a-^  -  18, 

which  vanishes  when  x=  ±3.     Again,  we  may  take  -  7  for  the 

last  term,  giving  8a;^-12a;  remainder,  which  is  zero  when  a;  =  0 

3 
or  -  .     Each  of  these  values  of  x  renders  the  former  expression 

an  exact  factor  of  the  latter.  This,  however,  is  using  the  word 
"factor"  in  a  restricted  sense.  Properly  speaking,  one  expres- 
sion is  a  factor  of  another  only  when  the  remainder  is  always 
zero. 

270.  To  find  the  condition  that  ax^  +  bx  +  c  may  be  a  complete 
square  for  ali  values  of  x. 

If  the  given,  expression  is  a  complete  square  it  must  be  the 
square  of  x\a  +\  c,  since  no  other  expression  when  squared 
could  give  the  terms  ax"^  and  c;  therefore 

ax'^  +  hx-\-c  =  {xVa  +V~cY  =  ax^  +  2V^c .  x  +  c^ 

and  therefore  h  —  2VacOT  b^  =  iac  is  the  condition  required. 
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It  should  be  observed  that  the  preceding  condition  merely 
enables  us  to  write  the  given  expression  in  the  form  of  the  square 
of  a  binomial;  but  it  does  not  ensure  that  the  numerical  value 
of  the  expression  will  be  an  exact  square  when  for  the  various 
letters  we  substitute  numbers  which  satisfy  the  given  condition. 
For  example,  let  a  =  2,  6  =  4,  c  =  2,  and  a;  =10,  then  a3?-\-hx-\-c 
=  242,  which  is  not  an  exact  square. 

Again,  let  a=  -1,  6  =  2,  c=  -1  and  .t;=10,  then  ax'^  +  bx  +  c 
=  —  81,  a  negative  number,  whilst  all  square  numbers  are  posi- 
tive.    Since  b"^  =  4ac  we  have 

ar^  +  bx  +  c==a{T^+^-x  +  -^ya{x  +  ±y, 

which  shows  that  if  a  is  an  exact  square  and  P  =  4ac  then  the 
whole  expression  is  also  an  exact  square  for  all  values  of  the 
letters  which  satisfy  these  conditions. 


EXEBCISE   LXXXVI. 

1.  What  values  of  a  and  b  will  render  x'^—2x  +  3  a  factor  of 
2a^-4:3^  +  9x'^  +  ax  +  b? 

2.  What  values  of  a  and  b  will  render  x^  —  3x  +  a  a  factor  of 
3i*  +  a^-53p  +  7x+eb? 

3.  Find  the  values  of  a  and  b  in  order  that  x"^  +  3xi/  +  ii/^  may 
exactly  divide  a;"  +  7.c^y  +  6.r^/  +  5x^t/^  +  a^V  +  ^'^l/  +  ISy". 

4.  What  value  of  x  will  render  x*  +  6.c'  +  1  l.r  +  3.c  +  3 1  a  per- 
fect square? 

5.  What  values  of  x  will  render  3^  +  33^  +  6x^  +  7 :ir' +  7x'*  -  7x 
+  25  a  perfect  cube  1 

6.  What  value  of  m  will  make  16.c*  — 4m.c^  + 20j;'+2?n.r  +  4 
an  exact  square  for  all  values  oi  x? 

7.  What  valuo  of  «  will  render  in'x'^  +  px  +  pq  +  (/^  an  exact 
square  for  all  values  of  the  other  letters  involved  1 
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8,  What  values  of  x  will  render  a;*  +  2aar'  + 36V- 4a'a;  +  4i* 
an  exact  square  for  all  values  of  a  and  h  ? 

9.  What  value  of  x  will  make  x'  +px  +  q  a,  factor  of 

x^  +  ax"^  +  bx  +  c? 

10.  Find  the  condition  that  ax^  +  2hx  +  c  may  be  an  exact 
square  for  all  values  of  x. 

1 1.  Find  the  condition  that  ax'  +  Zbx"^  +  Zcx  +  d  may  be  a  com- 
plete cube  for  all  values  of  x. 

12.  If  ax'^  +  ^hx  +  c  is  a  factor  of  ff.r'  +  36a:'  +  3cx  +  c?  then  the 
former  is  a  complete  square  and  the  latter  a  complete  cube. 

13.  If  X-  +  ax  ■{■  b  is 'a  factor  of  a:*  +  lax"^  +  Zbx  +  4c  then 
ax^  +  Ibx  +  2c  is  an  exact  square  and  a^  +  3ax^  +  6bx  +  8c  is  an 
exact  cube. 

14.  If  x'^  +  max  +  a^  is  a  factor  of  .r*  -  a.r' +  a'x' -  a'x  +  a*  then 
m^  +  m=l. 

15.  If  (x-iy  is  a  factor  of  x'  +  ax'  +  bx  +  c  then  6  +  2c  =  l. 
Is  the  converse  true  ? 

16.  li  x^  +  qx  +  r  contains  a  square  factor  then  4^'''  + 27r''=0. 
Is  the  converse  true  ? 

17.  Find  the  conditions  that  x*  +  ax^  +  bx"^ -\- ox  +  d  shall  be  a 
perfect  square  for  all  values  of  x. 

18.  If  (a  -  b)x''  +  {a  +  bfx  +  (a-  -  b-){a  +  i)  is  a  complete  square 
then  a  =  3b  or  b  =  3a. 

19.  Find  a  value  of  x  which  will  render  (n^  +  n+l)x'^+(n*+n^)x 
-(n^-n+l)  a  complete  square  for  all  values  of  n. 

20.  Find    values    for   a    and    b    which    render    the    fraction 

2x''  +  {a-b)x  +  2a--3h'^ 
no  ,  , — =T — ,  r,,  ., — jr-ji — :r75-  the  Same  for  all  values  of  x. 
6x^  +  (a-l)x  +  6{a-  +  2ab  +  db^) 

21.  Find    values   for   x   and   y    which    render    the    fraction 

2«2  +  [x  -  a)z  +  2b{x  -2c)  .    , 

^^^j—-^^^-^^-^-  independent  of  the  value  of  z. 
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271.  A  Function  of  x  is  any  algebraical  expression  whose 
value  depends,  in  whole  or  in  part,  upon  the  value  of  x, 

1x 


Thus  2a; -3,  7—  and  \^x^  +  5  are  functions  of  x;  but  ;r-,  aP 
ox  ox 

and  (a  —  b)(x  -  c)  +  (b  —  c)(x  '-  a)  +  (c—  a){x  —  b)  are  not  functions 
of  x,  because  when  reduced  to  their  simplest  forms  their  values 
are  independent  of  the  value  of  x. 

272.  A  Rational  Integral  Function  of  x  is  a  function  in 

which  X  does  not  appear  in  the  denominator  of  a  fraction,  and  is 

not  affected  by  any  root  sign. 

2          /—  . 
Thus  3?  -  Ax^  +^a;  +  v7  is  a  rational  integral  function  of  x, 
o  • 

3  

but  x^  -2x  + and  x  +  'Vbx  +  c  are  not :  the  former  is  not  in- 

2  -x 

tegral  and  the  latter  is  not  rational  with  regard  to  x. 

273.  If  any  rational  integral  function  of  x  vanishes  wJien 
x  =  m  then  the  function  is  divisible  by  x  —  m. 

Let  a  +  bx-\rC3?+d3?-^&,c.,  be  any  rational  integral  function  of  x 
which  vanishes  when  x  =  m,  that  is,  let  a  +  6m  +  crri?  +  dm?  +  <fec.  =  0, 
then  a;  —  m  is  a  factor  of  the  proposed  expression. 

For  a+bx  +  cx^  ■¥  dx^  +  &c. 

=  a  +  bx  +  cx'^  +  dj?  +  &,c.  -  (a  +  bm  +  ctr^  +  rfm'  +  &c.) 

=  b{x  -  m)  +  c{x^  -  m^)  +  d{3?  -  m^)  +  &c. 

=  (ar  -  m)  {6  +  c{x  +  wi)  +  d(x^  +  mx  +  rri^)  +  <fec.}, 

which  shows  that  ar  -  m  is  a  factor. 

Cor, — If  a  +  6a;  +  ca:*  +  rfa:*  +  (fee.  be  divided  by  a;  — m  the  re- 
mainder will  be  a  +  lrnii- cm^  +  dm'  +  &c.;  for  this  expression  does 
not  contain  x,  and  when  it  is  subtracted  from  the  given  expres- 
sion the  remiiindc'.r  is  divisible  by  x  —  m. 

274.  The  nyu\\}(Af(x)  is  frequently  used  to  denote  any  function 
of  X.  The  value  of  such  a  function  when  a;"=7rt  is  then  conven- 
iently expressed  by/(m);  thus,  if/(x)  denotes  ax*  +  bx  +  c,  f{vi) 
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denotes  am?  +  hm  +  c.     This  notation  enables  us  to  give  the  result 
of  Art.  273  very  neatly  as  follows: — 

275.  If  f{x),  any  rational  integral  function  of  x,  he  divided 
hy  x-m,  tJie  remainder  will  be  f(m);  and  if  f{m)  be  zero  then 
x-m  is  a  factor  of  f{x). 

Divide  y*( a:)  by  a;  -  m  until  the  remainder  no  longer  contains  x. 
Let  Q  be  the  quotient  and  R  the  remainder;  then/(j;)  =  Q(x-m)  +  ]i 
is  an  identity,  and  therefore  true  for  all  values  of  x.  Let  x  =  m, 
then  Q(x-m)  =  0  and  we  get/(//i)  =  J?/  but  Ji  is  independent  of 
X,  therefore  R=f{ni)  for  all  values  of  x;  and  if /(w)  =  0,  li  =  0, 
which  proves  the  proposition. 

Ex.  i.— Factor  a^-5x^-  46.r  -  40. 

The  expression  vanishes  when  for  x  we  substitute  10,  —  1  or 
-  4;  therefore  rr  -  10,  x  +  1  and  x  +  i  are  factors.  There  can  be 
no  other  factor  containing  x,  since  the  given  expression  is  of 
only  three  dimensions.  There  can  be  no  numerical  factor,  since 
the  first  term  of  the  product  of  these  factors,  viz.,  a:*,  is  the  first 
term  of  the  given  expression. 

Two  special  cases  are  worthy  of  note  in  connection  with  ex- 
amples like  the  preceding: — 

(1)  When  the  sum  of  the  positive  coefficients  is  equal  to  the 
sum  of  the  negative  coefficients,  x  —  1  is  a  factor. 

(2)  When  the  coefficients  are  all  positive,  and  the  sum  of  the 
coefficients  of  the  odd  powers  is  equal  to  the  sum  of  the  coeffi- 
cients of  the  even  powers,  x+l  is  a  factor. 

Ex.  ^.—Factor  (a  +  6  +  c)*  -  (6  +  c)*  -  (c  +  a)*  -  (a  +  b)* +a*  +  b*  +  c*. 

For  a  substitute  0  and  the  expression  vanishes;  therefore  a  —  0, 
that  is,  a,  is  a  factor. 

The  expression  is  symmetrical  with  regard  to  a,  b  and  c,  there- 
fore b  and  c  are  also  factors. 

The  expression  is  of  4  dimensions,  therefore  there  is  another 
factor  of  one  dimensioix. 
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The  factors  a,  6,  c  by  themselves  form  a  symmetrical  group, 
therefore  the  other  factor  must  also  be  symmetrical  in  itself. 

The  only  symmetrical  expression  of  one  dimension  is  a  +  b  +  c, 
:.  {a-\-h  +  cy-(Jj-¥cY-{c-\.ay-{a  +  bf  +  a^  +  h^  +  c''  =  Nahc{a  +  h  +  c) 
where  iV  is  a  number  independent  of  a,  b,  c. 

To  find  I^,  give  a,  b,  c  any  values  which  will  not  make  the  ex- 
pression vanish;  in  this  case  a  =  b  =  c  =  l,  then 

3*_2*-2*-2*+l  +  l  +  l  =  3i\^  or  iV^=12; 
therefore  the  given  expression  =  12abc(a  +  b  +  c). 

Ex.  5.— Factor  (a  -  bf  +  {b-  cf  +  (c  -  af. 

For  a  substitute  b  and  the  expression  vanishes,  therefore  a  —  b 
is  a  factor;  then  (a  -  b)(b  —c){c  —  a)  is  a  factor  by  symmetry. 

The  expression  is  symmetrical  and  of  5  dimensions,  therefore 
there  is  another  symmetrical  factor  of  2  dimensions. 

Let  this  factor  be  m(a^  +  5^  +  c^)  +  n{ab  +  bc  +  ca),  in  which  m 
and  n  are  not  functions  of  x,  and  will  therefore  be  the  same  for 
all  values  of  x.     Then 
(a  -  bf  +  {b-  cf  +  (c  -  af 

=  (a  -  b){b  -  c)[c  -  a)  {m{a?  +  i^  +  c^)  +  n{ab  +  bc  +  ca)}. 

We  have  now  two  unknown  quantities,  m  and  n.  It  will 
therefore  be  necessary  to  have  two  independent  equations  to  de- 
termine them.  These  may  be  obtained  by  giving  two  sets  of 
values  to  a,  b,  c. 

First,  let     a  =  0,  i=l,  c  =  2; 

Second,  let  o  =  0,  b  =  \,  c=  -  1,  and  we  get 

5m  +  2n=  151 

„  .^y  from  which  wi  =  5,  n  =»  - 5. 

2m-   n=l5J 

:.{a-bf+(b-cy  +  {c-af^5(a-b){b-c){c-a){a''  +  P  +  c'-ab-bc-ca). 

276.  If  x  —  mi$  a  factor  of  any  rational  integral  function  ofx, 
wften  VI  is  substituted  for  x  tlie  result  will  vanish. 

Let  a  +  bx  +  cx'  +  d^  +  «fec.  be  the  function,  a;  -  m  a  factor  of  it, 
then  a  +  6m  +  cwt'  +  c/m'  +  &o.  —  0. 
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Since  .r  —  m  is  a  factor  of  a  +  bx  +  cx^  +  dj?  +  ifec.  by  hypothesis, 
and  of  a  +  bx  +  cx^  +  dn?  +  &c.  -  (a  +  6m  +  cm-  +  dw?  +  (fcc.)  by  Art. 
273,  therefore  x  —  m  is  a  factor  of  their  difference,  a  +  hm  +  cm' 
+  dvp?  +  «fec. ;  but  this  is  impossible,  since  the  latter  expression 
does  not  contain  x;  therefore  a  +  hm  +  crn''  +  dmx^  +  tfec.  must  be 
zero.  This  result  is  also  evident  from  the  fact  that  when  for  x 
we  substitute  m  one  factor  of  the  expression,  viz.,  x  —  m,  becomes 
zero,  and  therefore  the  whole  expression  is  zero. 

Ex.  1. — Find  the  condition  that  ax^  +  ia;  +  c  and  ao^  +  h'x  +  c 
may  have  a  common  factor,  and  find  that  factor. 

Let  a;  -  m  be  the  common  factor,  then 

am2+6m  +  c=0,  Ar^  276     (1) 

dm-  +  h'm  +  c'  =  0.  (2) 

Eliminating  first  vi-,  and  second  c  and  c',  we  get 

(a'6  —  ah')m  +  dc  —  ac       =0,  (3) 

\ac'  -  a'c)m^  +  {he'  -  b'c)m  =  0.  '  (4) 

Equating  the  values  of  m  obtained  from  (3)  and  (4)  we  get 

dc-ac'     hc'-h'c  , 

—r-, 77  =  -7 >  or  {ac-acy  =  (bc  -bc)(ab-ab), 

ab  -ah     ac-ac  ' 

the  condition  required, 

dc  -  ac  hc'-h'c  .  . 

and  X J- — —  or  X  — ; ;  is  the  common  factor  required. 

ab  -ab  ac-ac 

Again,  if  in  (1)  and  (2)  we  substitute  the  values  of  m  from  (3) 
and  (4),  we  get 

a(dc  -  axTf  +  h(a'c  -  ac')(ab'  -  db)  +  c(ah'  -  dby  =  0 ; 
a{bc'  -  b'cf  +  h{hc'  -  h'c)(dc  -  ac')  +  c(dc  -  acf  =  0; 
d{dc  -  ac'Y  +  h'(dc  -  ac)(ab'  -  db)  +  c'(ab'  —  dby  =  0; 
a'(bc'  —  b'cY  +  b'ibc'  —  h'c){dc  —  ac')  +  c'{dc  -  ac'Y  =  0. 

All  these  results  are  merely  different  forms  of  the  result  pre- 
viously given,  and  may  be  deduced  from  it.  This  is  a  simple  ex- 
ample of  an  indirect  method  of  proving  the  identity  of  different 
forms  of  an  algebraical  expression. 
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Ex.  ^.— Find  the  value  of  2>x'  -  Sz"  -  llx*  -  Sx^  +  28a^  -  9a;  +  7 
when  z*  =  2a;  +  3. 

Dividing  the  given  expression  by  x^  -  2a;  -  3  we  obtain  the 
quotient  3a:^  -  2a;*  +  bx^  -  1x^  -  2a;  +  3,  with  remainder   -  9a;  +  16. 

Now,  since  the  dividend  is  equal  to  the  product  of  the  divisor 
and  quotient,  plus  the  remainder,  we  have 

3a;7  _  8a;6  -  &c.  =  (a;2  -  2a;  -  .3)(3a;5  _  2j;4  +  5^3  _  7^2  _  2a;  +  3)  _  9:c  + 1 6. 

But  since,  in  this  particular  example,  x^=2x  +  3,  the  first  factor 
is  zero,  therefore  the  product  is  zero,  and  the  given  expression  re- 
duces to  —9a;  +  16. 

Again,  a;*-2a;-3  =  (a;-3)(.r+ 1)  =  0,  therefore  a;  =3  or  -  1,  and 
-9a; +16=  — 11  or  25,  which  are  the  required  results. 

The  division  is  most  conveniently  performed  by  Homers' 
Method,  Art.  86. 

Ex.  S.—li  a  +  b  =  c,  (a"-  hj  +  (6^  _  c'f  +  (c^  -  a?f  =  a*  +  &*  +  c* 

For  (a»  -  hj  +  {h"  -  cj  +  {c"  -  d'f  -  (a*  +  b*  +  c*) 

=  a*  +  6*  +  c*  -  2a^b^  -  2iV  -  2c«a' 

=  (a"  +  i*  -  c»  +  2a6)(a2  +  b^-c^-  lab) 
=  (a  +  i  +  c){a  -hb  -  c){a  —  b  +  c)(a  —  b  —  c) 
=  0,  since  a  +  b  -  c  =  0. 
.-.  (a'  -  by  +  {b^  -  cy  +  {c^  -  ay  =  a*  +  i<  +  c\ 

The  same  result  would  evidently  follow  if  any  of  the  other 
factors  were  zero. 

EXERCISE   LXXXVU. 

1.  Show,  without  actual  division,  that  x-a  is  a  factor  of 
X*  -  (a  -  6)x'  +  (d-  ab)x  -  ad. 

2.  Show  that  a  -  6,  6  — /?  and  c  -a  are  each  factors  of  a"(6  -  c) 
+  ^(c  -  a)  +  d*{a  -  b)  for  all  positive  integral  values  of  n. 
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/   3.  Find  the  remainder  when  x^  +  a^  +  b^  -  Sabx  is  divided  by 
x  —  a  +  b,  X  +  a  -  b,  and  hy  x  —  a  -  b. 

4.  Show  that  a,  a  -  x  and  a-  2x  are  each  factors  of 

(a  -  b)(a  -b-  x)(a  +  26  -  2.c)  +  bib  -  x){Za  -  26  -  2x). 

5.  Show  that 

(ab  - xyY -(a  +  b-x-y) {ab(x  +  y)  -  xy{a  +  6)} 

=  {x-  a){x  -  b){y  -  a){y  -  6). 

6.  Find  the  value  of  a  for  which  the  fraction 

i?  -  ax^  +  1 9x  -  a  -  4 
a^-{a+  ly +  23j;-a-7 
admits  of  reduction,  and  reduce  it  to  its  lowest  terms. 

Find  the  value  of 

7.  ^  +  290a;*  +  279r'-2892a:2-586jr-312  whena;=  -289. 

8.  3x«-ll.j;5+ 19.1-*- 13x3-^2 +10  when  x^  =  2i;  -  3. 

9.  ix^ -  12i;*  +  5x^  +  5x- -6^  +  3  when  x=±-  VS. 

10.  2x5  +  803x*  -  398x3  ^  1605x2  -  1204x  +  422 

when  x2  +  401x  =  402. 
If  a  +  6  +  c  =  0  provftExs.  11-19. 

11.  a? -bc  =  ¥ -ca  =  <^  —  ab  and  a' +  6' +  c*  =  3a6c. 

12.  (a  +  6)(6  +  c)(c  +  a) +  a6c  =  0. 

1 3.  a(62  +  6c  +  c")  +  6(c2  +  ca  +  or)  +  c{a?  +  ab  +  6^)  =  0. 

1 4.  {a?  +  bj  +  (6^  +  cy  +  (6-2  +  ay  =  3(a*  +  6*  +  c*). 

15.  (a  +  6)(6  +  c)  +  (6  +  c)(c  +  a)  +  (c  +  a){a  +  6)  =  a6  +  6c  +  ca. 

16.  (a  -  6)(6  -  c)  +  (6  -  c){c  -  a)  +  (c  -  a)(a  -  6)  =  3(a6  +  6c  +  ca). 

17.  (a6  +  6c  +  ca)2  =  aW  +  6V  +  cW. 

18.  (a^  _  26-)^  +  (6-  -  2eJ  +  (c^  -  2a-)-  =  3(a*  +  6*  +  c*). 

a?  b'  c"  , 

2a2  +  6c'^262  +  ca'^2cHa6 
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li  x  +  ij  +  z  =  xyz  prove  Exs.  20-22. 

„„        X  v  z  4:xyz 

20. n  +  T^  + 


l-x'     l-y"-     l-z"     (1  -  a;2)(l  -  y'){\  -  2^^ 


1  -  zy    I  -  yz    1  -  «.c     (1  -a-2/)(l-2/'2)(l  -  zx) 

22  ^  ~  y  I  y  ~  ^  1  « -  =»  _  (•^•-?/)(y-«)(2=-3-) 


1  +  a-y     1  +  2/2;     1  +  ax    (1  -•.  -y)(]  +yz)(\  +  zx) 
23.   If  x-  +  y2  +  ^2  +  2xyz  =  1  then 


a:\/(l  -  f){l  -^)  +  yV{\  -  z-){l  -  ^^)  +  ^\/(l  -  :*'^)(1  -  f) 

=  1  +  xyz. 

24.  If  a:'  +  g'X  +  1  and  a:^  +px'^  +  qx+l  have  a  common  factor  of 
the  form  x  +  a,  then  (p  —  ly  -  q{p  -  1)  +  1  =  0. 

25.  The  expressions  ax^  +  hx  +  c  and  ax^  +  mhx  +  m-c  have  a 
common  factor  if  (m+  l)W  =  m6^ 

26.  If  a3?  +  hx-\-c  and  mx^  +  wa;+jo  have  a  common  factor  of 
the  first  degree  in  x,  then  [pa  -  mcf  —  ^nc  -  ph){na  —  mb)K 

27.  If  x^  +  mx  +  n  and  x^  +  ;?x  +  (7  have  a  commcn  factor,  then 
{n  -  qf  ~7n(n  -  q){m-p)  +  n(m  -  pY  =  0. 

28.  If  x*  +/JJ*  +  jx  +  r  is  divisible  by  x"^  +  mx  +  n,  then  the  quo- 
tient is  a  factor  of  mx'^  +  yx  +  r. 

^    29.  If  a:  +  a  and  x  -a  are  both  factors  of  x' +px-  +  (/x  +  r,  then 

30.  If  x'  -  1  is  a  factor  of  x*  +  px'  +  jx  +  a^  the  other  factor  is 
a:' -a'. 

31.  If  x-aand  x-b  are  each  factors  of  x"  +  x+ 1,  then  a'-6'  =  0. 

32.  If  x  +  m  and  x  +  n  are  each  factors  of  x^  +  ox*  +  6,  then 
m'  +  inn  +  r^ 

wi  +  n 

33.  If  x*  +  ax'  +  6  and  x*  +/)x  +  7  have  a  common  factor  of  the 
second  degree  in  x,  then  d^bq  =  (6  -  5')'. 

34.  If  aj?  +  6x'  +  c  and  ex*  +  6a?  +  a  have  a  common  factor  which 
is  a  complete  square,  then  a'6'  •■  \bc(ii^  -  a"). 
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35.  If  a  +  b  +  c  =  0  then  abc  is  the  H.  C.  F.  of  a^  +  b^  +  c^  and 
a^  +  b^  +  c^,  tmd  15abc{c^  -  ab)  is  their  L.  C.  M. 

36.  If  «'+c  is  the  H.  C.  F.  oi  x^  +  ax  +  b  and  x*  +  mx  +  a,  their 

L.  C.  M.  is  r*  +  (a  +  m  -  c)x'^  +  (am  -  c^)x  +  (a-  c){m  —  c)c. 

277.  From  the  principle  that  the  square  of  any  real  number 

is  positive  we  are  able  to  deduce  various  important  conclusions 
with  regard  to  the  numerical  value  of  expressions  when  any  num- 
bers whatsoever  are  substituted  for  the  various  letters  involved. 
We  give  three  examples. 

Ex.  1. — Show  that  the  sura  of  the  squares  of  any  two  real 
quantities  is  greater  than  twice  their  product. 

Let  a  and  b  represent  the  quantities. 
Then  (a  -  6)^  is  positive; 

,*.  a^  —  lab  +  b'''  is  positive ; 

.'.  a?  +  h''  >  2ai,  which  proves  the  proposition. 

Ex.  2. — Prove  that  4x^  -  24a;  +  41  is  positive  for  all  real  values 
of  X,  and  find  what  value  of  .r  will  give  the  expression  the  least 
value  possible. 

4.r2-24a;  +  41=4{a:2_6^^10i}=4{(a:-3)»+l^}. 

Now,  (x  -  Sy  is  positive  for  all  values  of  x;  1^  is  positive  and 
4  is  positive,  therefore  the  whole  expression  is  always  positive. 

The  value  of  the  expression  will  be  least  when  ar-3  =  0,  i.e., 
when  a;  =  3,  and  the  expression  itself  then  becomes  equal  to  5. 

Ex.  3. — If  a'^-^b^  +  G^  =  ah  +  hc  +  ca  then  a  =  b  =  c 
For  a^  +  b''  +  <^-ab-bc-ca  =  0; 

:.  2(0"  +  b^  +  c''-ab- be -ca)  =  0, 

.-.  {a-by+(b-cy  +  {c-ay-=o. 

Now,  since  the  sum  of  any  number  of  positive  quantities  can- 
not be  zero,  each  of  these  three  terms  must  be  zero,  and  therefore 
a  =  b  =  c. 
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EXERCISE   LXXXVIII. 

1.  Prove  that  the  sum  of  any  positive  number  (except  unity) 
and  its  reciprocal  is  greater  than  2. 

2.  Prove  that  the  square  of  the  sum  of  any  two  numbers  is 
greater  than  four  times  their  product. 

3.  Prove  a^h^  +  a^h*'  >  2aW  for  all  real  values  of  a  and  h. 

4.  Prove  a^  +  ly^  +  c^^  ah  +  hc  +  ca  for  all  real  values  of  a,  h 
and  c,  except  when  a  =  b  =  c, 

5.  Prove  a:'+l>ar'^  +  a;ifa;  +  lis  positive;  and  a^-l'>x'^-x 
ifx>l. 

6.  Prove  bc(b  +  c)  +  ca{c  +  a)  +  ab{a  +  6)  >  6abc  when  a,  b  and  c 
are  real,  unequal,  and  positive. 

7.  Prove  that  — -r— ,  Vab  and  — — r  are  in  order  of  magnitude. 

2  a  +  0  ° 

o    c,.         ,       «'  +  &'       «'  +  &' 

8.  Show  that -^—- > -. 

a^  +  b^       a  +  b 

9.  If  X  is  real  prove  that  a;'^  -  8x  +  22  can  never  be  less  than  6. 
V 

10.  Show  that  the  least  value  of  x--x  +  \   is  obtained  bv 

making.- ^. 

11.  Show  that  the  greatest  value  of  24a;  — a:'  is  144. 

12.  Show  that  the  area  of  a  square  is  greater  than  that  of  a 
rectangle  of  the  same  perimeter. 

13.  If  a  straight  line  be  divided  into  two  equal  and  also  into 
two  unequal  parts,  the  squares  on  the  unequal  parts  are  together 
greater  than  four  times  the  rectangle  contained  by  half  the  line 
and  the  line  between  the  points  of  section. 

14.  Show  that  tlio  area  of  the  largest  rectangle  which  can  be 
enclosed  on  three  sides  by  a  lino  GO  feet  in  length  is  450  square 
feet. 
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15.  If  o'  +  26«  +  c«=26(a  +  c)  then  a  =  b  =  c. 

16.  If  a*  +  h*  +  W<?  +  cV  =  2ahc{a  +  h)  then  a  =  h  =  c. 

17.  If  o? ■\-}/  +  c^=  Sahc  and  a  +  b  +  c  is  not  zero  then  a  =  b  =  c. 

18.  If  (l+a2  +  62)(l+a:2  +  y2)^(l  +  a.c  +  6y)Hhenx  =  aandy  =  6. 

19.  If  (a^  +  6'  +  c=')(a:2  +  if  +  z")  =  (az  +  6y  +  czf  then  -  =  f  =  - . 

a      b       c 

20.  If  a;''  +  2/'-4a;-2y  +  5  =  0  then  a?  =  2  and  y=\. 

21.  Prove  a'+i'  +  c^  >,  =  oi'  <  3aic,  according  as  a  +  6  +  c  is 
positive,  zei'o  or  negative. 

22.  If  a,  6,  c  are  real  numbers,  not  all  equal,  then  {a  —  b){b  —  c) 
+  (6  —  c){c  —  a)-\-{c  —  a){a-  b)  is  negative. 

23.  If  a,  b,  c  are  real,  unequal  and  positive,  then 

{a  +  b  +  c){ab  +  be  +  ca)  >  9abc  and  (a  +  b  +  cY  >  27aic 

24.  If  X  and  ?/  are  real  and  positive,  x^  +  y^  —  s^y  -  ary*  is  positive. 

25.  If  a,  6,  c,  c?  are  real,  unequal  and  positive,  prove 

ac-\-hd>  1'Vubcd,  ab  +  cd^  2\/abcd,  and  thence 
a^bc  +  aU'd  +  ac'd  +  bcd^  >  i.abcd. 


CHAPTEE    XYII. 


QUADRATIC  EQUATIONS  OP  ONE  UNKNOTVTST. 

278.  Equations  involving  unknown  quantities  of  two  dimen- 
sions, and  no  higher,  are  called  quadratic  equations.  i 

Thus  a:-  +  6x  +  8  =  0,  x-  -  9  =  0,  ^       ^     of'  ^^®  quadratic 

equations. 

279.  Quadratics  of  one  unknown  may  be  either  pure  or  ad- 
/ected.  A  pure  quadratic  contains  the  square  of  the  unknown 
quantity,  and  no  other  power;  whereas  an  adjected  quadratic 
contains  the  first  power  as  well  as  the  second  of  the  unknoAvn 
quantity.     For  instance, 

r^-16  =  0  is  a  pure  quadratic, 
but  a;'  +  8a:  +  16  =  0  is  an  ad/ected  quadratic. 

280.  A  quadratic  equation  is  the  statement  that  the  product 
of  two  factors,  esich  of  one  dimension,  is  equal  to  zero.  These 
factors  may  be  rational,  real  and  irrational,  or  imaginary. 

Thus,  in  the  equation  a:*  +  8x  +  15  =  0,  the  factors  are  {x  +  3)  and 
{x  +  5),  and  therefore  are  rational.  The  factors  of  a;'  -  2  =  0  are 
X-  V 2  and  x-\-  V 2,  and  therefore  are  real  and  irrational.  The 
equation  x'^  +  4  =  0  has  for  factors  (a;  +  2  V^  -  1 )  and  {x—lV-  1 ), 
and  therefore  consists  of  the  product  of  two  imaginary  quantities. 

281.  When  ihefactora  of  a  quadratic  expression  are  obtained 
we  can  at  once  write  down  the  roots  of  the  corresponding  equar 
tion.     This  has  already  been  explained  in  Arts.  120-122. 
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We  have  already  given  examples  to  be  solved  by  factoring: 
we  here  append  a  few  more. 

Ex.  i.— Solve  .1-2-9  =  0.  f 

Factoring,  (x- 3)(a;  +  3)  =  0;    .-.  a- =3  or  -3. 

Ex.  2. — Solve  x"^  -  (m  -  n)x  —  mn  =  0. 
Factoring,  (.c- ?u)(.c  +  n)  =  0;    .'.  a-  =  »tor  -  n. 

EXERCISE   LXXXIX. 
Solve  by  factoring 

1.  .c2  +  9.r+14  =  0.  2.  a;2-8.r+15  =  0. 

3.  a;2-a;-12  =  0.  4.  Q.c' -5x+\=0. 

5.  30.c*-7;-l=0.  6.  .t2  +  .i;- 20  =  0. 

7.  12,t'-'  +  a;-l=0.  8.  2x^-27x=U. 

9.  5.f2-3.r=2.  10.  3.f2-5x  =  2. 

11.  x'^  +  ax-a-x  =  0.  12.  5.r- 12.f+ 2  =  11. 

13.  3x2 -532- +  34  =  0.  j^  110.r  -  21i:+ 1  =0. 

15.  780.r- 73.1- +  1=0.  IG.  x+2-—  =1. 

a- +  2 

17.  — r- —  =  a--  +  2.c+15.       18/ ^^ -  +  —  M- -. 

X-  +  X-4:  ^  2.i;+l     11     3x-5 


x\2    i-x 


19.^-Vr  =  2X.  20.  -il  +  A=^. 
x-\       2x         •*  5_x     4-.r     ar  +  2 

^     a;       2a2  2a-(a  -  a:)      a 

•^'-  a^^b^-W-  22-   -3^^327=  4- 

23.  a;2-2aa;  +  4a6  =  26x  24.  a;^  -  2rta;  +  8a;  =  1 6a. 

25   ^^  =  J:!__2  2f?   !L^_!L._^±i 
•   2a;-3     a:  +  4       *  11     a;  +  4~     3     * 

17 
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2x+\     x-1     x+3    4+x  x-l      x+\      x+7      r-Z 


x  +  3     x^-9     3-x    3-fx'        '   2x+3    2j;-3     4.c--9    2x-3' 

1  7     __14_    x-A  U     a-ih_a  +  U 

"  '  x  —  6     x+3     x'-d    x  +  3'  a      x  —  'lb    x  +  'lb' 


282.  It  frequently  happens  that  a  quadratic  expression  cannot 
readily  be  factored.  In  such  cases  the  following  method  of  tiiid- 
ing  the  roots  is  usually  adopted: — 

Ex.  1. — Let  ar^+/?.r  +  g'  =  0,  find  x. 
Transposing,  x''  +  'px=-  —q. 

Complete  the  square  by  adding  the  square  of  one-half  the  co- 
el&cient  of  x  to  both  sides  of  the  equations. 

Extracting  square  root  of  both  sides, 

P  V  «*  —  4(7 

"+2  =  ^— 2        ' 


""2=^       2       ' 


Hence  a;»_|+^-^ 


n      V'p'  -  Aq 
x^-'^+-J^. 

The  student  will  observe  that  the  double  sign  ±  is  prefixed  to 
— i—f- — ~,  The  reason  is  that  the  square  root  of  a  quantity  may 
be  either  positive  or  negative.     (See  Art.  191.) 
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Ex.  2. — Solve  ax'^  +  hx  +  c  =  Q. 

Divide  through  by  a,  so  as  to  make  the  coefficient  of  a^  unity 
and  positive; 

.-.  x^+  -x+  -  =0. 
a        a 

,     b  c 

Transposing,  ar+-x= . 

^        °  a  a 

Completing  the  square, 

i*  —  iac 


X- 


b        /by     /by    c     < 


Extracting  square  root, 

VP-iac 


/        b\  VP-iac 


X=  -^r-± 


b       Vb^-4ac 


2a~        2a 


b       Vb^-iac        .        b       Vb^-4ac 

Therefore  roots  are    -- — I r and . 

2a  2a  2a  2u 

The  equation  x'^+px  +  q  =  0  is  the  form  of  all  quadratic  equa- 
tions which  have  the  coefficient  of  x-,  unity  and  positive;  and 
ax^  +  bx  +  c  =  0  is  the  form  of  all  quadratics  in  whicfi  the  coeffi- 
cient of  a:*  is  not  unity. 

Ex.  5.— Solve  a^"  -  1 2a;  +  1 6  =  0. 
Transposing,  x^—\2x=-\Q. 

.Completing  the  square, 

a;2-12ar  +  (6)2  =  36-16  =  20. 
Extracting  square  root,      .r  -  6  =  ±  -^20; 

.*.  x=6±  v/20. 
Hence  x  =  6  +  a/20  or  6-2  V20. 
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Ex.  ^.— Solve  3x2  -  8:c  +  9  =  q. 
Dividing  by  coefficient  of  a;-, 


x2-^x  +  3  =  0 

o 

or                                     a?-  -x=  -Z. 

Completing  the  square, 

,     8        /4\2      /4\2     ^     IG 

-3 

/       4^         11 

4          a/ -11 

Extracting  square  root,     x-  -  =  ± — ; 

o                 o 

4     v^-ll 

•'^=3=^      3      • 

283.  This  method  of  solving  a  quadratic  equation  is  called  the 
Italian  method,  and  is  the  one  generally  adopted  in  practice. 
There  is  another  method,  called  the  Hindoo  method,  two  exam- 
ples of  which  we  will  give. 

Ex.  1. — Solve  ax^  +  hx  +  c  =  0. 
Multiply  the  equation  by  four  times  the  coefficient  of  a;', 

.'.  ia^x'^  +  ^ahx  +  iac  =  0. 
Transposing,  4aV  +  iabx  =  -  iac. 

Adding  b^  to  both  sides, 

,-.  ialr' +  iahx  +  b'*  =.  b^  -  iac 


Extracting  square  root,  2ax  +  6  =  ±  v'i'  —  iac 


or  2aa;=  -b±Vb^-iac; 


-b±  Vb^-iac 


QUADRATIC    EQUATIONS   OF   ONE   UNKNOWN.  253 

Ex.  ^.—Solve  2x^  +  8a;  +  5  =  0. 

Multiplying  by  8,  16j;-  +  64ar=  -  40. 

Adding  (8)'^  to  both  sides, 

16.f2  +  64a:  +  64  =  24. 

Extracting  square  root,  4.'i;  +  8=±V24; 

-8+ V24 
.-.  x  = ^ . 

284.  It  is  often  necessary  to  reduce  a  given  quadratic  to  one 
of  the  forms  ax'^  +  bx  +  c  =  0,  x'+px  +  q^O.  The  methods  for  the 
reduction  and  simplification  of  quadratic  equations  are  the  same 
as  those  given  for  simple  equations.     An  example  will  suffice: 

_,        „  ,       x  +  o.    x  +  h     x  +  r 

Ex. — Solve  +  — -;  + =  3. 

x  —  ax— ox-c 

Dividing  each  numerator  by  its  corresponding  denominator 
we  obtain 

1  + +  1+ 7  +  1+ =  3; 

X  —  a  x  —  0  X  -  c 

2a        2b        2c 

+ :+ ^0. 


X  —  a    x  —  b    X  —  c 

a  b  c        ^ 

Dividing  by  2,  + -.  + =  0. 

•^  X  —  a    X  —  b    X  —c 

Clearing  of  fractions, 

a{x-b){x-c)  +  b{x-a)(x-c)  +  c{x-a){x-b)  =  0. 
Multiplying  out  and  collecting  coefficients, 

x\a  +  b  +  c)-  x(2ab  +  2ac  +  2bc)  +  Zabc  =  0. 

Q  \  Jy 4ttC 

Now,  we  know  the  roots  of  aa:-  +  6ar  +  c  =  0  are  ——-±. , 

2a  2a. 

and  as  a,  b,  c  stand  for  any  coefficients  whatever  we  can  at  once 
write  down  tjie  roots  of  a  given  quadratic  by  substituting  for 
a,  b  and  c  their  particular  values  in  the  given  equation.     In  this 
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example  we  must  write  for  a,  a  +  h  +  c;  for  b,  -  2(ab  +  be  +  ca) ; 
and  for  c,  3abc.     Therefore  roots  are 


2{ab  +bc  +  ca)     V4:{ab  +  bc  +  caf  -  12(ahc){a  +  b  +  c) 
2{a  +  b  +  c)    ~  2(a  +  6  +  c)  ^ 

or  simplifying, 


ab  +  bc  +  ca     */  a^W  +  b-<^  +  <p-c?  —  abc{a  +  b  +  c) 
a  +  b  +  c    ~  a  +  b  +  c 

ci_i    „  £jJ^£jIvOISS    ^G« 

oolve 
1.  2x2-7a:  +  3  =  0.  2.  3^« - 53a;  +  34  =  0. 

3.  2x2 -2a;- ^  =0.  4.   14.r - x' =  33. 

5.  (a;-l)(.r-2)  =  6.  6.  {2x  +  l)(x  +  2)  =  Sx^  -  i. 

7.  (x  +  l)(2x  +  3)  =  4,c2-22.         8.  {x+iy  +  {x  +  2y  =  {x  +  3y. 
9.  (x  -  l)(x  -  2)  +  (x  -  2){x  -  4)  =  6(2.c  -  5). 
10.  (x  -  7){x  -  4)  +  (2x  -  3){x  -  5)  =  103. 

^^    X      2      X      3  ^^    x^  -5x  ^      1 

12.   -  +  -  =  -+-.  13.  — -— =  a;-3+-. 

2     x      o     X  x+3  X 

x  +  2    4  -X     7  x  +  3    x-3     2a;-3 

7^1       27"3*  *  'x  +  2'^7^^^^' 

,,    ar-2    x+2     2(a;  +  3)             ,^4  5  12 

16.  ^  + 7,  =  - — S--  17.  :+—      - 


x  +  2    x-2      x-3  '  '  x+l    x  +  2    x  +  3' 

-X    2x-\\     x-2  ,-    2a;-l     2a;+l     ^ 

2         x-3  6    *  ■  2a;+l     2x-l 


80/   _1\ 

20.  ,.J^^2x  +  '^.  21.  e^  =  i^, 
aj-3  2  6.^  -  6x  2 

a:-  r 
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^^    3;r  +  8    5(12-^)  x       ar+2     8.r-13 

""■    a;-4         2x  +  3  '  "  "  z-1     or+l      4(x-2)' 

24.  1ax"  +  {a-1)x-\  =  0.  25.  .03.^=  -  2.7x  =  30. 

26.  t^ziK:^zl)  =  (a:_2§)(.r-lf). 

27.  U-+-U1  +  - -  + 1  +  -    . 

a-G\       X  j  (a-  c)x    a-c\       x ) 

a-  a?  -^  /  a'         a' 

28. +  T =c.  29. 7 =  c. 

h+x    b-x  o+x    b—x 


30.  n.-c+-=na+-.  ^Sl.  abx" -  (a  +  b)cx  +  c- =  0. 


32    2,r(«+£)^3a^  33.    f^^V=l+^. 

3tt  +  2a;        4  \a-x/  b 


a{x  -  b)(x  -  c)     b(x  -  c)(x  -  a) 
■     {a-b){a-c)        {b-c){b-a)   ^   ' 

r35.  x'^+{x  +  iy+l  =  2{x'  +  x+lf. 

X  7.5 

36. 


x-^-2a;-15     r^  +  2a;  -  35     a?-\-\0x  +  2\' 

,^       1  1  1  3         ^„    12  +  2x    4ar-3     4ar-l 

37.  +  — ^+ — 5-  =  -.       38.  --  +  ——-= -, 

x  +  ax+2ax  +  6a     x  x-^o       \  +  2x      x-\ 

2x'^-x-\     2.r2-3ar-8_8a:2-  9 
^^^2      "^      ^Ts       ~  2a;- 3  • 

,„     1+a       6  +  a;  ,,     a;^  +  a'a;'-a" 

40.  , =  - — T-.  41.  + =4a2. 

\+ax     \-\rbx  x  +  a      x  —  a 

42.  _^+_^^_L_^_i 0. 

X  +  a  —  b    X  +  a  +  b    x  —  a  —  b    x  —  a  +  b 

,^    x—b    x  —  a     x  +  b-2ax  +  a  — 2b 

43.  + ;  = —  + —. 

x-a    x—b     X  +  a  -  2b    x  +  b  —  2a 

44.  I + ^ ^. \ =  0. 

(a  +  b){x  -  c)     (b  +  c)(x  -a)     (c  +  a){x  —  b) 
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45.  =-  +  -+  46.    Ix =     (a  +  M   1+-). 

x  +  a+bxab  \        x  J       2^        '\       x-J 

^^    (.r  +  ^.)(.r  +  c)  ^  (x  +  c){x  +  a)  ^{x  +  a)(x  +  ^)  ^  3 
(x-b)(x-c)     {x-c){x-a)     (x-a){x-b) 

,„    x  —  a    X—  a  —  b     x  +  a    x+  a  +  b 

48.  -  + = -  + . 

X—  b    X  —  b  —  c     x+  b    X  +  b  +  c 

,  ^    ax  —  be     bx  —  ca    ex  -  ab     ^ 

49.   ;— + + =  0  when  a  +  b  +  c  =  0. 

ar+o         .r  +  c         x  +  a 

50.  (4a2  -  9cc/).r  +  (4aV  +  iab(P)x  +  (ac^  +  bdrf  =  0. 

CI     -n-    J  xu  1  .  x  +  a     x+b 

51.  Find  the  vjilue  of  + ; 

X  —  a     X  —  b 

when  a;  is  a  root  of  the  equation  .r-  +  x(a  +  h)  =  Zab. 

285.  Various  artifices  are  employed  in  quadiatics,  as  in  other 
equations,  to  lessen  labor.  A  familiar  and  useful  one  isthe  sub- 
stitution of  one  symbol  for  a  number  of  symbols. 

.T  +  2     x-2     5 
^x.  i.-Solve  _L--  = 

x-2     x+2     6 


Here  the  second  fraction  is  the  inverse  or  reciprocal  of  the  first. 

.r  +  2 
a:T2' 

5 
y     6' 
5 


Let  V  = 


then  the  equation  becomes      y  — 


5 
Clearing  of  fractions,  2/'  —  1  =  p  y 


or  2/'  -  -  y  -  1  =  0. 

Factoring,  (y  +  ^  )  (^  "  2  )  °  ^' ' 


.-.  y-2   or  -3. 
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x  +  2 
Substituting  for  y  its  value we  have  two  equations  to 


solve,  viz. 


a-  +  2      3         ,  .T  +  2     2 
^2=2"   ^^^^2  =  3 


From  these  equations  we  get  x=  10  or  -  -. 

D 

Ex.  jg.— Solve 

1     (^r+l){x-3)     1     (■r  +  3)(ar-5)      2_    (x  +  5)(x-7)_  92 
6     (J+2){x-^)'^9  '  (x  +  4)(.r -  6) " l3  "  (.r  +  6){x - 8)  ~  585' 

It  is  easily  seen  that  each  numerator  and  denominator  con- 
tains x^  —  2.r.     Put  (.1-  -  1 )-  =  7/,  then  the  equation  becomes 

1^    y_4     1^    y-16     2     y-36_  92 

5  "'^7^ "^9  ■y-25~T3'y-49~585'  ^^ 

1      1       2       92 
^"^  5^9-13  =  585-  (2) 

Subtracting  (2)  from  (1), 

15        19         2        13        . 

+ 


5    2/-9     9    y-25    13    y-49 

112^ 
2/-y    y-25    y-49 

From  this  equation  ?/  =  1 9 ; 

.'.  (.r- 1)^=19; 

.'.  .^=1^X^19. 
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EXERCISE   XOL 

Solve  according  to  given  examples, 

X     _3     x-1  ^  x-Q      a:-12      5 

*  ^^'^2'*""^'  '     •  a;-12"  a;-6  ^6' 

2a;- 3    3a;-5     5  a:  +  4    .'c-4_10 

■  3a;-5"^2x-3~2*  '  x^4'^x+l~~3' 

X       a:+l_13  3.C-2     2a;-5_8 

'  x+l'^~x~~~Q'  '  2j;-5~3x-2"'3" 

x+l    x-l_  x+lQ     x-4  _37 

■^-l~a;+l~     '  ■  -a;- 4     a:+16      6"' 

6  42 

9.  x  +  2 -=1.        .  10.  x'  +  x+l  = 


x  +  '2  X-+  x' 

11.  {2x'-'5xy-2{x^-Sx)  =  l5.     12.  (x^-xy- -S(x'-x)  +  l2  =  0. 

15.  a;*  +  2x«-24  =  0.  16.  a:«+ 19a:»- 216  =  0. 

17.  (z'  +  x- 2)2- 13(a;2  +  x-2) +  36  =  0. 

1  1  1_ 

a:«+  lla?-8'^r'  +  2x-8'''a:='-  13a;- 8~ 

19-  :T— ^r T7^ +  -2-^rl 77^  =  a:'' -10a: +19. 

ar'-Tar  +  lO    x''- 13a; +  40 

1     x' -  6a;  -  1     1     a;«-6.r-_4     2      a;'-6x-7 
3  *  a;'-6a;-4'^  5  '  ^"6r-~9~  9  '  ^^g7-]6 

14  4 

"45"^«»-6a!-9* 


CHAPTER    XVIII. 


QUADRATICS    INVOLVING    SURDS. 

286.  The  methods  of  solving  surd  quadratics  are  in  the  main 
the  same  as  those  for  solving  simple  equations  containing  surds. 
There  are,  however,  two  kinds  of  equations  frequently  occurring 
which  deserve  some  notice. 


Ex.  7.— Sol ve   v^  1  -  2.C  +  v^  1  +  2.f  =  v^  4 . 

We  know   that  (a  +  by  =  a?  +  h^  +  3ab(a  +  b).      Applying  this 
formula  to  the  given  equation  we  obtain,  by  cubing  both  sides, 


l-2x+l  +  -2x  +  3\^(l-2x){l  +  2x){\^l-2x+  \^l  +  24=4. 


But  ^l-2x+ ^l  +  2.c=  v^4; 


.-.  l-2x+l  +  2x  +  3\^{l-2x){l  +  2x)\^4:  =4 
or  2  +  3  v'4(l-4x2)  =  4. 

Transposing,  3  \^4(l-4r')  =  2. 

2 

Dividing  both  sides  by  3,  V^4  - 1 6^*  =  - . 

o 

o 

Cubing  both  sides,  4  -  1  G.c''  =  — ; 

from  which  we  obtain  x=  ± 


12  a/3 
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Ex.  5.— Solve  x^-^x-^-QVx'-  2,r  +  5  =  11. 

If  we  add  5  to  both  sides  of  the  equation  it  will  take  the  form 
of  a  quadratic, 


.-.  {3?  -  2,r  +  5)  +  6  Vx'  -  2.r  +  5  =  16. 

Lety=  Vx^-'2x  + 

5,  then    a;-  -  2.c  +  5  =  y- ; 
.*.  'if  +  6?/ =  16 

or 

y  +  6v/-16  =  0. 

Factoring, 

(2/  +  8)(y-2)  =  0; 

.-.  2/= -8  or  2, 

that  is, 

Vx-  -  2.C  +  5  =  -  8  or  2. 

Squaring  both  sides, 

.r2_2.'c  +  5  =  64  or  4; 
.-.  .r2-2.c  =  59  or  -1. 

We  have  now  two  < 

3quations  to  solve,  viz.: — 

a;2-2a:-59  =  0 

0) 

and 

x''-2x+\=0. 

(2) 

From.(l),  .r=l±2A/l5. 

From  (2),  (a:- 1)'  =  0  or  .r  =  l. 


-£■«.  5.— Solve   \/3.c2  +  2j;  +  4  =  6x*  +  4.c  -  622. 

6a;2  +  4a;  -  622  =  2(3.e»  +  2.r  +  4)  -  630. 
Lety=-  v'3x»  +  2a;  +  4,  then  2/»-3z'  +  2j;  +  4; 

.'.  2/ =2?/' -630 
or  2?/'' -  y  -  630  =  0.  (1) 

From  (1)  two  values  of  y  can  be  found  which,  when  in  turn 
substituted  in  y=  V'dx^  +  2a;  +  4,  will  give  equations  from  which 
the  difTureut  values  of  x  may  be  obtained. 
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c,  ,  EXERCISE  XCIL 

Solve 


1.    Vx  +  S+  Vx  +  8-:=5V X. 


2.    V2x+  l-Vx  +  4=-Vx-3. 


V7x'^  +  i  +  2V3x-l  _  /     \^x  +  -2a-  Vx  -2a_  x 

^7.^.2  +  4  _  2  V?,x  -  1        "  '   Vx-2a+  Vx-^2a     2a' 


\x      „         \x      „         hx        ^     \/\  +  x+V\-x 
\4  M4  Ms  ^'l  +  x-Vl-x 

x+\/2^^     4  a;+  \/9-:c_7 


9.    -^i^f^  -  V^aTTS  =  1.  10.    -^25  +  ^;+  i/25-.r  =  2. 

11.    '^r^+  v^l+a-= -^3".  12.    v^3+a;+ v'S^-^  v't". 

13.    v^.c  +  1  -  v^a--  1  =  v^ll.         14.    \/a-\-x+  \'a-x=  \^ b. 


15.    v^l-a;+  v'8  +  a;  =  3.  16.  a;2-3.r-6  A/a;2-3.f-3  = -2. 


17.  .c2  +  a/.'c-  -7  =  19.  18.  2.r -  2  \/2x-  -  5i-  =  5(.r  +  3). 


19.  2.^2 -2.1- +  2^/20:2-70;  + 6  =  5a: -6. 


20.  3.r(3-a;)  =  ll-4Va;--3a;  +  5. 


21.  a:2-3A-  +  7\/ll.-r-2a;=«  +  2=-a:  +  21. 


22.  5a;  -  7.r  -  8  Vlx'-  bx  +  \  =  8. 


23.  x-¥  Vx"- ax  +b^  =  a-H^  +  6.^ 


24.  9a;  -  4^^  +  Vix'  -  9.r  +  U  =  5.  j^ 
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25     _^Z±Z±I_=?  26    ^3.r'+a-  +  5^3 

V2.r  +  5j:-2      4"  *    ^^j^ _  .-^  +  i  ~  2  " 

27.   r.^f^V^4.  28.    i^zllZ^^t 

V4Z-  +  2..-1;  3  (8-5a:-2.'0^      ^ 

4  4  12 

29.    =z=:  + ==z  =  ^. 

30.  '^ L=  =  G. 

a;+\/5  +  a;2     x-Vd  +  x' 

31      1 1     ^:^ 

l-'v/l-x^     l+>/l-;r2       ar^ 

32.    -^—  +  3  \/2a:  4-  1  =  7  V^^. 
'/2x  +  1 

^^     ^/3j;-  +  4 -  ^2x2  +  1      1      ^,     a/27x2  +  4+  \/9x2  +  5     . 

j^.   — =  -.     34.    — :== —        -  =j7 

VSj:-  +  4  +  V2.r'  +  1      7  'v/27.t-"-'  +  4  -  VOx"  +  5 

„^     V'5j:-4+  v/S  -  a;      ^4^  +  1 

35.  — =z = — m . 

V'5j;  -  4  -  ^^5  -  a;      Vix  -  1 

„  „     Vax  +  b  +   v'aar     1  +  Vax-  b 

36. ■ —  = . 

Vax  +  b  —   V  ax     1—  Vax  —  b 

„^     Va+x-^Va-x     x  +  2a        „„       ,—        ,- a 

37.  -^= ; =— — .      38.    V  a;  +  V2a-a;- — =. 

Va  +  x-Va-x    t   -"^  Vx  ■ 

Vx+Vb       Va-x-\-*/b-x 

OS.    ^r r^  ="  — - 

v^a:  -  ■/&       Va-x-vi-a; 
40.  /;v'6»^-^^^.:^=^-0.     41.    A/ar'  +  ar^-l-a-V^ar'-ar+l. 
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x^ia^  -  x"^  —  pV^a-x      Va  —  p 


V  a  +  X  +  V  a  —  X      V  a  +  X  -  \/  a  -  x 
43.  — ==. = — == . 


,  ^     \/ X  +2a+  Vx -2a      x  ._      a  -x        x-h  , 

44. -==^~.         45.       +^— _-.=  Vu-6 

Va;-2a-  V.r  +  2a     -^^  Va -a:     Vx-b 

.„        la  -  X        Ib+x  la  -  r        Ib-x 

48.  ^1^  -  .  lili  =  c.  49.  A^  =  ^". 

\b  —  x     \a-x  \x  +  2b     x  +  b 


50.    v/3x2  +  9- '/3a;2  -  9=  v/34  +  4. 


51.    V2x''  +  5+V2x^-5=V\o+\^b. 


52.  'v/3f-  +10+  \/3.f"^  -1 0  =  \/ 1 7  +  V'  -  3. 

53.  2VV^a  +  3V2^J-^^.  54.  -i-+     1__^'^. 

Vx-a  «  +  «     A/a  +  ar     ^ 


55. 


V  X  +  \^  a  —  X      V  X  -  V  a  -  X      V  x 
56.    Vx+  l-2v^.i-+  1  =  4.         57.  (a  +  .r)*-(a-a:)^  =(q?-x»)*. 

58.  (a  +  x)^  -  b{d'  -  x^)^  =  -iia-  xf. 

59.  (7  +  4  v/ 3')j;2  +  (2  4-  V^)x  =  2. 

60.  a:^  +  a;~*  =  (1  +  xf  +  (1  +  .t)~^, 
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287.  It  sometimes  happens  that  the  roots  of  a  surd  quadratic 
apparently  do  not  both  satisfy  the  equation.  For  example,  let 
it  be  required  to  find  the  roots  of  .r  +  V  x  =  20. 

Transposing,  20  -  a;  =  V  x. 

Squaring,  400  -  40a;  +  a;-  =  .'c 

or  x^-i\x  +  iQQ  =  0 

or  (a:-16)(a;-25)  =  0; 

.-.  a;  =16  or  25. 

Now,  if  for  X  in  the  equation  we  substitute  25  there  is  an 
apparent  inconsistency;  for  '\/25  +  25  =  30,  not  20. 

To  explain  this,  we  must  bear  in  mind  that  the  root  of  a  quan- 
tity may  be  either  positive  or  negative;  therefore  ^^25  =  ±5.  If 
we  substitute  the  negative  root,  -  5,  instead  of  the  positive,  +  5, 
the  equation  is  satisfied.  ^ 

So,  too,  in  the  following  example,  the  apparent  iiiconsistency 
disappears  if  we  take  the  negative  root  instead  of  the  positive. 


Solve  3.1+  V2x--2  =  7. 
Transposing  and  squaring,        (3j;  -  7)-  =  2a;  -  2 
or  9.1-2  _  42^.  +  49  =  2a;  -  2 

or  92;* -44a; +  51=0. 

Factoring,  (9a;- 17)(a;  -  3)  =  0; 

17        - 
y 

Here  the  value  a;  =  3,  if  cubstituted,  gives  9+  \/4  x=i7.     But 
V^4  —  ±2;  therefore  taking  negative  root,  9-2  =  7. 


CHAPTER   XIX. 


SIMULTANEOUS    EQUATIONS    INVOLVING 
QUADRATICS. 

288.  The  solution  of  simultaneous  equations  of  the  second  de- 
gree can  be  accomplished  in  a  variety  of  ways.  A  common  but 
somewhat  cumbrous  method  is  that  of  substitution. 

^a;.  i.— Given  x  +  i/  =  7,      (1) 

xy=l2,   (2)  find  x  and  y. 
From  (1),  y  =  7  -X. 

Sub:stituting  this  value  of  y  in  (2), 

xy  =  x(7  -  a-)  =  1 2 
or  a;'^-7a;+12  =  0;    .'.  a;  =  3or4. 

But  y  =  l  -  x;    .*.  2/  =  4  or  3. 

Note. — The  student  should  notice  that  when  x  and  y  are  symmetrically 
involved  in  an  equation  the  value  of  their  roots  are  interchangeable.  In 
the  above  example,  for  instance,  a;=3  or  4  and  2/  =  4  or  3,  i.e.,  when  ar=4 
y  —  Z,  and  when  x  =  3  ^  =  4. 

This  equation,  however,  can  be  more  neatly  solved  by  the  fol- 
lowing method : — 

i'.c.  ^.— Solve  x^y  =  l,                                 (1) 

.ry=12.  (2) 

Squaring  (1),  a;2+ 2.r7/  +  ?/2=  49                                (3) 

Multiplying  (2)  by  4,  4.ry/         =  48                                (4) 

Subtracting  (4)  from  (3),  x^—1xy-\-y-=     1 

Extracting  square  root,  x  -y=  ±1 

but  x  +  y=     7 

Therefore  adding  and  subtracting,       .r  =  3  or  4 
and  y  =  i  or  3, 
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Ex.  S.— Solve  x-y  =  10,  (1) 

a;2  +  y2^178.  (2) 

Squaring  (1)  and  subtracting  the  result  from  (2)  we  obtain 

'2xtj  =  78;  (3) 

but  x'  +  y'^=l78.  (2) 

Adding  (2)  to  (3),  (x  +  yf  =  256. 

Extracting  square  root,       x  +  y=±lQ.  (4) 

From  (4)  and  (1),  by  adding  and  subtracting,  we  get 

a;  =  13  or  -  3 
and  y  =  S  or  -  13. 


(1) 
(2) 


Ex.4.- 

-Solve 

1      1       9 
x'^y~2b' 

1      1       41 
ar^"^  2/2 -400 

Squaring  (1)  and  subtracting  (2)  from  the  result, 

2  _  40 
^~400' 

Subtracting  (3)  from  (2),  and  extracting  square  root, 


(3) 


111  u\ 

From  (4)  and  (1)  we  find  a;  =  4  or  5  and  y  =  5  or  4. 


^x.  5.— Solve  x'  +  7/»  =  35,  (1) 

a:  +  y=5.  •     (2j 

Divide(i)by  (2),  then  a:«-a-y  +  y»-7.  (3) 

From  (3)  and  (2)  we  can  find  x  and  y  by  the  ordinary  methods. 
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c,  ,  EXERCISE   XCIII, 

Solve 


1. 

x  +  y=iO, 

2. 

a:  +  2/=13, 

3. 

x  —  y  =  4:5. 

xy  =  SOO. 

a:y  =  36. 

xy  =  250. 

4. 

x+y=2% 

5. 

a:  +  y  =  18, 

6. 

x-y=\5, 

xy=\00. 

xy  =  12. 

xy  =  54. 

7. 

x+y=\% 

8. 

x-y=U, 

9. 

x  +  y  =  4:9, 

x'  +  y-'^lOL 

a;2  +  y2  =  436. 

x^  +  y^=lQ81. 

10. 

x-y=\0, 

11. 

x  +  ^y  =  b, 

12. 

x-3y^l, 

3;2  +  y'^^178. 

X-  +  xy  =  5. 

xy  +  y^^5. 

13. 

2j;-3y  =  3, 

14. 

x  +  3y=10, 

15. 

x  +  y  +  3=9, 

a:2-y-  =  27. 

Sif -3^=27. 

(x-iy+{y-iy-^s. 

16. 

1-1=3, 
X      y 

17. 

1      1      3 

-  +  -  =  -, 
x     y      i 

18. 

1    1    . 

-  +  -  =  0, 

X     y 

x^    xy 

1      1       5 

3-,=  13. 
a^    y^ 

19. 

1       1        1 
x"^  y  ~12' 

20. 

1.1=7, 
x     y 

21. 

xy  =  l2, 

1      1        7 

1       1       ore 

1      1       7 

x^    xy     144* 

—  +  —  =  25. 

x'^y~l2' 

22. 

4y  =  5a;+  1, 

23. 

7x^-8xy  =  159, 

24. 

x--2xy-y^=l, 

2a:?/  =  33  -  x\ 

5x  +  2y  =  7. 

x  +  y  =  2. 

25. 

^3  +  2/3  =  91, 

26. 

x'  +  y'  =  341, 

27. 

a:* +  7/3  =1008, 

a:  +  y  =  7. 

x  +  2/=ll. 

x  +  y  =  12. 

28. 

a;3_2^=56, 

29. 

.r»-y3  =  98, 

30. 

a:2-y3=279. 

a; -2/ =  2. 

a;-2/  =  2. 

a;  -  y  =  5. 
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289.  Another  class  of  equations  frequently  occurs,  viz.,  that 
in  which  both  equations  are  of  the  second  degree  and  both  homo- 
geneotis. 

Ux.— Solve  3p  +  xy  +  2if  =  74:,  (!) 

2x'  +  2xy  +  f'  =  73.  (2) 

Cross  multiplying, 

73{a;2  +  ary  +  27/-)  =  74(2a."  +  2a:?/ +  2/^). 

Collecting  like  terms, 

75x^  +  75x7/ -72y"  =  0 
or  25a;2  +  25xy-  247/-  =  0.  (3) 

Factoring  (3),     (ox  +  Sy){5x  -  3^/)  =  0; 

.".  5x  +  8y  =  0  or  5x  -3y  =  0. 
8  3 

If  ar=  -  -ythen     x'^  +  xy  +  2y'=  i^jy"-  ^2/^+ V^74 

74 
2-6^'- 74, 

from  which  we  get  y=  ±5, 

and  therefore  a:  =  =f  8. 

Two  other  values  for  x  and  y  respectively  can  bo  found  by 
substituting  for  x  its  value  -  y. 

290.  This  equation  might  have  been  solved  by  another  method, 
often  used  when  the  equation  corresponding  to  (3)  is  not  capable 
of  being  easily  factored. 

From  (3),  25a:»  +  25.ry  -  24.v'  =  0. 

Dividing  by  y»,    25  •  ^,+ 25  •  ^  -  24  -  0. 

This  is  now  a  quadratic  in  ( -  )  and  can  be  solved  in  the  ordi- 
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nary  manner.     Solvin<?  we  find  -  =  -  or  -  - .     We  now  proceed 
•^  °  y      5  5  ^ 

as  before  to  find  x  and  y. 

The  student  should  observe  that  any  equation  of  the  form 
ax^  +  bxy  +  cy- =  0  can  be  treated  in  this  fashion  and  the  values 

of  -  readily  found. 

x^  +  0;!/+  2//'  =  741 

291.  We  have  used  the  equation  „  ,     '  '  „     .,„  }■  to  illus- 

2x^  +  2ry  +  y-  =  73  J 

trate  two  general  methods;  but  this  equation  can  be  solved  readily 
by  the  following  simple  artifice: — 

Adding  the  equations  together 

3x-  +  3xy  +  Sy-  =  \i7 

or  x'^+    xy+    y^=    49 

but  a;"+    xy  +  2y''=    74 

Subtracting,  y  =    25 

y  =  ±5 

Substituting  the  values  of  y  in  one  of  the  original  equations 
the  values  of  x  can  ibe  found. 

292.  We  now  give  examples  of  equations  easily  solved  by 
simple  artifices. 

^j:.  i.— Solve  3^-2/^=26,  (1) 

x^  +  xy  +  y'=l3,  (2) 

Dividing  (1)  by  (2),  x-y  =  2.  (3) 

Squaring  (3),  a^-2xy  +  y-  =  4 ;  (4) 

but  x"^  +  xy  +  y'=\  3.  (2) 

Subtracting  (4)  from  (2),  3.ry  =  d; 

.-.  xy  =  3.  (5) 

Adding  (5)  to  (2),  x'  +  2xy  +  y-=lQ.  (6) 

Extracting  square  root,  x  +  y=  ±4.  (7\ 

From  (7)  and  (3)  x  and  y  can  easily  be  found. 
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Ex.  ^.— Solve  a?  +  xy='l\,  (1) 

f  +  xy  =  2^.  (2) 

Dividing  (1)  by  (2),  y  "  28  "  4 '   ''•  ^  =  4  ^• 

This  value  of  x  substituted  in  (1)  or  (2)  will  give  a  quadratic 
iny. 


Solve 


EXERCISE   XCIV. 


1.  2?/--4a:y  +  3a;2=17,  2.    x^  -  4^/^  -  9  =  0, 

9/^  -  a;*  =  16.  ^y  +  2y"  -3  =  0. 

/    3.  a;- +  a;?/ +  42/^^  =  6,  4.  .-c^  -  a;y  -  35  =  0, 

3x'''  +  82/'=14.  3:3/ +  2/' -18  =  0. 

5.  a;^ -«?/  +  ?/-  =  21,  6.  .i;^  +  a;2/  +  2y^  =  44, 

y^-'2xy=-lo.  2x'^  -  xy  +  i/-=lQ. 

7.  x2  +  a;y-15  =  0,  8.  2a:*  + 3a:y +  ^2  =  70, 

xy  -y"^  -2  =  0.  ^a?  +  xy  -y^  =  bO. 

9.            a:2-.ri/  + 7/^  =  7,  10.        x^  -  xy  -  y'^=b,     ' 

3x2  + 1 3x2/  +  83/'^  =  1 62.  2^'  +  S-ry  +  /  =  28. 

11.  a:*  +  xy  =  84,  I2.;a^-xy  =  6, 

a;y  +  y2^60.  x'  +  y'=61. 

13.  x»  +  a:y  =  66,  14.     a;-  +  2x2/  +  3.v'=:17, 

«*-y=ll.  2.r»+3.ry  +  52/-  =  28. 

15.           a«-y»  =  37,  16.       x'  +  6xy=144, 

;c5  +  a;y  +  y»  =  37.  6.ry  +  362/»  =  4C2. 

I- 

17.  ar»  +  ar2/  +  2/»-39,  18.  3x'  +  4xy=20, 

3/  -  5xy  «  25.  5xy  +  2/  -  1 2. 
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19.  a;2  +  2/'  =  225,  20.  a^  +  9.r?/  =  340, 

xy=l08.  7xy-y^=ni. 

21.  x^-xy  =  35,  22.  x^  +  y'  =  &S, 

xy  +  y^=  18.  xy=\Q. 

23.       r'  +  a;y-62/2  =  24,  24.       r"  -  xy  +  y-=^2l, 

x''  +  3xy-lOy^  =  32.  y""  -  2xy  +  15  =  0. 

25.  ?±y^^z^=io  26.  -_±y^^_::y^l 

x-y    x+y      3  x-y    x+y     2 

0:2  +  2/2  =  20.  a:»  +  y2  =  20. 

27.       y'  -  4xy  +  20^2  +  3y-  264.r  =  0, 
5y2  -  38x2/  +  ^'  -  122/  +  1056x  =  0. 


28.  M=^=— l_. 
X     y        12       « +  y  +  » 


CHAPTEE    XX. 


PROBLEMS  RESULTING  IN   QUADRATIC 
EQUATIONS. 

293.  The  statement  in  algebraic  language  of  the  conditions  of 
a  problem  often  gives  a  quadratic  equation.  Of  the  two  values 
resulting  from  the  solution  of  the  equation  it  sometimes  happens 
that  only  one  will  satisfy  the  conditions  of  the  problem. 

Ex.  1. — The  sum  of  the  squares  of  two  consecutive  numbers  is 
481.     Find  the  numbers. 

Let  ar  =  one  number 

and  a:  +  1  =  the  other  number. 

Then  a^  +  (z+ 1)2  =  481.  (1) 

The  solution  of  (1)  gives  x=\b  or  -  16;  therefore  the  answer 
will  be  15  and  16  or  -  15  and  -  16. 

If  we  confine  the  meaning  of  consecutive  numbers  to  arith- 
metical numbers  in  the  common  scale  it  is  evident  that  the  values 
-  16  and   -  15  do  not  satisfy  the  conditions  of  the  problem. 

The  explanation  of  this  and  all  other  kindred  problems  lies  in 
the  fact  that  as  soon  as  a  condition  is  expressed  in  algebraic  sym- 
bols the  unknown,  quantity  is  treated  as  an  algebraic  number. 
For  instance,  in  the  problem  we  have  just  solved,  as  soon  as  we 
let  X  stand  for  one  number  we  are  required  to  find  an  algebraic 
quantity  which  will  satisfy  the  condition  .t-  + (,r  +  1)-  =  481. 

The  problem  now  miglit  be  worded  as  follows: — 

Find  two  algebraic  numbers,  difiering  by  uniti/,  which  when 
squared  and  added  together  will  give  481.  Since  algebra  per- 
mits the  use  of  neyntive  quantities  it  is  evident  -  16  and  -  15 
are  values  satisfying  (Ij. 
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Ex.  2. — A  person  bought  a  number  of  oxen  for  £80;  if  lie  had 
bought  4  more  for  the  same  sum  each  ox  would  have  cost  £\  less. 
Find  the  number  of  oxen  and  the  price  of  each. 

Let  X  =  number  of  oxen. 

mi  ^^  •  C  1        •  O) 

Then  —  =  price  or  each  in  £  s. 

X 

If  the  person  had  bought  4  more  the  price  of  each  in  £'s  would 

80 
have  been ;  hence,  to  satisfy  the  given  condition, 

80    _80_ 


re  +  4      X 

Simplifying,  .r^  +  4a;  =  320 ;  (1 ) 

.-.  a:  =16  or  -20. 

Now,  we  cannot  have  -  20  oxen,  therefore  the  answer  required 
is  16.  But  the  value  -  20  is  one  which  will  satisfy  the  condition 
a;'-  +  4.r  =  320,  and  consequently  is  a  root  of  that  equation.  Had 
this  problem  been  worded  as  follows  no  inconsistency  would  be 
apparent: — 

Find  an  algebraic  number  such  that  when  it  is  divided  into  80 
the  resulting  quotient  will  be  one  more  than  that  obtained  when 
80  is  divided  by  the  number  increased  by  4. 

EXERCISE   XCV. 

1.  The  sum  of  the  squares  of  three  consecutive  numbers  is  365. 
Find  the  numbers. 

2.  Three  times  the  product  of  two  consecutive  numbers  ex- 
ceeds four  times  their  sum  by  8.     Find  the  numbers. 

3.  The  product  of  three  consecutive  numbers  is  equal  to  three 
times  the  middle  number.     Find  the  numbers. 

4.  A  man  bought  a  number  of  apples  for  16  cents.  Had  he 
bought  4  more  for  the  same  money  he  would  have  paid  i  of  a 
cent  less  for  each  apple.     How  many  did  he  buy  ? 


274      PROBLEMS  RESULTING  IN  QUADRATIC  EQUATIONS. 

5.  Find  the  price  of  eggs  per  score  when  10  more  in  62|  cents' 
worth  lowers  the  price  31^  cents  per  100. 

6.  A  merchant  bought  some  pieces  of  silk  for  $168.75.  He 
sold  the  silk  for  $12  a  piece  and  gained  as  much  as  one  piece 
cost  him.     How  much  did  he  pay  for  each  piece  1 

7.  A  merchant  bought  some  pieces  of  silk  for  $900.  Had  he 
bought  3  pieces  more  for  the  same  money  he  would  have  paid 
$15  less  for  each  piece.     How  many  did  he  buy^ 

8.  The  area  of  a  square  may  be  doubled  by  increasing  its 
lengtli  by  G  inches  and  its  breadth  by  4  inches.  Determine  its 
side. 

9.  The  length  of  a  rectangular  field  exceeds  the  breadth  by 
1  yard,  and  the  area  is  3  acres.     Find  its  dimensions. 

10.  A  grass  plot  9  yards  long  and  6  yards  broad  has  a  path 
around  it.  The  area  of  the  path  is  equal  to  that  of  the  plot. 
Find  the  width  of  the  path.  / 

11.  Divide  a  line  20  inches  long  into  two  parts  so  that  the 
rectangle  contained  by  the  whole  and  one  part  may  be  equal  to 
the  square  on  the  other  part. 

12.  A  vessel  which  has  two  pipes  can  be  filled  in  2  hours  less 
time  by  one  than  by  the  other,  and  by  both  together  in  2  hours 
55  minutes.  How  long  will  it  take  each  pipe  alone  to  fill  the 
vessel  1 

Nl3.  A  vessel  which  has  two  pipes  can  be  filled  in  2  hours  less 
time  by  one  than  by  the  other,  and  by  both  together  in  1  hour 
52  minutes  30  seconds.  How  long  will  it  take  each  pipe  alone 
to  fill  the  vessel  1 

14.  A  number  is  expressed  by  two  digits,  one  of  which  is  the 
square  of  the  other,  and  when  54  is  added  its  digits  are  inter- 
changed.    Find  the  number. 

15.  A  number  is  composed  of  two  digits,  the  first  of  which  ex- 
ceeds the  second  by  2.  The  sum  of  the  square  of  the  number 
and  of  that  which  is  obtained  by  reversing  the  digits  is  4034. 
What  is  the  uunil^eril 
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•  16.  A  number  is  composed  of  two  digits,  the  first  of  whicli  ex- 
ceeds the  second  by  unity,  and  the  number  itself  falls  short  of 
the  sum  of  the  squares  of  its  digits  by  35.     What  is  the  number'? 

17.  Divide  35  into  two  parts  so  that  the  sum  of  the  two  frac- 
tions formed  by  dividing  each  part  by  the  other  may  be  2^. 

18.  A  boat's  crew  row  3i  miles  down  a  river  and  back  again 
in  1  hour  40  minutes.  If  the  current  of  the  river  is  2  miles  an 
hour  find  the  rate  of  rowing  in  still  water. 

19.  A  jockey  sold  a  horse  for  $144  and  gained  as  much  per 
cent,  as  the  horse  cost.     What  did  the  horse  cost  "l 

20.  A  merchant  expended  a  sum  of  money  in  goods  which  he 
sold  again  for  $24,  and  lost  as  much  per  cent,  as  the  goods  cost 
him.     How  much  did  he  pay  for  the  goods  1 

21.  A  broker  bought  a  number  of  bank  shares  ($100  each), 
when  they  were  at  a  certain  rate  per  cent,  discount,  for  $7,500, 
and  afterwards,  when  they  were  at  the  same  rate  per  cent,  pre- 
mium, sold  all  but  $60  for  $5,000.  How  many  shares  did  he 
buy] 

22.  A  person's  gross  income  is  £1,000.  After  deducting  a 
percentage  for  income  tax,  and  then  a  percentage  less  by  one 
than  the  income  tax  rate  from  the  remainder,  the  income  is  re- 
duced to  £912.  Required  the  rate  per  cent,  at  which  income 
tax  is  charged. 

I  23.  If  the  length  and  breadth  of  a  triangle  were  eaoli  increased 
by  1  the  area  would  be  48;  if  they  were  each  diminished  by  1  the 
area  would  be  24.      Find  the  length  and  breadth. 

24.  The  sum  of  the  squares  of  the  two  digits  of  a  number  is 
25,  and  the  product  of  the  digits  is  12.     Find  the  number. 

25.  The  sum,  product  and  difference  of  the  squares  of  two 
numbers  are  all  equal.  Find  the  numbers.  (Let  x  +  y  and  x-  y 
repi-esent  the  numbers.) 

26.  The  sum  of  two  numbers  divided  by  their  diliureuce  gives 
the  same  quotient  as  if  the  greater  number  were  divided  by  the 
less.     Find  the  quotient. 
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27.  The  difference  of  two  numbers  is  |  of  the  greater,  and  the 
sum  of  the  squares  is  356.     What  are  the  squares  1 

28.  The  difference  between  the  hypotenuse  and  two  sides  of  a 
right-angled  triangle  is  3  and  6  respectively.     Find  the  sides. 

29.  Find  two  numbers  whose  sura  is  nine  times  their  differ- 
ence, and  whose^product  diminished  by  the  greater  number  is 
equal  to  twelve  times  the  greater  number  divided  by  the  less. 

30.  A  person  has  $13,000,  which  he  divides  into  two  parts,  and 
placing  each  at  interest  receives  an  equal  income.  If  he  placed 
the  first  sura  at  tlie  rate  of  interest  of  the  second  he  would  re- 
ceive $360  income,  and  if  he  placed  the  second  sum  at  the  rate 
of  the  first  he  would  receive  $490  income.  What  are  the  two 
sums  and  what  the  rates  of  interest  1 

31.  A  and  B  have  each  a  quantity  of  flour,  A  having  4  barrels 
more  than  B.  They  sell  their  flour  to  each  other  at  different 
prices  per  barrel,  and  the  account  between  them  is  settled  by  B 
giving  to  A  £7  16s.  B's  quantity  sold  at  A's  price  would  have 
amounted  to  £28,  and  A's  quantity  at  B's  price  to  £34.  Find 
how  much  was  sold  by  each  and  the  rates  per  barrel. 

32.  From  a  sheet  of  paper  14  inches  long  a  border  of  uniform 
width  is  cut  away  all  around  it,  and  the  area  is  thereby  reduced  |-; 
but  had  the  sheet  been  3  inches  narrower,  and  a  border  of  the 
same  width  been  cut  away,  the  area  would  have  been  reduced  ^. 
What  was  the  breadth  of  the  paper  1 

33.  The  hypotenuse  of  a  right  angle  is  20,  and  the  area  of  the 
triangle  is  96.     Find  the  sides  of  the  triangle. 

34.  The  fore  wheel  of  a  carriage  turns  in  a  mile  132  times 
more  than  the  hind  wheel;  but  if  the  circumferences  were  each 
increased  by  2  feet  it  would  turn  only  88  times  more.  Find  the 
circumference  of  each. 

35.  The  numerator  and  denominator  of  one  fraction  are  each 
fl^reater  by  1  than  tlioso  of  another,  and  the  sum  of  the  two  frac- 
tions is  \^2-  If  t^®  numerators  were  iatorchaiigod  the  sum  of 
the  fraction  would  be  1  J.     Find  the  fractions. 
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294.  A  quadratic  equation  cannot  have  more  than  two  roots. 
Let  the  quadratic  be  reduced  to  the  form  x^  ■{■px  +  q  =  Q.     Then, 

since  x^+px  +  q  is  of  only  two  dimensions,  it  cannot  have  more 
than  two  factors,  each  of  one  dimension. 

If  a; -a  and  x-b  be  the  factors  of  x^+px  +  q  then  x'+px  +  q 
=  {x-  a){x  -L)  =  0. 

It  is  evident  that  x^  +  px  +  q  will  vanish  for  x  =  a  and  x  =  b; 
tlierefore  a  and  b  are  roots  of  the  equation.  Also,  a  and  b  are 
the  only  roots;  for  no  values  other  than  a  and  b  will  make 
(.c  —  a)(x  —  b)  =  0.  Hence  the  quadratic  has  only  two  roots,  viz., 
a  and  b. 

295.  The  following  proof  is  given  in  many  text-books,  but  it 
is  defective,  as  it  proves  that  a  quadratic  cannot  have  three  un- 
eqtial  roots,  but  does  not  prove  that  it  cannot  have  three  roots, 
two  or  niore  of  whicli  are  equal. 

If  possible  let  a,  ^  and  y  be  the  roots  of  the  quadratic  equa- 
tion ax^  +  6a;  +  c  =  0. 

Then,  since  «  is  a  root,  aa^  +  ba  +  c  =  0,  (1) 

and  since  (3  is  a  root,  aj?-  -f-  i^  +  c  =  0;  (2) 

similarly,  since  y  is  a  root,    a-f  +  by  +  c  =  Q.  (3) 
Subtracting  (2)  from  (1)  and  (3)  from  (1)  we  obtain 

a{a'-^)  +  b{a-^)  =  Q),  (4) 

a{u"  -  /■')  +  i(a  -  y)  =  0.  (5) 
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Dividing  (4)  by  (a- (3),  which  is  by  hypothesis  not  zero,  and 
(5)  by  (a  -  y),  which  also  is  not  zero,  we  obtain 

«(«  +  |3)  +  6  =  0,  (6) 

a{^a  +  y)  +  b  =  ().  (7) 

Subtracting  (7)  from  (6),         a{^  -  7)  =  0.  (8) 

By  hypothesis  j3  —  /  is  not  zero  and  a  is  not  =  0 ;  therefore  the 
result  is  impossible,  and  the  equation  cannot  have  three  unequal 
roots. 

Note. — The  reason  why  a  quadratic  equation  cannot  have  more  than 
two  roots  is  the  fact  that  it  cannot  have  more  than  two  factors,  each  of 
one  dimension.  For  a  similar  reason  a  cubic  equation  cannot  have  more 
than  three  roots,  etc. 

296.  If  a  and  b  are  the  roots  of  a  quadratic  equation  then 
(x  —  a)  and  (x  —  b)  are  the  factors  of  the  corresponding  quadratic 
expression.  For  if  the  expression  vanishes  when  x  =  a  then  x-a 
is  a  factor.     Similarly  x  —  b  is  a,  factor; 

.'.  x'^+px  +  g  =  (x  —  a){x  —  b) 
or  x'^+px  +  q  =  x'^  —  x(a  +  b)  +  ab. 

Now,  since  this  is  an  identity,  by  equating  coefficients,  we  obtain 

p=  -(a  +  b)  or  a  +  b:^  -p,  (1) 

and  q  =  ab  or       ab  =  q.  (2) 

Hence  the  important  principle : — 

The  sum  of  t/ie  roots  of  a  qvndratic  equation  of  the  form 
x*  +  px  +  q  =  0  is  equal  to  the  coefficient  of  x  with  its  sign  changed; 
and  the  product  of  tl^e  roots  equals  t/ie  absolute  term,  that  is,  t/te 
term  independent  of  x. 

297.  This  result  may  be  obtained  directly  as  follows : — 
Solving  a?'  +  j?.c  +  5'  =•  0  we  find  the  values  of  ar  to  be 


~  2  ^        2"  ~  2 2 • 
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If  a  and  b  are  the  roots  then 

(1) 

(2) 
Adding  (1)  and  (2), 

a  +  b^-p.  (3) 

Multiplying  (1)  and  (2)  together, 


a  = 

2"^        2 

h  = 

p       Vp^  -  iq 

ab-- 

-{- 

-ly- 

_F 

-4q 
4 

4 

4 

jq 

iq 
4 

9- 

:.  ab- 

=  '!• 

(4) 

298.  From  tlie  fact  that  if  a  and  b  are  roots  then  (.r  -  //.)  and 
{x  -  b)  are  factors  of  the  corresponding  quadratic  expression  we 
can  at  any  time  find  tlie  equation  when  its  roots  are  given. 

Let  a  and  b  be  given  roots;  to  tind  the  equation  of  which  they 
are  the  roots. 

If  a  and  b  are  roots  then  (x  —  a)  and  {.v  -  b)  are  factors ; 
/.  {x-a){x-b)  =  0 
or  x"  —  x(a  +  b)  +  ab  =  0 

is  the  requi^d  equation. 

Ex.  1. — Given  2  and  3  to  be  roots  of  an  equation,  find  the 
equation. 

Since  2  and  3  are  roots  .r  -  2  and  x  -o  are  factors ; 
.-.  (a;-2)(x-3)  =  0 
or  «^  -  5a;  +  6  =  0 

is  the  required  equation. 

Ex.  2. — Given  3  and  -  4  to  be  roots,  find  the  equation.  Here 
the  factors  are  .r  —  3  and  .c  -  (  —  4)  or  .c  +  4 ;  therefore  equation  is 
{x  -  3)(.f  +  4)  =  0  or  x-  +  j;  -  12  =  0. 


280  THEORY   OF   QUADRATICS. 

Ex.  S. — Let  V 2  and  -  -/ 2  be  roots,  their  factors  are  x—  V  2 
and  x+  V  2]  therefore  equation  is 

{x-  V^){x+  V2)  =  Q 
or  .£2  _  2  =  0. 

Hence,  to  find  the  equation  of  which  the  roots  are  given,  sub- 
tract- each  root  in  turn  from  x  and  multiply  the  different  remain- 
dei-s  together.  The  result  equated  to  zero  will  be  the  equation 
required. 

299.   To  fin  I  the  condition  that  roots  of  ax-  +  hx  +  c  =  0  may  be 
real  and  equal,  real  and  unequal,  or  imayinartj. 
Solving  ax"^  +  hx  +  c  =  0  we  find 


x=  -r— 


h       Vb^  -  iac 


2a~        2a 


h       Vb^-  iac 

Let  x^=  -  —  + -— — 

2a  2a 


h       Vb'^-iac 

then  Xi  and  x^  are  the  roots  of  ax^  +  hx  +  c  =  0. 

(a)  Fixing  attention  upon  the  expression  Vb'^  -  iac,  we  see  that 
if  b'^  =  iac  the  quantity  Vb'^  -^ac  =  0,  and  x^  and  a-.j  each  become 

;  therefore  Xi  and  Xj  are  equal  when  b-  =  4:ac. 

2a 

(b)  But  if  6'  >  4ac  then  6^  -  4ac  is  a  positive  quantity  and 
Vl/^  —  ^ac  is  a  real  quantity. 


Let  ±\/6»-4ac=  ±d, 

b       , 
then  ar|=  -  — +  a 

therefore  Xj  and  ar,  differ  by  2d,  and  x,  and  r,  are  real  and  uneqtiac. 
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(c)  If,  iiowever,  h'^  <  iac,  U^  -  ^nc  is  negative,  and  Vb^-^ac 
is  the  square  root  of  a  negative  quantity  and  therefore  imaginary  ; 
hence  .Tj  and  x^  are  both  imaginarg,  as  each  contains  the  itaagin- 
ary  quantity  Vh-  —  4:ac. 

IJence  in  any  quadratic  equation  the  roots  are  real  and  equal, 
real  and  unequal,  or  imaginary,  according  as  the  square  of  the, 
coefficient  of  x  is  equal  to,  greater  than,  or  less  than,  four  times 
the  product  of  the  coefficient  of  x'  and  the  absolute  term, 

Ex.  1. — Let  Ix"^  -  5.r  +  8  =  0 ;  to  find  the  character  of  the  roots. 
Yiere  (5)-  <  4  x  2  x  8;  therefore  roots  are  imaginary. 

Ex.  ^.—Examine  2.c-  -  8j;  +  8  =  0.  Since  (8)-  =  4x2x8,  there- 
fore roots  are  equal. 

Ex.  5.— Examine  3j;  -  12a;  +  9  =  0.  Since  (12)-  >  4  x  3  x  9, 
therefore  roots  are  real  and  unequal. 

Ex.  Jf. — What  value  of  n  will  make  x-  -8a;  +  ri  =  0  have  equal 
roots  1     The  condition  of  equal  roots  is 

(8)2  =  4w 
or  64  =  4ny    .'.  n=16. 

Ex.  5. — What  value  of  a  will  make  4t^  +  ax  +  16  =  0  have  equal 
roots  1     To  have  equal  roots, 

a-  =  4  X  4  X  16 
or  a- =256; 

.-.  a  =±16. 

Ex.  6. — What  value  of  b  will  make  ba?  +  9.r  +  20  =  0  have  equal 
roots?     Condition  required  is 

81  =  4/^x20 
or  81  =  806/ 

••^  =  80- 

300.  The  equation  ax'^  +  bx  +  c  =  0  requires  examination,   (1) 
when  the  value  of  a  approaches  zero,  or  as  is  generally  said  =  0; 
(2)'.vhen  a  =  0  and  6  =  0. 
19 
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(1)  Let  a;j^  +  6a;  +  c  =  0  have  the  coefficient  of  a^*,  zp.ro. 

he 
Divide  by  x"^,  then  a-\ ^  -5  =  0. 

X      X- 


Let  -  =y,  then 

X 

a  +  by  +  cy-  =  0. 

But  a  =  0,  therefore 

by  +  cy'  =  0 

or 

y{b  +  cy)  =  0; 
.*,  y  =  0  or 

b 
c 

But  y=  - ,  therefore 

-=0or 

X 

h 

Let  -  =  — ,  then  «=  —  -,  one  of  the  roots  required. 
X  c  0 

Let  -  =0;  then,  since  the  value  of  a  fraction  diminishes  as 

^     .  .  1 

the  denominator  increases,  the  value  of  x  in  -  =  0  must  be  very 

great;  for  the  quotient  obtained  by  dividing  1  by  x  is  very  small, 
or  zero.  In  such  examples  as  this  x  is  said  to  be  infinitely  great, 
or  infinity^  the  symbol  for  which  is  oc.     Therefore  the  roots  of 

Q 

ax^ -^bx-\-c  =  Q  are  —  -  and  oc  when  a  =  0. 
0 

(2)  Let  a  =  0  and  also  6  =  0. 

ax^  +  bx-\-c  =  0  when  divided  by  x^  becomes 

b       c      ^ 

X      x' 

As  before,  put  -  =y,' 

X 

But  a  o»  0  and  h  =  0,  therefore  a  +  by  +  cy'  =  cy-  =  0 ;  hence  both 

values  of  y  =  0.     But  y  =»  -  =»  0,  therefore  x  =  infinity.     So  that 

when  a  —  0  and  6  =  0  both  values  of  x  are  infinity. 

Nf)TE. — The  student  inuat  bear  in  mind  that  when  we  say  a  =  0  we  mean 
that  the  cocfTicicnt  of  x'  becomes  indefinitely  Htnull,  so  that  it  diffora  from 
zero  by  a  quantity  less  than  any  given  quaiktity. 
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301.  We  now  proceed  to  give  solutions  of  some  problems 
usually  found  in  connection  with  the  Theory  of  Quadratics.  It 
is  impossible  to  give  examples  of  all  possible  forms,  but  we  may 
state  that  the  most  of  the  problems  to  be  found  in  text-books  on 
Algebra  require  for  their  solution  nothing  more  than  a  clear  con- 
ception of  the  fact  that  the  sum  of  the  roots  of  a  quadratic,  in 
its  simplest  form,  equals  the  coefficient  of  x  with  its  sign  changed, 
and  the  product  of  the  roots  equals  the  absolute  term. 

Ex.  1. — If  a  and  b  are  the  roots  of  x'^-\-mx  +  n  =  0  find  the 

.•  ,  1,1 

equation  whose  roots  are  -  and  - . 
a  b 

If  -  and  -  are  the  roots  of  an  equation  then 
a  0 


{x jla;—  -J=Ois  the  equation, 

\a       b  J      ab 


or 

^-K^F 

/       ab 

But 

a  +  b=  —m  and  ab  =  rij 

a+b         ml       1 
ab            n           ab      ♦* 

•' 

/a  +  b\        1       ^  , 
-  .r   — —    H — r  =  0  becomes 
\  ab  J      ab 


o      "*^      1 
a^  +  —  +-  =0 
n       n 

or  wa;2  +  mx  +  1  =  0. 

Otherwise, 

Divide  x^  +  mo;  +  w  =  0  by  a-', 

then  1  +  _  +     =  0. 

X     ar 
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If  y  =  -  then  the  equation  becomes  1  +  my  +  ny^  =  0,  and  the 

values  of  y  will  be  -  and  y  ,  since  the  values  of  y  are  the  recipro- 
a  b 

cals  of  those  of  x.     Therefore   1  +  my  +  nip  =  0  is  the  equation 

1        ^  1 
whose  roots  are  -  and  - . 
a  b 

Ex.  2. — If  m  and  n  are  the  roots  of  ax"^ +  bx-\-c  —  Q  find  the 
values  of 

(a)  m^  +  inn  +  n^,    (b)  m-  -  rr,    (c)  m^  -  mn  +  n', 

(d)  m*  +  7nhi-  +  n*,    (e)  m'  +  n^. 


(a)  Dividing 


and 

Squaring  (1), 

and 

Subtracting, 


ax'  +  fix  +  c  =  0  by  a, 


x'+-x+-=Q; 
a        a 

b 

.'.  m  +  n= 

a 

c 
mn  =  - . 
a 

2         *' 

m-  +  2mn  +  n'=  -z 

c 
Win  =  — . 
a 

2     *' 
vr  +  mn  +  n'  =  —„  — 

c 
a 

b'-ac 

,     b'-ac 

0) 

(2) 
(3) 
(2) 


(6)  To  find  the  value  of  m'  -  n'. 


Since 


and 


m  +  n=  — 
a 

c 
inn  =  -, 
a 


squaring  (1)  and  subtracting  4mn, 


/>'     4c     A"  -  ^ac 


(1) 
(2) 


or     a 
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Extracting  squai     root,           m-n=±  , 

a 

(3) 

But                                               m  +  n= . 

a 

(4) 

Multiplying  together  (3)  and  (4), 

,         bVb'^-^ac 

imr  -n-=  + . 

a? 

(c)  To  find  the  value  of  «r  -  myi  +  n-. 

b^ 
(m  +  n)'  =  m^  +  2»m  +  n^  =  — 

3c 
and                                                3»in  =  — .     From  (2^ 

a 

c:  i^      .•                             o                 ,     P-3ac 
Subtracting,                    m-  -  mn  +  n^  = — . 

1                                        9                  o     ^^  -  3«c 
ma                                   m-  -  m74  +  n^  = ^ — , 

.*.  m*  +  m-tr  +  n*  =  (in-  -  wn  +  n^){m-  +  mn  +  n^) 
_  (6'  -  3ac)(6'  -  ac) 

a* 

(e)  To  find  the  value  of  m^  +  «,'. 

m^  +  »i^  =  (w  +  n)(m2  -  mn  +  71"). 
But 


and 


«i  +  n  = 

b 
a 

TJi^  -  wn  +  w'  = 

b^  -  Sac 

.".  m'  +  w^  = 

-  6(62  _ 

3ac) 

Another  Method. 

+  7i'  =  {m  +  nY-3mn{m  +  n)=(--y-3(-\(-'-\ 


3abc  —  6^ 
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Ex.  S. — If  one-third  the  sum  of  the  squares  of  the  roots  of  the 
equation  dx-  +  bx  +  c=^Q  is  equal  to  the  product  show  that  b~  =  bac. 

Let  m  and  n  be  roots  of  the  equation,  then 

b 

m  +  n= 

a 

and  mn  =  -  : 

a 

also,  by  hypothesis,  -(m^  +  n'^)=*mn.  (1) 

o 

We  have  now  to  express  m'^  +  n^  and  mn  in  terms  of  a,  b  and  c. 

..     /           X,     o           ^'     2c     b''-2ac 
Since  m-  +  w  =  (m  +  w)-  -  2mn  =  —. = — : 


1/2       2x      l/&'-2«c\ 


also,  mn.  =  - . 

a 

Substituting  these  values  of  -  (m?  +  n^)  and  mn  in  (1)  we  obtain 

o 

1  /6«  -  2ac\  _  c 
3V      a?     )~a* 

or  i''  —  2ac  =  oac, 

or  i^  =  5«c. 

-\ 

.  a  ft  r 

^ar.  /. — Find  the  roots  of  the  equation  + ;  H =  0 

^  z+a    x+b    x+c 

when  a  +  b  +  c  =  0. 
Clearing  of  fractions, 

a{x  +  b){x  +  c)  +  b{x  +  a){x  +  c)  +  c{x  +  a){x  +  ft)  =  0. 
Multiplying  out,  and  collecting  coefficients  of  .r'  and  ar, 

a;»(a  +  /,  4-  c)  +  3-(2aft  +  2a<j  +  2ftc)  +  3aftc  -  0. 
Since  a  -f  6  +  c,  the  coefficient  of  a:',  —  0,  one  root  of  the  quad- 

ratio  18  infiniiy  and  the  other  root  is  jry-j — r r . 

•^       "^  2(aft  +  6c  +  ca) 
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Ex.  5. — If  the  equation  x'^-\-px  +  q  =  0  have  equal  roots  show 
that  ax"^ +  p{a  +  b)x  +  q{a+2h)  =  (i  lias  one  of  them,  and  find  the 
other. 

If  the  roots  of         x^  +px  +  q  =  0  have  equal  roots 

then  p^  =  iq  or  5'  =  ^ ; 

.-.  ax-  +p{a  +  h)x  +  q{a  +  2i)  =  ax"^  +p{a  +  b)x  +'^(a  +  26)  =  0. 

But    ax''  +  p{a  +  b)x  +  '^  {a  +  1b)=  («+ |)  {«a;  + ^(a  +  26)}; 

/.    ^ar  +  0{aa:  +  ^^(a  +  26)}=O; 

p            pla  +  26) 
••    "=-2    '' 2a—' 

Since  x-  +  px  +  q  =  Q  has  equal   roots,  and  -/)  =  sum  of  roots, 

P 
therefore  —  -  =  one  of  the  equal  roots. 

2  '     \ 

Ex.  e.—li  x"-    9.r+    a  =  0,     (1) 

a;*  —  14.r  +  3a  =  0,     (2)     have  a  common  root  solve 
both  of  them. 

If  (1)  and  (2)  have  a  common  root  they  have  a  common  factor, 
which  must  be  a  factor  of  their  difference,  and  therefore  must  be 

2  2 

X  —  -a.     Therefore  a;  =  ^  a  is  common  root. 
5  5 

Substituting  this  value  of  x  in  (1), 

(?„)'-9(|„)+  =  =  0, 

or  .  4a2  -  90a  +  25a  =  0, 

or  4a- =  65a. 

n^^  .  65  ,     2  13         ,  ^  13 

iherefore  a=    -  and  -=0,  =  -^',  thereiore  common  root  =  — .    But 
4  5         2  2 

sum  of  roots  in  (1)  =  9  and  in  (2)  =  14;  therefore  remaining  roots 

5        ,  15 
aa-e  ^  and  — . 
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Ex.  7. — If  the  ratio  of  the  roots  of  the  equation  x'  +  fx  ■\-q  =  0 
be  equal  to  that  of  the  roots  of  x-  +p^x-\-q^  =  0  \AiQn  p-q^=p^q. 

Let  a  and  b  be  roots  of     a?  +px  +  q  =  0 
and     m  and  n  be  roots  of  x^  +PiX  +  g-j  =  0, 


then 

a 
b 

n' 

But 

a  +  6  =  -p  and 

ab  =  q, 

also 

m-{-n=  -pi  and 

mn  =  qy; 

therefore 

(«+/)'  =  '''  and 
ab         q 

(m  +  ny     p^ 
mn         q^ 

But 

^ -^=-  +  -  +2  and 

ah          0      a 

(m  +  ny     m     n 
mn          n     vi 

and,  by  hypothesis,                   r  =  "~j 

0      n 

(a  +  by     (m  +  ny 

ab             mn      * 

•  t='El 

"  q    9i 

or 

2i'q  =p{q. 

9 

-^5 


EXERCISE   XOVI. 

1.  If  o  and  b  be  the  roots  of  x'^+2)x  +  q  =  0  prove  a'  +  b'  =  3pq—p'^. 

2.  If  a  and  b  be  the  roots  of  px'^  +  qx  +  r  =  0  prove  that  the 
equation  whose  roots  are  j  and  -  will  be  prx^+(2p)'-q^)x+p7'  =  0. 

3.  If  m  and  n  bo  the  roots  of  ax'  +  z  +  b  =  0  show  that 

\        nj  \       ml      ah 
^.   Find  the  sum  of  the  roots  of  the  equation 

X  -  a    X  -  b    X  -  6 
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\6.  If  «  and  |3  be  the  roots  of  ax'^  +  bx  +  c  =  0  form  the  equation 
whose  roots  are  —  and  —•  al§o  form  the  equation  whose  roots 
are  _  and  \. 

3 

6    If  a  and  B  be  the  i-oots  of  a**  +  r.r  + -—r*  =  0  form  the  equa- 

16 

tiou  whose  roots  are  a?  +  ^  and  a^  -  ^. 

7.  If  a  and  h  be  the  roots  of  the  equation  px-  +  qr  -\-  q  =0  show 

8.  If  the  roots  of  x^  +px  +  q  =  0  and  x'^  +  qx+p  =  0  differ  by 
the  same  quantity  show  that  p  +  q  +  ^  =  0. 

^     9.  If  a  and  h  be  the  roots  of  x'^+pr  +  q  =  0,  and  a  and  c  those 

of  x'^-\-rx  +  8  =  0,  tlieiv  {b  +  c)  andsic  respectively  will  satisfy  the 

equations  x^  +  {p  +  'r)x  +  2{q  +  s)  =  0  and  x^  +  {q  +  8-  pr)x  +  j«  ^  0. 

10.  If  the  roots  of  ax'^  +  bx  +  c  =  Q  are  in  the  ratio  of  m  to  n 

show  that  —  =  ^ . 

ac tnn      ___ 

^11.  If  a  and  ^  be  the  roots  of  a?'- .r(l +«)  +  -(1  +a  +  «-)  =  0 
prove  tliat  a^  +  ^  =  a. 
'  \/^2.  Form  the  equation  whose  roots  are  the  square  of  the  sum 
and  difference  of  the  roots  of  '2x^  +  2(m  +  n)x  +  m^  +  n"  =  0. 

13.  If  a  and  ^  aie  the  roots  of  ax- +  bxi-c  =  0  form  tlie  equa- 
tion whose  roots  are  «-  +  /?-  and  — ,  +  -7^,. 

«-     p- 

14.  If  a  and  ^  be  the  I'oots  of  ax-  +  bx  +  c  =  0  prove  that  the 

quadratic  equation  whose  roots  are       and  —  is 

pi  a 

a*c-x  +  b(b*  -  baPc  +  5aV)j;  +  ac*  =  0. 

15.  Find  the  relation  between  the  coefficients  of  ax"^  +  bx-\-c  =  Q 
that  one  root  may  be  double  of  the  other. 

16.  Form  the  equation  whose  roots  are  v^  3  and-  V  Z. 

17.  Form  the  equation  whose  roots  are  m  +  n  and  m  -  n. 
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18.  Find  the  condition  that  ax'^  +  bx  +  c  =  0  and  a^x^  +  b^x  +  c^^O 
may  have  a  common  root. 

19.  If  ax-  +  bx  +  c  =  0  and  UiX^  +  b^x  +  Ci  =  0  have  respectively 
iwo  roots,  one  of  which  is  the  reciprocal  of  the  other,  prove  that 

(aoi  —  cCiY  =  (a6i  -  bci){ajb  —  b^c). 

20.  For  what  value  of  m  will  the  equation  2a;' +  8.^  +  7?i  =  0 
have  equal  roots? 

21.  Show  that  in  every  quadratic  of  the  form  ax^  +  bx  ■\-  a  =  Q 
the  roots  are  the  reciprocal  of  each  other. 

22.  Show  that  the  roots  of  cx"^  +  bx  +  a  =  0  are  the  reciprocals 
of  those  of  ax"^  +  bx  +  c  =  0. 

23.  If  a  and  p  be  the  roots  of  the  equation  ax"^  +  bx  +  c  =  Q),  and 
a'  +  (S*  =  1,  show  that  2ac  =  6'  -  or. 

24.  If  .T^  —  3x  —  a  =  0  and  r*  -  4a;  -  5  =  0  have  one  root  in  com- 
mon show  that  a?  —  14a  +  40  =  0. 

25.  If  the  roots  of  the  equation  x"^  ^px  ■\-q  =  Q  be  respectively 
any  equimultiples  of  the  roots  of  the  equation  x-  +  rx  +  s  =  0  prove 
that  ap^  =  qr^. 

26.  If  the  difference  between  the  roots  of  the  two  equations 
3^-\-{p—  a)x  +  6^  =  0  and  x"^  +  {p-  h)x  +  a*  =  0  be  equal  then  shall 
2p  =  5(a  +  b). 

27.  If  a  and  b  be  the  roots  of  i?  -px  +  q  =  0,  and  a  and  |3  the 

roots  of  x^-qx  +  p  =  0,  show  that  —  +  —;;+— 7  +  :^=  1- 

ace    ap     ab    po 

28.  Show  that  the  roots  of  the  quadratic  equation 

+ H =  0 

3a -X    3b -x    3c  — X 
are  real  if  a'  +  6'  +  c'  is  greater  than  ab  +  ac  +  be. 

29.  Find  the  values  of  m  whicli  will  make  the  equation 
3mx*  +  (dm  -  1 2)x  +  8  =  0  have  equal  roots. 

a'         U^         c* 

30.  If  ai  +  /;c  + ca-0  find  the  roots  of + r  + -0. 

z-a    x-b    x—o 


APPENDIX. 


SPECIAL  FORMS  OP  SIMPLE  EQUATIONS. 

1.  By  methods  already  given  any  simple  equation  involving 
but  one  unknown  quantity,  .r,  may  always  be  reduced  to  tlie 
form  ax  =  b  where  a  represents  the  sum  of  the  coefficients  of  all 
the  terms  containing  x,  and  b  the  sum  of  all  the  other  terms. 

1.  Let  a  =  0,  then  ax  =  0;  for  if  one  factor  =  0  the  product  =  0, 
and  therefore  no  value  of  x  can  satisfy  the  equation.  If,  how- 
ever, a  be  not  zero  but  a  very  small  quantity,  then  the  equation 
will  be  satisfied  when  x  is  very  great;  and  by  making  a  small 
enough  x  may  be  made  greater  than  any  assignable  quantity.  In 
this  sense  it  is  customary  to  say  that  when  a  =  0  x=  <x.  Similar 
remarks  apply  to  equations  (3)  and  (4)  of  the  following  Art. 
when  the  coefficients  of  x  and  y  vanish. 

II.  Let  a  =  0  and  also  b  =  0,  then  ax  =  0,  and  the  equation  is 
satisfied  for  any  value  of  x.  In  this  case  the  given  equation  is 
an  identity,  and  therefore  true  for  all  values  of  x.     (Art.  108.) 

2.  The  following  simple  example  will  illustrate  the  meaning 
of  the  preceding  cases : — 

A  and  B  commence  business  with  capitals  of  $a  and  $6  respec- 
tively; A  gains  $m  and  B  $n  per  annum.  In  how  many  years 
will  thoy  have  an  equal  amount  of  money  1 
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Let  X  =  the  number  of  years, 

then  -  a  +  mx  =  A's  money  at  the  end  of  x  years 

and  b+  nx=  B's  money  at  the  end  of  x  years. 

Then  a  +  mx  =  h  +  nx; 

.    /           \        A                       ^^-^ 
. .  (m  -  n)x  =  b  —  a  or  x  = . 

in-  n 

Now,  if  7?i  -  n  =  0  1.0  vahie  of  x  can  satisfy  the  equation  unless 
also  b  —  a  =  0,  and  then  any  value  of  x  will  satisfy  it.  Referring 
to  the  original  problem  we  see  that  these  results  are  correct;  for 
ii  m  —  n  and  a  is  not  =6  then  evidently  the  two  men  can  never 
have  the  same  amount  of  money;  but  if  m  =  w  and  also  a  =  b  then 
they  have  always-  the  same  amount. 

3.  Simultaneous  equations  of  the  first  degree  involving  two 
unknown  quantities  may  always  be  reduced  to  three  terms  each, 
and  may  therefore  be  expressed  in  the  form 

ax  +  by  =c,  (1) 

a'x  +  b'y  =  c'.  (2) 

Eliminating  y  and  x  successively  in  the  usual  way  we  get 

{ab'  -a'b)x  =  b'c-bc',  (3) 

(a6'  -  a'b)y  =  c'a  -  ca'.  (4) 

I.  Let  ab'  —  a'b  =  0,  than  no  values  of  x  and  y  can  satisfy  equa- 
tions (3)  and  (4),  and  consequently  no  values  of  x  and  y  can 
satisfy  the  given  equations.  In  this  case  the  given  equations 
are  said  to  be  inconsistent  or  contradictory,  and  no  solution  is 
possible. 

II.  Let  ab'  —  a'b  —  O  and  also  b'c  —  be  =0,  thou  any  vahio  c-f  x 

/  ft      b' 

will  satisfy  equation  (3);  and  since  a//-« /;  =  0,  -  =      ;  and  since 

A'        /•'  C        (t 

b'c  -  bc'^'O,   T"-,  and  therefore  -  =»  -  :  therefore  e'<t  -cu'  =0. 
he  c      a 

and  therefore  any  value  of  //  will  satisfy  equation  (4).     In  this 
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case  the  given  equations  are  not  independent,  and  the  values  of 
X  and  y  are  indeterminate. 

Referring  to  the  original  equations  we  find  that  in  Case  I.  we 

a'      b'  b'  c'      ,        „  /        ,/     •  1  •   1       i. 

have  -  =  7 ,  but  -  not  =  -  :  therefore  ax  +  by  is  a  multiple  of 
a      b  b  c 

ax  +  by,  but  c  is  not  the  same  multiple  of  c,  which  is  evidently 
impossible. 

In  Case  II.  we  have  -  =  -  =  -,  and  therefore  a'x-\-b'y  is  a 
a      b       c 

multiple  of  ax  +  by,  and  c  also  the  same  multiple  of  c.  The 
second  equation  is  therefore  merely  a  repetition  of  the  first,  and 
an  indefinite  number  of  solutions  may  be  given.     (Art.  180.) 

4.  Thus  far  we  have  supposed  that  no  one  of  the  quantities 
a,  b,  c,  a',  b',  c  is  zero,  and  we  have  seen  that  the  values  of  x  and  y, 
as  determined  from  (3)  and  (4),  are  either  both  impossible  or  both 
indeterminate;  but  without  the  preceding  condition  this  result  is 
not  necessarily  true.  For  let  a  and  a'  each  be  zero  and  b'c  —  be 
not  zero,  then  the  value  of  x  is  impossible  and  the  value  of  y  in- 
determinate. Again,  let  a  and  «'  each  be  zero  and  b'c  —  be  also 
zero,  then  the  values  of  x  and  y  from  (3)  and  (4)  appear  inde- 
terminate. Referring  to  the  original  equations  we  have  by  =  c, 
b'y  =  c';  and  since  b'c  — be' =  0  one  equation  is  a  multiple  of  the 
other.  The  value  of  x  is  indeterminate  because  the  equations  do 
not  contain  x,  and  the  value  of  y  appears  indeterminate  in  (4) 
because  both  the  original  equations  were  multiplied  by  the  zero 

multipliers,  a'  and  a;  the  real  value  of  y  is  either  -  or  -.. 

c        c 

5.  When  three  simultaneous  equations  are  given  involving 
three  unknown  quantities  various  peculiarities  may  arise  the  dis- 
cussion of  which  in  detail  would  be  tedious.  What  has  been 
given  is  sufficient  to  enable  the  student  to  understand  any  par- 
ticular case  which  may  present  itself.  The  most  important  cases 
are  illustrated  by  numerical  examples  in  the  folloAving  exercise. 
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g^j^Q  •  EXERCISE    XCVII. 

1.  (a  -  b){x  -c)  +  (b-  c){x  -a)-\-{c-  a)(x  -b)  =  0. 
•2.  {a  -  b){r  -  cf  +{h-  c){x  -  af  +  (c  -  a){x  -  bf  =  0. 

3.  (a  -b){x-  cf  +  {b-  c){x  -  af  +  {c-  a){x  -  bf  =  0. 

4.  (2a;  -  a  -  bf  -{x-  of  -(x-  bf  =  3(,r  -  a)(x  -  b){2x  -a-b) 

5.  m(x  -  a)  +  w(y  -  b)  =  {m  +  n){a  +  b). 
Tn(x  -  b)  +  n{i/  -  a)  =  (m  —  n)(a  —  b). 

6.  x-y  =  a,  7.  x  +  ]/  +  z  =  20, 
y  -z  =  b,  x  +  2y  +  3z-=M, 
z-x  =  c.                                           2x  +  3y  +  4z=60. 

8.     x+2y  +  3z=lO,  9.         3x  +  y-z=l5, 

3x  +  iy  +  Qz  =  23,  7x  +  2y-2z  =  35, 

a:  + 6^  +  92;=  24,  nx  +  3y-3z  =  70, 

10.   (a- b)x  +  (b -c)y  +  (c  —  a)z  =  m,      11.  x  +  y  =  5, 

(b  -  c)x  +  (c-  a)y  +(a-  b)z  =  n,  a^  +  y^+l  5xy  =  125. 

(c  —  a)x  +  (a  —  b)y  +  (/;  —  c)z  =p. 

Expose  the  fallacy  in  the  following: — 

12.  Let  a  =  by  then  a6  =  6'and  a'-a&  =  a'-fi'; 

.'.  a[a  —  b)  =  (a  +  b){a  —  b) ; 

.'.  a  =  a  +  b  =  2(1  since  a  =  b; 
.'.  a=2a  or  1  =  2. 

13.  Solve  axy  =  c{bx  +  ay),  (1) 

bxy  =  c{ax  +  by).  (2) 

Multiply  (1)  by  a,  (2)  by  A,  and  subtract,  we  get 
{a?  —  b'^)xy  =  c{a?  —  b'^)y  or  x  =  c. 

Substitute  this  value  for  x'm  (1)  and  we  get 
acy  •»  c{bc  +  ay)  or  6c'  — 0. 


I 
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EXERCISE  I.     (Page  13.) 

1.  5.  2.  31.  3.  7.  4.  38.  5.  49. 

6.  90.  7.  183.         8.  198.  9.  2.  10.  87. 

11.  21  12.  1.  22.  76,  536. 


EXERCISE  II.     (Page  14.) 

1.  a  +  h.  2.  a'  +  V^.    3.    (a  +  b)\      4.   Qab.        5.  ^^-^'. 

^         '  a  +  b 

6.    VaUb\        7.   (a  +  b)-  =  a-  +  b''  +  2ab.  8.   ^.!—^  =  a''  +  b-  +  ab. 

a  —  b 


7b. 


9.   100,r,  — .  10.   12a;  +  7/,  36x'+12y.     11.  $7x.     12.  x-5a- 

13.  a-y/  miles.     14.    -  hrs.   15.   i^^ij—^,       16.  mx.        17.  ary. 
a:  100  "^ 

18.  ar?/2,  2.cj/  +  2yz  +  2.3.r,  ix  +  hj  +  iz.     19.   -3^^.   20.  ^^. 

2592  m 

21.  a;  +  i/+10.    22.  a;-10.  23.  x-ij.         24.   -.         25.  xy  +  r. 

26.  5,  98,  18,  7,  3.  27.  ?(^?K«_±*)j:^_    38.  "^^^^ cts. 

m  +  n  a  +  b 

on    /         \/        i\/         \       on    (^+?/)*            o-i     ^ 00m  -ax  —by. 
29.  (a:  +  2/)(a  +  A)(p  +  r^).      30.  ^-Jq^-  31. -^ ^. 


32.    f^%i^i^U;,.        33.  --^---^.    34. 
\  m  n    J  y 


X  —  kr 
^     ^     60 


„_       m     -  ma:       wi?/ 

35.  hrs.,  ,    — '— . 

x+y  x+y    x+y 
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EXERCISE  III.     (Page  19.) 

I.  99,  1980.  2.  40  lbs.  3.  108,  27. 

4.   9,  or  441  sq.  in;  27,  or  9261  cu.  in.  5.   5  miles  west. 

6.    -8.         7.  Del.ts  8.    -100. 

EXERCISE  IV.     (Page  22.) 

1.  +15.     2.-15.     3.  +9.        4  -10.       5.  -24.         6.   -15. 
7.   -5ab.   8.  +9^2.  9.   lOni'-Un^  10.   -3a  +  6  +  7c  +  (^. 

II.  6.r-92.  12.   7.i:-13^  +  22.         13.   Sa''-5ab  +  b\ 

14.  -44,    +1885,    -19,    +1910. 

15.  +20  +  (-15)= +5,   20  +  15  =  35,  direction. 

16.  1000  +  3000  +  (  -  2000)  +  (  -  2500)  =  -  500  =  $500  debt. 

EXERCISE  V.     (Page  23.) 

1.  4a +  76  + 7c.  2.  3«  +  3/;  +  3c.  3.  9a -136 -4c. 

4.  -  ab  -  5bc  +  Sac.        5.   lOx'^  -  7  xy  -  if.        6.  0. 

7.  6(.r  +  2/).  8.  9(a*-'  +  />).  9.  -a(x-y). 

10.  x+i/\-z-2{m  +  ny.  11.   13(2a  -  36)  -  2c.  12.  0. 

13.  9a-46-17c-12rf+12e. 

14.  6a^-2a''b-3ah'-22ac'-7b^-c\ 

15.  l2a^  +  2a'^b+l2aJP  +  b^-ia\  16.  2aWc. 

17.  Sx  +  7i/+lU.      18.  5.f  +  13y  +  62.     19.  6tt  +  66  +  6c.     20.  0 

EXERCISE  VI.     (Page  25.) 

1.  (a  +  m)x  +  (6  +  n)y.  2.   (2a  -  7).c  + (10  -  36)y. 

3.  (m-6+l).c  +  (n-a-l)y.  4.  (5c  -  10(^).c  +  (a  +  76)7/. 

5.  {2a  +  2b)i/.  6.  3aa;.  7.  nx  +  y. 

8.  -nz.  9.  0.  10.  (a  +  6  +  c).r. 

EXERCISE  VII.     (Page  27.) 


1. 

+  8. 

2. 

-8. 

3. 

-30. 

4. 

+  30. 

5. 

+  41. 

6. 

-75. 

7. 

6a. 

8. 

—  6a. 

9. 

-Sm. 

10. 

3a:. 

11. 

-  8a/;. 

12. 

9,a?x.   ■ 

13. 

-  Zay. 

U. 

-3a6y. 

15. 

17mV. 

16. 

-Uxy. 

17, 

6a?. 

18. 

9»/'. 

19. 

771  —  W. 

20. 

0. 

21.  476 -(-"53)- 1229.  22.  2000- (- 1600) -3500. 
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EXERCISE  VJTI.     (Page  28.) 

1.  a -36 -2c.  2.  -2a -6- 2c. 

3.  2a-26-.r.  4.  5r^-5xhj -Uti/. 

5.  2.r'-6.i-2y  +  6.zy-22/».  6.  -x^-2x^-x-i. 

7.  7-10.r+10.c2-6x'3.  8.  ^a^  -  2b- -  2ac  +  2bc. 

9.  x''-y'--Sxy-a  +  h.  10.  aVj  +  a/A 

11.  5.1;' +  3?/2-llxy  4-5^^-73-2.  12.  2a2ic  + 2rtic2- 2«ic. 

13.  {a-c)x^-{h-d)>f.  14.  (a-/).r  +  (26-2m).ry  +  (c-n)2/-. 

15.  {G-h)x-  +  (a-c)xi/  +  {/>-(t)i/'\  IG  (rt-(';)4-8(.c  +  2/). 

17.  2(a  +  />)-2(c  +  (/)  +  10{.i-  +  ?/)  +  7H-».         18.  2bx  +  2ci/  +  2az. 

19.  -.r3+15.iV  +  V- 

EXERCISE  IX.     (Page  30.) 


1. 

0. 

2. 

0. 

3. 

2a -6. 

4. 

4a-6-c 

5. 

2c -5d. 

6. 

5.r-3(«. 

7. 

G.c-8y. 

8. 

2a -26. 

9. 

2a-b-d. 

10. 

3a. 

11. 

-2x-y. 

12. 

7.r-6i/. 

13. 

a. 

14. 

la -lb. 

15. 

10c- i. 

16.  {a-b)  +  {c-d)~{e-f),  (n-b  +  c)- (d  +  e-f). 

17.  a-{b-{c-d-e)-f}.  18.  a- {(6-c)  +  ((^  +  e) -/}. 
Id.  a-[b-{c-{d  +  ^')}].        20.   -a  +  6-c.  21.   17. 


EXERCISE  X. 

(Page  34.) 

1. 

15. 

2  -15. 

3. 

-42. 

4. 

99. 

5. 

196. 

6.   15. 

7. 

135. 

8. 

0. 

9. 

162. 

10.   -2. 

11. 

-450. 

12. 

-21. 

13. 

4816. 

14.  -35a». 

15. 

-SOa^bc. 

16. 

-  36aVy». 

17. 

24:m*n*p. 

18.  -30.iY«"- 

19. 

QO{abxi/)\ 

20. 

0,  0,  0. 

21. 

Sb-c. 

EXERCISE  XI.     (Page  35.) 

1.  6.r'-9a:2  4.12.r.  2.   I5x*7j-Qxy. 

3.  -2a'62  +  2aV-2aot  4.   -  Smhi'^p  +  20m-nY 

5.  -  S5a%x>/''  +  25a-by  -  55aby  +  SOa'iy*. 

6.  -  24.i-3y  +  iOxi/  +  5G.v-t/-  +  ?,2x-y  +  2ixy'^  -  1 6.ry. 

7.  13a;'-27a;2  +  44.r.      8.  ^a}-\\ab^lbb\      9.  8?/2  +  6xv/ -  24.c». 
10.  2x*  +  26a;»-12r'.     H.  a?  +  b''  +  c\  12.  0. 

20 
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13.  2acZ+26c.  14.  2my-2nx.  15.  0.  16.  96. 
17.  2a.c.                        18.  2bx  +  2bi/.       19.  2bx  +  2aj.      20.  0. 

EXERCISE  XII.     (Page  37.) 

1.  ar"  -  .f2  -  2x  +  8.  2.   2.1-3  _  3,^2  +  13.r  -  10. 

3.  8a:3-6x2-23.c  +  21.  4.  -8.c3+ 18.f2  + .r- 15. 

5.  x*'  +  x'  +  l.  6.  a;*  +  4.  1.a?-¥.  ^.a!^  +  b\ 

9.  a*-4a-+12«-9.  10.   4«*  -  ISa^i^  +  9//. 

11.  6.r*  -  23.1-3  +  25.1-2  _  le.c  +  1 5. 

12.  2.c'»-4.c5  +  5.c*  +  6.p3-9.i-2  +  3.c  +  7.     13.  1 -4.c2+16i.•3-.r*-12.r^ 

14.  a:^  +  5.C*  -  3.r5  -  9.c*  +  lOx^  -  x"^  -  6.c  +  3. 

15.  2r^-7a;*-5x3-9x2-15.c+18. 

16.  a?-3^~2i^-x*-\-2r?  +  x''-x-\. 

17.  a:8  +  2a;»  +  3.r*  +  2.c-+l.  18.  a:5+ 151.r- 264. 
19.  a:«-41ar-120.                                     20.  a»  + // +  c^  -  3aic. 

21.  2aW  +  2U'c-^2a-(r-a*'-b'-cy  22.  r«  +  y3  + 3^^  _  j^ 

23.  a:«+10.r-33.  24.  343.^9-5127/. 

25.  a:8-4.ry+6.<-V-4.cy  +  y8.  26.   r*  -  8/ +  s=  +  6iry^. 

27.  a:*  +  (a  +  6  +  c)x^  +  (a6  f  6c  +  ca)x  +  abc. 

28.  a:*  -  («  +  6  +  c)a:*  +  {ah  +  he  +  ca)x  -  abc. 

29.  3?-^x^  +  26j;  -  24.  30.  x* -  lOx^  +  9. 
31.  3^-a\          32.  a^  +  xY  +  i/.  33.  729m«-a». 

EXERCISE  XIIT.     (Page  38.) 

1.  x^ +  2x1/  + if.  2.  x^-2xy  +  if.  3,  .t^-?/^ 

4.  4z»  +  4a;y  +  2/».  5.  x'^-ixy  +  if.  6.  x2-4y^ 
7.  ix'^+l2xy  +  9y\   '         8.   4.r- 12.r//  +  9y.             9.  i.r-9y\ 

10.  3*  +  2xhf  +  y*.  11.x*-  2.ry-  +  y\  1 2.  .r*  -  ?/. 

13.  a*  +  2aV>c  +  6V.  14.  a*  -  2rtVyc  + //v.  15.  «<  -  iv. 
16.  a?x^+-2abxii  +  hhj\  17.  a^t"  -  2abxy  +  bhf\  18.  aV  -  6y. 
19.   l+2.r»  +  a-«.  20.  9x<-24.c»+16.  21.  16j;>°-1. 

22.  25mV+60mV  +  36mV.      23.  64;n«-80mV*  + 25my. 

24.  49y»-81x».  25.  ar'-/.  26.  6399.  27.  9409. 
28.  8096.  29.  7000.  30.  10»- 1  =  99999999. 
31.  24a6-1206V       32.  2r'y»  +  3««/ -  y".      33.0.      34.  a^-t/*^. 
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EXERCISE  XIV.     (Page  40.) 

1.  x'->rif-^z'^  +  2.ry  +  2xz-¥2yz.       2.  x^  +  y^  +  !i?-\-2xy-2xz-1yz. 

3.  x'^  +  y'^  +  z^-1xy  +  2xz-2yz.       4.  x^  +  y^  +  z^ -2xy-2xz  +  1yz. 

5.  x^-^y^  +  z^  +  1xy-2xz-2yz.       6.   x'^  +  y^  +  s?-2xy-2xz  +  2yz. 

7.  a'  +  62  +  4c'^  +  2a6  +  4ac  +  4ftc.      8.  .r2  +  46'  +  9c'-4a6  +  6ac-126c. 

9.  4a2  +  6*  +  9c2-4a6+12ac-66c.  10.   1  +  2ar  +  Sx^  +  2^8  +  x*. 

11.  \-2x  +  'dx--1j^  +  xK  12.  a-*  +  2r'y  +  3arV  +  2af/  +  y. 

13.  4x*-12d:3+25.c2-24.T+16.     14.  a^-2r'-3x'  +  4x  +  4. 

15.  4j:*-4r«-15a:2  +  8x+16. 

16.  d'  +  b'^-^<?  +  d^-2ab  +  2rfc  -  lad  -  2bc  +  2^»(/  -  '2cd. 

17.  a*  +  2a36  - 2a?c-  Whc  +  a'i^.  <iah-c  +  aV  +  2a6c2  +  6V. 

18.  a^-2.t;*  +  3a:*-4ar'  +  3,c*-2a;  +  l.  -19.   4(a;*  +  y'  +  a-). 

EXERCISE  XV.     (Page  41.) 

1.  a2+2a6  +  6»-(r.  2.  a^  -  6^  -  c^  +  2ic. 

3.  ^x'-Lvy  +  y^-^z\  4.  9a»  -  a;»  -  4y«  +  4xy. 
5.  a:*  +  :i-*+l.  6.   a*  +  a*6'  +  &«. 

7.  9a*+llaV  +  4i*.  8.  x*  +  ia\ 

9.  a2^62_gj_^2^2a6  +  2c(/.     10.  c' +  (/^  -  a«  -  i' +  2c(;  +  2aft. 

11.  -yV-3»\  12.  0.  13.  2«2i2  +  2iV  +  2aV-a«-6*-c^ 

EXERCISE  XVI.     (Page  42.) 

1.  x^  +  1x+\2.         2.  a;2  +  7x+10.  3.' ar^  +  y^.^^ 

4.  a:2  +  21.c+108.    5.  a;2  +  21a;  +  90.  6.  a:2  +  20x  +  99. 
7.  a?-^x+U.        8.  a;2-13.r  +  30.              9.  x''-2Qx  +  16. 

10.  .r2  +  j;-6.  11.  ar»  +  7.r-8.  12.  a^+15jr-100. 

13.  a:2-15x-100.     14.  ar^  -  20.r  -  300.  15.  a:'-20.c-21. 

16.  x'-^x'-20.        17.  .r«+10.trS-56.  18.  x8  +  20j^-125. 

19.  x'-ixy-by'^.       20.  a;*- 9.iV+ l^yV-    21.   x"^  +  {a  -  h)x - ab. 
22.  4.r2  -  34.ry  +  70/.  23.  25.f«- 60a:  + 20. 

24.  9a*  -  3(i  -  c)a2  -  6c.  25.  aV  +  a(6  +  c)a;  +  6c. 

EXERCISE  XVII.     (Page  43.) 

1.  r»  +  3a;2  +  3a:+l.  2.  ar»- 3a;2^3^_  j, 

3.  a;*  +  4r'  +  6.t;2  +  4a:+l.  4.  x* -ia? +  ^x^-ix+\ 
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5.  aJ*+5x*  +  10r'+10.r2  +  5.r  +  l.    6.  a;5_5.c4  +  io.r8_iOa:2  +  5a;-l. 
7.  ar" +  6xV  +  12.r?/2  +  8?/3  g.  8  r^  -  1 2.^;^  +  S^y  -  t/'. 

9.  8u'-S6a-b  +  54:ab^-27b^       10.  a*-8a=»i  +  24tt262-32ai3+ 166^ 

11.  \6a*  +  32a^  +  2ia'-b^  +  8ab^  +  b\ 

12.  3^-  5x*y  +  1  Ox^f  -  1  Oxy  +  5.r2/*  -  y^. 

13.  2a3  +  6ai;l        14.   Wx  +  2.i^.        15.   2,i-5+ 20.ir'3/2+ ICry*. 

16.  8x3y  +  8.V_      17.  2a3  +  263,  0.     18.  x^  +  y^  +  ^32  _  ^.^  _  ^^  _  ^^_ 

19.  2{3?  +  if  +  !^-^xyz),  0.  20.  a:2  +  2/2  +  «2_a;y_2/«_«a;. 

EXERCISE  XVIII.     (Page  46.) 

1.  4.  2.  -4.  3.  50..  4.  -50.         5.   -128. 

6.  250.  7.  a.  8.  2aV.  9.  8a?b.        10.   16aV 

11.  -24a«i*.  12.  9.iV-  13.   -  25a5. 

14.  2a%^c'd\  15.  22/3  Ig    12.ry. 

17.  ar2-2.r-7.  18.   -f  +  ai/'-hy.      19.  a2-2a6-3/A 

20.  -5a2  +  6a/;  +  8/A     21.  3^-mpx^+p\        22.   -  4a;2  +  7.ry  -  9y2. 
2.3.  7a:V-9.cy.  24.   ia''-bab^+U\     25.   2a3  +  3a2i-46. 
26.   12ar2  +  1  lary  -  10/.  27.  2  -  36c  +  bad?. 

EXERCISE  XIX.     (Page  50.) 

1.  x  +  b.              2.  x-4:.              3.  x  +  7.  4.  x-9. 

5.  3?  +  7x+\2.     6.  x'^  +  x  +  l.         7.  a  +  i.  8.  a^  +  aj  +  z^s. 

9.  a  +  b.             10.  a*-a='/;  +  a'62-aft3  +  /A  11.  .r2+3.r  +  2. 

12.  2x'-3a:  +  7.  13.  2j:  +  3//.  14.  4.f-l.  15.  r'-3c-  +  3.r+l. 
16.  3x^  +  ix7j  +  i/.  17.  a^-2aV>  +  3idr  +  U\  18.  a^-3a-x  +  2ax\ 
19.  a'-«/>  +  /A  20.  .r*  +  .r2+l.  21.  x^  +  i/. 

22.  z"  +  a:y  +  arY  +  r»y° +  ;//-.      23.  x«  + 2.r»  + 3j:»  +  2.r  +  1. 

24.  J*  +  x*  +  .T  +  1 .               25.  x"  +  .r^y  -  **y*  -  ^*y*  -  ^V  +  ^V^  +  2/"- 

26.  23^-3x2  +  2^.  27.  x'-S.nj-y\ 

28.  -  1 3a«6'  -  3a A  - 1 .  29.  ar*  +  2r'y  +  2xy  +  ay*. 

30.  a;*  +  3a;»y  4-  8j:y  -  8//.  3 1 .  27x'y  -  1 8 V  -  9f. 

32.  2a'/>  +  3a'6»-a6'+l/A  33.  a:^  +  4a:*  -  Sr*  +  a;»  -  5. 

34.  3^  +  z'y-  afiy'  -  x*y*  -  s^if  +  xy''  +  if. 
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EXERCISE  XX.     (Page  52.) 

1 .  z^  -  (a  +  c).r  +  ac,    x'-  -  (a  +  h).r  +  ah.  2.  x-\-a. 

3.  a;"  -  (6  +  d).v  +  hd,   ar'  -  (a  +  (^).f  +  ad.  4.  .v^  +  ax  -b. 

5.  {\ +m)x  +  (\ -n)y.  6.  a^  +  b^  +  c'^ -ab  +  be +  ca. 

7.  a  +  b-c.  8.   4a'^  +  ^2  ^  c*  +  2a^»  +  ic  -  2ca.  9.  x+2y~z. 

10.  2.c-3y  +  4:Z.  11.  flr6  +  6c  +  ca. 

12.  aft  -  6c  + -v.  13.  ar-2j/  +  33. 

14.  x^  +  y'' +  z' +  2x1/ -  2i/z  -  2zx.         15.  ar'^-oar  +  a^ 

16.  x'  +  ax  +  a^  17.   (a:»  +  ar+ l)a  -  (ar+ 1). 

EXERCISE  XXI.     (Page  53.) 

La:*-  .r'y  +  xy-  -  y\  2.  x*  +  3^y  +  a;-y'  +  xy*  +  y*. 

3.  a:*  +  ar*y  +  ^y"^  +  a-y  +  xy^  +  y^. 

4.  a;"  -  x^y  +  a^y'^  —  .r^y^  +  x^'i^  -  xy*  +  y'. 

5.  a-^'-aJ+l.  6.  a-'-ar*  +  a:'-ar*  +  ar- 1. 

7.   1  +  ary  +  x^if.  8.  a;*  -  ar^yz  +  ary**  -  ary'z^  +  y*2!*. 

9.  a;*-2r'+4.j;2-8i;+16.  10.  9  +  3.r  +  a-'. 

11.  .1'^  -  3a-3  +  9.j:«  -  27.T  +  81.         12.  4a;2  +  6.ry  +  9y». 

13.  a;2-2a-  +  4.  14.  af*  +  2i.-3  + 4A-='  +  8a:+ 16. 

15.  8.c»  -  4.r*  +  2.T  -  1.  16.  ar"  +  Sa:^  +  9.r  +  27. 

17.  36  +  6.r  +  ar'.  18.   4a;-+ 14jry  +  49/, 
19.  9a;2-30.ri/+100/.                  20.   16a;-^  + 28a;y +  49y». 
21.  25a;*-»  -  40a:y  +  64/.                  22.  x^  +  5.iV  +  y*- 

EXERCISE  XXII.     (Page  54.) 

1.  Z{x^  -  5).  2.  5(2.c2  -  3xy  +  \f). 

3.  Ifip  -  9).  4.  1 1  (2m2  -  3mn  -  1  On^). 

5.  (r.r(.r--'  -  6a;  +  1 ).  6.  2 7a»/>«( 2  +  4a»62  -  90^6'). 

7.  35.i-y^(a:  +  2y-  3z).  8.  (o  +  b)(x  +  y). 

9.  (a  -  b){x  -  y).  1 0.  (c  +  d){2a  +  3b).        11.  (.3x  -  y){a  -  b). 

1 2.  {a  +  b){c+\).  1 3.  (a:  +  a)(a;  +  6).  1 4.  (x -  u)(x -  b). 
15.  (.r  -  a){x  +  b).  16   (x  +  a){x  -  b).  17.  {x+b)\a  -  x). 

18.  {x  +  a)(b  -  x).  19.  {ac-bd){ax-by).       20.  (x  -  y)(ac  +  bd). 
21.  (x  +  y){ad-bc).  22.  (.C+  l)(a-2+  1). 

23.  (.c+l)(.r*-.r2  +  l).  24.  (a: - y)(2a  +  36  -  c). 

25.  (2a2  -  36c)(362  _  ac).  26.  a(ar  -  y)ibx  +  cy). 
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EXERCISE  XXIII.     (Page  56.) 


1. 

4. 

7. 
10. 
13. 
16. 
19. 
22. 
25. 
27. 
29. 
31. 
33. 


T. 

5. 

9. 

13. 

17. 
21. 
25. 
29. 


1. 

4. 

G. 

8. 
10. 
12. 
U. 
16. 
18. 
20. 


{x  +  i){x  +  S).  2. 

(x+lO)(.t  +  S.)  5. 

(a;-12)(.c-6).  8. 

(re*  -  18)(.c2  -  4).  11 

(a:  +  7)(.r-5).  14. 

(x  +  7){x-U).  17. 

(r'-17)(r'  +  4).  20. 

(xy+39){.ry-l0).  23. 
3(a;  -  9)(.r  +  8). 
5(a:2-10y^)(a;2  +  8y2). 

ll(a:«  +  20)(a:«-15). 
a26(l  +  19x)(l-a;). 
-(a;  +  29)(a;-l). 


.r  +  5)(a;+2).  3.  (a;  + 6)(.r  +  1). 

a;  +  6)(a;  +  5).  6.  (a;- 15)(ar- 2). 

X  -  20)(.i:  -  2).         9.  (a;  -  1 7y)(.r  -  3^/). 
x  +  6){x-5).         U.  (x  +  7)(x-6). 
a:+ll)(a;-8).       15.  (.r  +  10)(.r  -  1). 
a;+2)(a;-9).         18.  (.r2+ l)(.r2_  12). 
.t^_4)(r'  +  3).       21.  (.^:5  +  20)(a^-l). 
o-V  +  20)(.rV- 5).  24.  {xyz -  20){xi/z  +  5). 

26.  i{x  +  3){x  -  2). 

28.  2a(.v'-7a){x^+2a). 

30.  x{l  -Qx)(l+x). 

32.  -(a:+6)(.r-l). 
34.  (x  -  a){x  -  b).  35.  (a  -  b){b  -  c). 


EXERCISE  XXIV.     (Page  57.) 


3.  (x+lOyy. 

7.  (a~'-19)l 
11.  (2x  +  37jy. 
15.  (2a -56)2. 
19.  {Qa-Uf. 


(x  +  5y.  2.  (a;2  +  9)l 

(a'x  +  ify.  6.  (m2-8nY. 

{a^-7by.  10.  (9x^^-1)^ 

(4a«-36)l  14.   (a +  36)2. 

a:2(3a-76)2.  18.  a^2x-5i/y. 

3x{ax-3yy.  22.  3/(a;-3a»/)2. 23.  (a  +  b  +  cy, 

x".  26.  4x1  27.  x\ 

{2a  +  2b  +  3c  +  3d)\    .  30.  (2a-6  +  c)2    31.  (a^-b^  +  cy. 

EXERCISE  XXV.     (Page  58.) 
{x  +  y){x-y).  2.  {x  +  i)(x-i).  3.  (5  +  y)(5-y). 

(2x  +  3y)(2x-3y).  5.  (4x2  +  7y)(4x2-7y). 

(z2  +  4)(a;  +  2)(x-2).  7.  (4.f2  +  9/)(2.r  +  3//)(2.r-3//). 

(16a;*+l)(4x2+l)(2j:+l)(2j:-l).        9.   (xv/2+ 10^)(.ry2- 10;:^). 


4.  (ax +  2)2. 

8.  (ix—mijy. 

12.  (3x-5y)-. 

16.  {5ax-7byy. 

20.  6(2x  +  32/)2. 

24.  (a- 6  +  4)2. 

28.  (x+y)2. 


5(x2  +  2y«)(x2-2y). 

2(9xy+ll«)(9x2/-ll«). 

(a-b  +  c){a  —  b—c). 

(a  +  6-  c){a  -b  +  c). 

(a  +  36)(a  +  6). 

(a-6  +  c-d)(a-6-c  +  rf). 


11.  3(«2  +  362)(rt2_3/;^). 
13.  (a  +  6  +  c)(u  +  6-c). 
15.  (a  +  6  +  c)(a-6-c). 
17.  (2a -6)6. 

19.  (a  +  6  +  c  +  (/)(«  +  6-c-(/). 
21.  iab. 
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22.  {x-y  +  z){x-y-z).  23.  {h  +  c  +  a){h  +  c-a). 

24.  {a  +  b-c){a-b-\-c).  25.  {ax->rhy+\){ax  +  by-\). 

26.  (a  +  2/;-3c)(a-26  +  3c).  27.  (1 +4a- 5i)(l-4a  +  5i). 

28.  {a  +  b  +  c-d){a->fb-c  +  d).  29.  («  -  6  +  c  +  (/)(a  -  6 -c-</). 

30.  (a  +  6-c-o?)(a-6-c  +  (i).  31.  {a  +  b  +  c  +  d)((i-b  +  c-d). 

32.  12(2.r+l)(x-l).  33.  (i-- l)(a;-2)(a;-3)(.r-4). 

34.  (a:  +  2)(a:-2)(.r  +  4)(a;-4).  35.  (a;  +  5)2(a;-3)(.T-7). 

36.  3(.r  +  3)(a;  +  5)(.c  +  7)(x-5).  37.  (a  +  (/)(a-(/)(6  +  c)(6-c). 

38.  {x"  +  /)(a;  +  ?/)(.i-  -  y)(  1  +  w2)(  1  +  «)( 1  -  n). 

EXERCISE  XXVI.     (Page  59.) 

1.  {x''  +  x  +  \){x--x-^\).  2.  (3:2  +  2x  +  4)(a^-2a;  +  4). 

3.  (.r-2  +  3x+9)(x2-3.c  +  9).  4.   {x^  +  2xy  +  2y-){x'-1xy  +  2f). 

5.  {x- +  xy  +  3y')(x- -  xy  +  3y-).       6.   {x^-^xy-y-){x^ -xy-y"^). 

7.  {x  +  y){x  +  2y){x-y){x-2y).      8.   (2jr»+ 2.c+ l)(2a^-2ar  +  l). 

9.  (2.f2  +  3.ry  +  3.v2)(2.r2  -  3xy  +  3/). 

10.  {x'^  +  3x  +  b){x'-3x  +  5).  11.  (a:+J/)(3.c  +  y)(a;-v/)(3a;-2/). 

1 2.  (x''  +  X+1  ){x'' -x+l )(.r* -x'^  +  l). 

13.  (2.c  +  y)(a:  +  32/)(2j;-y)(.c-3y). 

14.  (2.r  +  S^)(;f  +  y)(2..-3y)(x-y). 

15.  (a2  +  3i2)(6'^  +  3«-').  16.  (5(t2-2a6  +  i2)(a2-2a6  +  56*). 
17.  {a  +  b  +  c){a  +  b- c){a -b  +  c)(a -b~ c). 

EXERCISE  XXVII.     (Page  60.) 
1.   (a  +  6)(a'-a6  +  i^).  2.   (a  +  2)(rt2-2a  +  4). 

3.  (3  +  6)(9-3i  +  i'0.  4.  (2j;  +  3//)(4a;2-6j:y  +  9/). 

5.  (3z  +  4?/)(9j.-2- 12.^2/ +16/).      6.  (a:-2/)(a:2  +  _j.y+2/2j_ 
7.  (a;-10)(x'^+10.c  +  100).  8.  (9ar-8y)(81a;2  +  72j-y  +  642/'). 

9.  (5a;2/-7«)(25.<V  +  35.cy2  +  49s-). 

10.  (4a6  - 106'3)(16«'^6'^  +  40a6(r«+  lOOc"). 

11.  {x  +  y){x*-a^y  +  xy-xy^  +  y*). 

12.  (.r  +  3)(i;*-3.c3  +  9x2-27ar  +  81). 

13.  (3  +  2/)(81-272/  +  9/-3/  +  y*). 

14.  (x-yXx^  +  x^y  +  x-y'  +  xy^  +  y*). 

15.  {x-  2yz'){x*  +  2r>ys?  +  ix'yh*  +  Sxy^z''  +  1 61/ V). 

16.  (1  -  .TyV)(l  +  xyh''  +  xYz'  +  x^z'  +  x^z^ 
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17.  {a-\-h){a-b){a''  +  ah  +  b''){a?-ab  +  b''). 

18.  (a2  +  62)(a*-a262  +  54).  19.   {a  +  h){a}-ab  +  b^){a^-an>^  +  b% 

20.  {a-b){a}-\-ab  +  b''){a''-\-a^b^  +  b% 

21.  {a  +  b){a-  b){a?  +  62)(a2  +  a6  +  62)(a2 - a6  +  i2)(a^  -  a%''  +  ^»^) 

(a«  +  a?b^  +  i")(a8  -  a^i"  +  b^){a}-  -  ««//  +  ¥^). 

22.  (a  +  Z.)(a-6)(a*  +  a'6  +  a-62  +  a63  +  i*)(a*-a36  +  a262-ai3  +  ^4^, 

23.  '(a^  +  62)(a8  -  a^i^  +  a<i^  -  a=6«  +  //). 

24.  \a?  +  b''){a}'^-a}%-  +  a«i*  -  aO^O"  +  aV>'  -  d'b  "+  ^z'^^. 

25.  (a-  6)(«  +  £)(a2  +  b^a*^  +  b'){a^  +  i^). 

26.  b{^d?  +  Zab  +  b%  27.  (2a  +  i)(«'''  +  «^>  +  //). 
28.   {2a-b){a''-ab  +  b%  29.   (a  +  i)(a"^-4a/>  +  7^-). 
30.  (a-6)(a2  +  4a6  +  7Z/=^).                31.   2a{a'  +  3h-). 

32.   26(3«-  +  62).  33.  dia-bXa'-ab  +  b""). 

34.  («  +  ft)(7a2-13ai  +  7//0.         35.  (a+i)^.  36.  (a- by. 

37.  (a  -  6  -  c)(a2  +  P  +  c^-  2ab  +  ac-  be). 

38.  (x  +  l)(a:  -  2)(.tr*  -  2.r»  +  3.c-  -  2.c  +  4). 

EXERCISE  XXVIII.    (Page  61.) 

1.  (x  +  2y){2x  +  y).  2.  (.r  +  .v)(2.r  +  3y). 

3.  (2a:  +  y)(a;  +  3y).  4.  (3.r-42/)(5.c-2y).     ' 

5.  (3.i:+y)(4x-32/).  6.  (14.r-y)(.r  +  6y). 
7.  (17a:'  +  2)(2,r''+l).  8.  (G.c^  -  y)(.r  -  2/). 
9.  (4x  +  9)(2.r4-l).  10.  (3,f- 52/)(4.r  +  6y). 

11.  a(6.c  +  y)(j;-6y).  12.  a-^(5.c-lly)(2.r  +  3y). 

13.  {x  +  ay){ax+y).  14.   {2x  +  y){x  +  2y){2x-y){x-2ij). 

EXERCISE  XXIX.     (Paob  62.) 

1.  (2.r  +  y-32)(.r  +  2y-2«).            2.  (2x-.?/4-«)(a;-2y  +  3»). 

3.  {Qx-y  +  z){x-ey-z).               4.  (3x -2//  +  3)(2.r-3y  +  2). 

6.  (x  +  y  +  3)(a:  +  y  +  2).  6.  (2jr-3y-2)(2.c-3y-l). 

7.  (a;-6y-52)(.r  +  2y-32).  8.  (9a;  +  8y-20)(8j:-2/- 1). 
9.  ( 1 5x' + 8y'  +  5«')(j;-  -  2y'  +  32«. 

10.  (a  +  6-c)(aH6'''  +  (r'-a/>  +  6c  +  ca). 

11.  {a-b-c)(a''  +  b'^  +  c^  +  ab-bc  +  ca). 

12.  (a  +  6  +  2c)(rt'  +  />.'  +  4c'-a/>-2/;c-2ca). 

13.  (2a  +  6  -  3c)(4o'  +  6»  +  90"  -  2ab  +  3bc  +  6ca). 
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EXERCISE  XXX.     (Page  63.) 

1 .  (a  +  b  +  c)(a  +  b-  c){a-  h  +  c)(-a  +  b  +  c). 

2.  (a  +  b  +  c- d)(a  +  b-c  +  d){a -b  +  c  +  d){-a  +  b  +  c  +  d). 

3.  (a-l)(a-2){a-S){a-i).         4.   (a+l){a-2){a-7){a-lO.; 

5.  (3.c  +  2y)(3.r-2^)(.r  +  2/)(i/-.r). 

6.  {{a-b)x-(a  +  b)>/}{{a  +  b)x  +  {a-b)i/}. 

7.  {a'  +  ah  +  b''-){a? -ah  +  b^^a^ -b''+l). 

8.  {a'-a-/>''-  +  b*)(a''  +  h''+\).  9.  (a  +  i)(a - 6»' +  aA  +  ft'). 

10.  {a  +  by(a-b){a^-ab  +  b-). 

1 1 .  {x^  +  y/2  +  2*  +  2x1/  +  3xz  +  3//2)(.c2  +  f  +  z'^  +  2xy -  3.r2  -  Zyz). 

12.  16a6(a'^  — aft  +  ft-).  13.   {ax  +  bij){ax  —  by)(J)x-¥ay){bx-ay). 
14.  {■r  +  y){x-yY.  15.   4:xy{x  +  y)(x  -  y). 

\6.  2{a''  +  ab  +  b''){a-b+l).  17.  (x  +  a)(x-a)-(z'  +  a'). 

18.  {(a  -  6).r  +  (w  +  %}  {(«  +  b)x  -{a-b)y}. 

19.  (3.c+l)(3a:-l)(9.c+l)(.r+l). 

20.  {ax-b){x^-ax-b).  21.   (x  +  a)(x-a)(ar-2a). 

22.  {a?  +  b-'){c'  +  d?).  23.   (j;+ l)(a:- l)(.r+jo)(jr-p). 

24.  (a  +  ft  +  c)(a  +  ft-c)((i-i  +  c)(-a  +  6  +  c). 

25.  («  +  ft  +  c)(rt2  +  ft2  +  cH2a6-ftc-ca).  26.  (a  +  ft)(a'  +  6-  + 1). 
27.  {x  - y  - z){x- +  xy  +  y-).              28.   (x'  +  a-2/  +  y-)(.c''-ar^  +  2/-+ 1). 
29.   {x'^  +  xy\-y'^){x^-xy  +  y^  +  x-y).          30.   («2-aft  +  62)(a  +  6+ 1). 

31.  (a  +  6  +  c+c?)(a-6-c  +  (/)(a  +  6-c-(Z)(«-6  +  c-rf). 

32.  {x  +  y)(x''  +  xy  +  y-){x''-xy  +  y%  33.  (a-6)(c-a)(c- 6). 
34.  (a-ft)(6+l)6.  35.  {x-y){y-z){z-x). 
36.  (a:-2/)(y-a)(2-ar)(a;  +  2/  +  2!).  37.   {x- +  y'^){a^  +  b"^  +  c^). 

38.  (c-a)(a^  +  ft''  +  c-  +  aft^(!»c  +  crt). 

39.  (a  -  b){b  -  c)(c  -  a){a?  +  b''  +  c-  +  ab  +  bc  +  ca). 

40.  {Sx*  +  7x^y^ + 3y*)(x*  +  5xY  +  y% 

41.  \a  +  2h  +  c){a  +  2h-c){a-2b-\-c){a-2h-c). 

42.  (a  +  26  +  2c){a  +  2b-  2c){a  -  2h  +  2c)(  -a  +  26  +  2c). 

43.  {{a-b)x-[a  +  b)y){{a  +  b)x  +  {a-l})y] 

{{a-b)x  +  (a  +  b)y]  [{a  +  6)j: -  (a  -  b)y]. 

44.  1 6(m.r  +  ny)(vix  —  ny)(my  +  nx){iny  —  nx). 

45.  {2x+\)\x^-\-x+^){2x  +  Z){2x-\){x  +  2){x-\). 
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EXERCISE  XXXI.     (Page  68.) 

1.  x  =  2.  2.  .r  =  2.  3.  x  =  l.  4.  a;=6.  5.  x  =  S. 

6.  a;  =-4.      7.  a;  =  2.  8.  a;  =  7.  9.  a:  =  8.        10.  3-  =  0. 

ll..r  =  6.        12..r  =  4.        13.a-=10.      14.  a:= -3.^.  15.  a:=  -  . 

^  3 

16.  a;  =-34.  17.  .r  =  3.        18.  a:  =  15.      19.  a;-3.         20.  ar  =  2/n. 

a 
9' 


21. 

.  =  ?!.     22..  =  2. 

23.  x  =  a  +  b.  24. 

a;  =  2a.      25.  .r=  -  | 

26. 

ar  =  0.        27.  a;  =  a  +  6. 

28.  .-c  =  c-a-6. 

29.  a;  =  l. 

30. 

a;=-l.                   31. 

a—b 

^~a-2b' 

32.ar=     "^-"^   ^. 
a+o -c- a 

33. 

"*                                    OA 

a  +  b  +  c 
^--       3      • 

S5   a:-    '''*^- 

36. 

^Jac-ab-bc^^ 

a  +  c-2b 

x=  -1. 

38.  x=  -1. 

EXERCISE  XXXII.     (Page  70.) 

1.  x  =  a,  b.  2.  x=  -  a,  b.       S.  x  =  a,  -  b.       4.  x  =  -  a,   -  b. 

5.x  =  b,-c.        &.x=-b,-c.    7.  .r  =  2,  6.  8.  ar  =  2,  2. 

9.  a:  =  a,  6,  c.  10.  a;=l,  2,  3.  11.  a;  =  3,  -. 

O 

12.  x  =  a-b,  -(a-b).     J3.  a;=  -a,  2a.  14.  ar  =  0,  36,   -  b. 

4        3  7        4 

15.  a:=-,   -?.  16.  a:=-,    - -.  17.  a;  =  3,    -3. 

18.a;=^,   -^.  19.ar=l,l,l.     ^        20.a:=l,3,5. 

21.  a:=l,   -1,   -1. 

EXERCISE  XXXIII.     (Page  72.) 

1.  55,  45.  2.  ??.  3.  68.  4.  18,  31. 

1  o 

6.  15  at  lis.  6d.;  5  at  78.  6d.      6.  538,  441.        7.  37,  30,  20. 
8.9.  9.  8400,  $200,  $100.  10.8300. 

11.19,9.  12.40,20.  13.35,25.  14.8. 

16.  4.  16.  1774"^  miles  froiH  Toronto,  at  end  of  7/r  Ins. 

17.  10  cowB,  15  horses.     18.  50  lbs.     19.  25  gals.,  15  gals.,  5guis. 
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20.  $130,  S150,  $130,  $90.  21.  A,  $350;  B,  $450;  C,  $720. 
22.  13,  21.           23.  49  gals.         24.  152  men,  76  women,  38  ch. 
25.  50,  40.          26.  42,  18.  27.  40,  120.         28.  80,  128. 

29.  $1.71i?,  $3,422.  30.  28  of  first,  2  of  second.  31.  80. 

32.  40.  33.  60  gals,  of  first,  40  of  second.  34.  3U  gals. 

35.  Each  son  $1,000,  each  daughter  $500,  and  his  wife  $4,000. 

36.  $20.       37.  $700.       38.  $500,  $1,000,  $1,500.       39.  27  days. 
40.  Length  of  first  field,   180  yds.;  breadtli,  90  yds.     Length  of 

second  field,  230  yds.;  breadth,  100  yds. 

EXERCISE  XXXIV.     (Page  77.) 

1.  a^b^ 

5.  4.r-_yV. 

9.  37n  +  5nx. 
13.  x-3. 
17.  x^  +  if. 

21.  ar«  +  .rV  +  : 

25.  x^  +  2x  +  4.     26.  x+l.  27.  25.r-  +  20.fy  + 1 6/. 

28.x{x+\).         29.  2(rt-6).         30.  c(a-/>).          31.  a  +  b  +  c  +  d. 
32.x-y.  33.  a -6.  34.  .r-y.  35.  5.t^-L 

EXERCISE  XXXV.     (Page  82.) 

1.  ar  +  3.  2.  i-2  +  3a;  +  4.  3.  aP+2x  +  3.       4.  x  +  4. 

5.  3x--2.  6.  2^:2 -3a; +  4.  7.  a;-7.  8.  3.r-7. 

9.  x-1.  10.  :t-'-l.  ll..f-3.  12.  J.2  +  2X  +  3. 

13.  (a;+l)'.  U.x''-2x-3.  15.  3jr2  +  2.t  + 1.  16.  :j:«-4jr+l. 

17.  a:*-a;2+l.  18.  a(2a-3j).  19.  ax -by.  20.  a: -2. 

21.  a;2-l.  22.  X- p.  23.  x+p.  24.ax-b. 

25.  x^  +  mx  +  n.  26.  {x  +  2m){x - 3).  27.  x^-x+1. 

28.  ax^  +  bx  +  c.  29.  a  +  6  +  c.  30.  xy  +  ab. 

EXERCISE  XXXVI.     (Page  84.) 

1.  6a26V.  2.  30a^b^cd\         3.  lS00p*q*r*.      4.  210/5,/iV/). 

5.  ab{a^  -  P).        6.  a'  -  i».  7.  (x^- 1  )(j:  +  1 ).   8.  xYix"  - y-). 

9.  60(a;2-y2)2.     10.  15.cy(x«-l).   11.  a«-6'5.  12.  a^^.^is^ 


2. 

^ab-m. 

3. 

lah. 

4. 

ITxy^. 

6. 

1  <d.i^y%\ 

7. 

bxhf. 

8. 

7m. 

10. 

x*  +  xy. 

11. 

a  +  y. 

12. 

ab{a  +  b). 

14. 

x-7. 

15. 

x+l. 

16. 

x~\7. 

18. 

x^  +  xy  + 

y'- 

19. 

^-f. 

20. 

x^  +  f. 

22. 

x  +  7. 

23. 

2x  +  3y. 

24. 

a^  +  ab  +  b*. 
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13.  (x2-4)(.r2-9)(.T2-16).  14.  (x-a)(x-b){x-c). 

15.  (V-4ay.       16.  I20{a*-b*y.  17.  72{a'-by(a^  +  ah  + /r)(a-'  + b-). 
1 8.  (a:^  _  1 )( ^2  _  4j( J.2  _  9)  1 9  4^2^2  _  (^2  +  ^2  _  ^2y. 

20.  1 20zy  (i-  -  y)(.r  +  y)'.  21.  a:(a;«  - 1).         22.  a{x'  -  a'){x  -  a). 

EXERCISE  XXXVII.    (Page  86.) 

1.  (a:-l)(.c-2)(.c-3)(.r-4).  2.  \x-\){x-^){x^-^x-\). 

3.  (2./r  +  3)(3x-4)(.r  +  3x-l).  4.  (.r -  1  )%t- +  .r  +  1  )(a;2 -  3.f  +  1 ). 

5.  (9i---4/)(4x--'-V)(a;  +  y).  6.  (.r-rt)%c  +  2a)(.c  +  4a). 

7.  (A^+l)(.r2-ar-6).  8.  (.r^- l)(.f2- 9)(.i-  + 7). 

9.  (r'-l)(2i-2  +  a;-l)(.'r  +  3).  10.  ar«-64. 

11.  (a:  +  l)(x  +  2)(x  +  3)(.i:  +  4),  12.  ax{a-x){a--a.v-%.c% 

13.  (ar  +  l)(.r2+l)(a:-l)\ 

EXERCISE  XXXVIII.     (Page  88.) 


a 

2b 

3. 

2  In 

2ab^ 

t>.ri/ 

1. 

26' 

2. 

Tc' 

3  • 

4. 

3c  ' 

5. 

66c-' 

6. 

1 

7. 

5x 
z 

8. 

4r 
3;/ 

9. 

1 
ab' 

10. 

3*7/-. 

11. 

a 

a  +  b' 

12. 

2a 
Sa'-ib'' 

13. 

1 
3a; -5//' 

14. 

m 
ab' 

15. 

ab' 

10. 

2x 

17. 

XIJ- 

18. 

a -2b 
2a    ' 

19. 

3 

2a:'- W' 

20. 

a 

c{x+l) 

21. 

1 
2(.r-y)- 

22. 

23. 

X*  +  a-.c"  +  a* 
X-  +  a- 

1 

24. 

1 
.r'-'  +  a'* 

26. 

a-b' 

26. 

r*  -  2ax  +  2c 

i\ 

27. 

ar-1 
x+1 

28. 

a  +  b  -c 
a-b  +  c 

29. 

a-b  +  c 
a  +  b-c 

30. 

x-b 
x  +  b' 

31. 

cx  +  d 
ax  +  l' 

32. 

1 

33. 

;c«+l 

X 

34. 

1 
b+o-a 

36. 

a 
b' 
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X  -  i 
x  +  3' 

x^  +  2.r  +  3 
X-  +  '2x 


EXERCISE  XXXIX.     (Page  90.) 

2a;  +  3  .        1 


9. 
13. 

17. 
21. 
25. 
29. 
33. 


2i--3 

4.r  +  3// 
4(3.i--^  +  y--)- 

2a 


a'  +  2i-' 

x  +  y  -z 
z-x  +  y' 

b'^-Sac 


■iab 


2. 

G. 
10. 
14. 
18. 
22. 
26. 


X-4:   '  '     X^  +}' 

3a-  +  9a  +  5    „    x  -2 
.7. . 

a(5a-'-2a-G)         x  +  i 


3.C-1 
2.C-1" 

x-l 
x  +  \' 

X  +  5 

a  +  h  +  c 

2       * 

222-3/ 

3^^p* 


11. 


15. 


(a-  +  a  +  l).r*  +  (rt  +  l).r  +  1 
"  ("a"n")V^-(a+l).i--l     ' 

a'  +  c'- 


(a  +  d){b  +  c)  ■ 


19. 
23. 
27. 
30. 
34. 


x-5 

X  +  [)' 

1 

a^27+2" 

x+y 


4. 

8. 

12. 


r«-4" 

3:2  +  0;  -  6 
ar'  +  4j-   ' 

2x  +  3 


16. 


3.r-4' 
3a.r-  + 1 


4aV  +  2ax--r 
ax  +  by 


20, 
24 


X  -  y 

xf'-ax  +  b* 
x'^  +  ax  —  b'' 

x-b 
bc-ac-ax' 

2(1  -  ac) 
1  +ac 

b{y  +  «)  +  a(x  -  z) 
b{y  +  z)  -  a{x  -  z)' 


ax  -  by' 

x  +  c 
a  +  b  —  x' 

28.  a. 


31.  m.       32.  1. 


35    " 
35.  -. 


EXERCISE  XL.     (Page  92.) 


1.  5x-3  + 


.1+2' 


3.  3{x^  +  xy  +  y-)  +  --—  . 

5.  2x2  +  a:-l--^~— . 
x^  -x+i 


7.  x-l- 
9.  a;  -  1  - 


7.r-4 
3.r'-4j:  +  3' 

x-2 
X'+  x+V 


0/1-9 


a  -  2ar  + 


3r' 
a  +x' 


2//' 
4.  a;-  +  xy  +  y'^  ^ — ^ —  . 
x-y 


6.   3a  -  1  + 
8.  x-\  + 


3a+l 
5j:  +  4 


5x-'  +  4x-l' 


10. 


1 

T^x' 


11. 


1 

l^x' 
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12.  ^^.  IS.  ^.  U.  ?^tl.   15,  i2i. 

a  +  b  X  +y  a+  b  a  +b 

^g    2(0^ +  b')^  ^^    J_^  ^g_  x^-lxy-f^  ^^      r» 


a-b  X -Z  x+y  ^ -y 

20.  -^.  21.  --^.     22.  f!±^y±^.  23.  ^|. 

a;  +  y  l-.r  +  a:''  a;  +  a  a;-2 

24.  il^.  25.  ^.  26.  -^,. 

1-y  !-(!»  1+6 

27.  — +  a;-— +  -3-.  28.-+^  +  -+-. 
3a           3a;      ar  z     x      y      a 

^^1111  ^^     a.r'     2.r     3      3 

29.   -  +  -+y+-.  30.—--—  +  --  —  . 
d     a      b      c  20       5      4      2a; 

31.  ^J—.,.       .\        ..32.-4...^ 


(a-6)(7«,  +  w)    (a+6)(m-w)'      '  a;-2y    x+y' 
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20«    24x    21a;  24.r-9    4.r-6r» 

^'  W  lo"'  "30"'  •  ~l2^'  ~T2^~* 

a^       W       c^  .    2  +  2a;        3 

3.  — T-,  — ;-,  ^-.  4. 


a/;c'   abc^   abc'  '    1-x^'  l-x^' 

a?  +  ab    ab  -  \^  x^ 


a'^  -  i'' '    «•'  -  //■* '  *  xy{x  -  y)*  xy{x  -  y)' 

{a  +  bf    (a  -  bf       ab       '      75(.r +  2)    70(a;  -  2)         48 

*  •  n        TTj  "H        TTj     ~o        To*      ° 


9. 

10. 


a'-b^'    a'-b"  a^-b^'      '  30(x2-4)'  30(x--4)'  30(a;--4)* 
x^-ie  a;'-4 


(x  -  2)(x  -  3)(a:  -  4)'   (a;  -  2)(a;  -  3)(a;  -  4)* 
x{x  +  1  )(J-  +  2)     (a;+l)(a;  +  3)  a;  +  4 


a:(l  -  a-)(l  +  x)'   a;(l  -  .r)(l  +  «)'   a-(l  -  .r)(l  +  x)' 
^^'  {a-b){a-c){b-oy  (a-b){a-c){b-cy 

abc{a  -  b){a  -  c)(6  -  c) '   abc{a  -  b){a-  c){b  -  c) ' 
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EXERCISE  XLII.     (Page  95.) 

17a;                       69a+106             a  +  x  2Sx-lOy 

^'U'                          48""*         ■  ~2~'  ■      30       ' 

5.L-.                6^-?^.       7.0.  8.?. 

7                               50  X 

9.1.  10.0.  ii.'-iM".      i2.<!^±ii^'. 

x'y'  aoc 

13.  ^f.             14.2.                   15. -L.  16.^:Ly 

a-0                                                   r -  7  a-y 

n.  ^_±l/.            ,8.  ^■•;_,  ,9.  e!ii'.  20.  ^. 

y                         a;  +  x^y'  +  y*            ab  a  +  o 

,^2(x*  +  Sxy  +  y*)^                      22. -i^.  23.     ^^ 


a;^  +  .rV  +  y*     "  '  a*  -  6*'  '  .r^-  y^' 

24.45±'I.      25.*('^--iy).  26.-1-3. 

a:''  +  .r  +  1  a*x*  -  o*y*  ar  +  o 

27  1  28       8ar«-x«-24.r»  +  5ar-4 


(.t^  +  \){x'+  \)'  '  (x  +  l){x  -  l){x  +  3){x  -  2)* 

EXERCISE  XLIII.     (Page  97.) 


1    ^       0  11      3 

2 

4. 

a'  +  h' 
d'-b'' 

^   a2  +  62-2ac      ^ 

a  +  .i: 
ax 

8. 

m  +  n 
mn 

9.    -^  . 

x  +  y 

10.  "-^-.^          11. 

ax 

12. 

2r» 
1  +ar'  +  a:*' 

13          ^^y 

d'-x"' 

u              ' 

(.r  -  2)(a:  -  3)(a: 

-by 

15. 

(a:-5)(a: 

7 
-7)(x-12)- 

16a;'^+8x-15' 

"■x.2- 

18 

a{x  -  9a) 

'  {x 

-  4a)(a;  -  6a)* 

15         2(a-6) 
(a  +  6)(a  +  36)* 

x^- 

2) 
6* 

21.  — 
(6 

c 
-c)(c-a)* 

•(x-6)(a:-c)- 

9 
23.  ^,-y 
a-  -0 

>.' 

24.  -- 

(2^ 

9f\    ^ 

'}-3x^if 
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EXERCISE  XLIV.     (Page  99.) 

1. -^.  2.-^,.  3.-^.  4.-1. 

x  +  y  1  -  a.*  1  -  a;* 

8y^  4.r-y  a;-2  a.^ 

0.  -s u.  b.  -. ,.  7.  -; r.       •         b. 


x^  —  y^'  '  j;*-yi'  '  X*  -  V  *(a;--l)-' 

9.4^:11...      10.  ii^.      U.^-^.      12.        -' 


a;2(a;  +  1)^            "  r'ix  +  1)'  '  .v{.v>  -  1)'          '  x{.^  +  1)* 

13.0.                    14.—.  15.-^.              16.2. 

a  +  x  x  +  Z 

17.  ^,  ^    ,.         18.  —  .  19.  1.                   20.  0          21.  0 
2(.r  +  2/)                 x-y 

84  '-  1 86a;  +  93.c-  -  6r»  (x -\y 

09                       ^  93      ^          /           94    0            25   0 

26.  0.                  27.  , — ^ —i.  28. 


(.r+lf(x-l)2  (.r*-l)2' 

EXERCISE  XLV.     (Page  102.) 

,     a'  «    1  o   56a;  .2a;  ^   ^  ■, 

1.-—.  2.  J.  3.  ^r— .  4.—.  5.  2a6. 

26*  4  9a7/  7/ 

6.i^.         7.-.  8.1.  9.^.  10.^. 

8a62  9  2  26  6rZ 

11.  (i^Z%.   12.  ?^^^!(i^.       13.  ^^.  U.  1.         15.  1. 

ax  c  x—o 

16.^.       17. -i!-.  18.^.  19.^4-^. 

b  -  a  2.r  +  y  2.r  a*  -  ab  +  b' 

20.  fl^.     21.-1.     22.1.      23.  ^i-,.       24.^'  +  ^-^-^f. 

26. -^ .  26.^-lt^S^^. 

12  +  a;  -  6..'  a.-'  -  y' 

EXERCISE  XLVI.     (Page  104.) 
A*     rr*  1  1 

6'    y'  as"  a,-* 
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x'  X^  X* 

7.  abx'-(a'-b')-—, .    8.  a;3  -  ~.  9.  x' 4- 1 

x'  X'^  XT 

..   a^    7^     x      I        ^^    a?  1      6      3    ,.     ,      ^       1 

6     72     4      4  6  '1     X     x^  cc* 

13  2  +  -^.  14.1+-^  +  --  15.  +     +_. 

0*  a*  h^     b*  a'     b^     c^     ac 

6^    c^    a^     a  a*  y'    xy    ar 

EXERCISE  XLVII.     (Page  106.) 

6ay  b  ilpx-y^  o 


».2 


5.  -„.  6. 


X 


x{a  +  2.c)  ^'(a  -f  6) 

?/'                     '■  a2-a;2"                          a'       '  3(a  -  6)' 

^.i-lA.     10.'-±1,  UA-I^t,     12.a^-l. 

13  i    i    i_JL_J__l  14^_5  2  ? 

a'^     i*     c*    ab     be     ca'              "2  4 

1       6      b%x  +  a)  1 «   ^^    «'  ,  -   a  +  6  -  c 

10. ,^— s .  10.    —zH ;,  1/. , 

a     ax         «-.r                                 a"    or-  a  -  0  +  c 


18.-^,  19.1.  20. -^l  21.3(.  +  ,). 

22.^^!:^).     23     "^ 


EXERCISE  XLVIII.     (Page  108.) 

1  ^^-^^      2  -^  s  liii^y    4  9(^-1) 

•      25     •             '  7-2z*  5(x-i/)   •             12-a;' 

20-3:.                 1  («  +  &)'       .       1+^ 

'  2a;-25'             *  3"  2(a-6)2'                  2.r   * 

9.1.                   10.^'.  11.  — L_.        I2.a^  +  x\ 

a^  a-b-c 

21 
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13            ""^ 
'''•^x-y)\x  + 

,  .    ac  -bd 

-^.                       14.  — . 

y)                                  ac  +  bd 

15.1. 

3a; 

16.    'f\. 

17.  <"^*/''*.    18.1. 
26c 

19.  ^-^ 

20.  a(2a-x-7j). 

21      *"''-^'        22    ? 
m(47n.^-l)             .r 

23.        ■^. 

EXERCISE  XLIX.     (Page 

109.) 

1.  Iff  _^V. 
'  ab\a      bJ  ' 

2.  a.                       3."^^ 
ab 

4.  0. 

5.  x'  +  ^f. 

6.-('-^>.          7.-1. 

8.  xy(a?  +  Z*-). 

ab{x^-f) 
•  xy{a?-b')' 

10-1                n 

no    2a-ft 

mn[m-  +  n-)               a  +  b 

13    ^^^-^^ 

14.0.      15.0.     16.  2{(«y- 

6x)2  +  (a.r -%)''}. 

17.  1. 

^^r^c^  +  g-'^.c  +  prs 

lo. . 

qrs 

a-'  +  a;3 

20.0. 

a  +  Sb 
21.    ,        .           22.  2. 
b  +  c 

23.    '('-")  . 
c-2a  +  6 

25.  a^  +  i^  +  c'. 

27.  0.                   28.  1. 

EXERCISE  LI.     (Page  121.) 

1.  ar=>5.          2 

x  =  8.          3.  ar  =  9.          4.  ar 

=  2-        ^••^=^- 

6.  z=-5.     7 

a;=10.        8.  x  =  Q.         9.x 

=  12.      10.  a;  =  7. 

11.  x  =  9.        12 

"3-       ^'-^-fc-     '♦•' 

=  2.        15.=  ? 
5 

16.  x--l^.  17.  a;  =  ^.     18.  x  =  24.      19.  a:= -6J.  20.  i'  =  31. 

EXERCISE  LII.     (Page  122.) 

1.  a:--19.     2.  ar  =  9.         3.  a;  =  4.         4.  i  =  20.  ,     5.  a;  =  3. 
6.  a?- -2.       7,  z-11.       8.  a;  =  6.         9.  x-8.        10.  a:- -7. 
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EXERCISE  LIII.     (Page  124.)  ^ 

l.z  =  ^.       2..r=2.         3.  x=12§.     4.xJ^^^.   5.x  =  Vo\. 

6.x  =  3.  7.  .T  =  3|.        8.  a;=-l.      9.  af  =  2.        10.  ;r  =  0. 

5 
11.  a;  =  0.        12.  .t.  =  3tV    13.  a;=^.       U.  x  =  5.        15.  .r  =  3. 


EXERCISE  LIV.     (Page  127.) 

l.x^SL        2.  .T  =  2.  3.  j.  =  3.  4.  a:  =  4.  5.  a:= -. 

^  a 

1  50 

6.  .r= -.  (Acu.  equation.)7.  j;=  -6.      8.  .r=2.  9.  a;=— . 

3  ^ 

10.  a;--.       11.  ,c  =  0.        12.  a:=12.      13.  ar=l.        14.  x  =  7. 

15.  *•=  -2.    16.  a;  =  8.        17.0;=^.       18.a:  =  2.        19.  a;=.2A. 

5 

EXERCISE  LV.     (Page  129.) 

ab  _  cd-ab  a^-P 

1.  x  = J.  2.   x= 1 ,.       3.  ar  =  - -. 

a  +  b  a  +  b-c-d  4a  — 6 

«(a2-t-)  _  .  .  /,(a-b+c) 

4.  ar  =  -^ — r,--  5.  .i;  =  a  +  6  +  e.  6.  x  =  ^ -'. 

a^  +  b^  a 

c-a  c'  -  ab  br-  eg 

7.  .r  =  — --.  c.  x  = —.  y.  x  = . 

2  a  +  b  cp  -  ar 

ab(a+b-2c)     ,,  a  -  b  /        r       v 

10.  x  =  -^-r, /.   11.  a;=— — .  12.  x=-{a  +  b  +  c). 

ar  +  b^-ac-bc  2 

2f;/;  ,  ,  bn-  am  _  _ 

13.  x  = -.  14.  x  = .  15.  x  =  a. 

a+b  m-n 

a'c        ,  _  a-c  +  b^a  +  c-b  -  a  —  b  —  c       ,.,  a  +  b  +  c 

16.  X  =  -T:r-       17.    3"=  i -. :; .       18.    x= — - — . 

b-  ab  +  be  +  ca  -  i  o 

19.  a;  =  0  or  \/  -  (ab  +  be  +  ca).     (This  is  not  a  simple  equation.) 

EXERCISE  LVI.     (Page  130.) 


2ab 
3(a  +  b)       '         ""  "~3a-4'  "*  *~a  +  6" 
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3 
5.  x=l.   (Not  a  simple  equation.)  6.  .r  =  2|.        7.  .r  =  - . 

8..     *.        9..=  -'     10..--';f(r^-^).    11..=  -" 
o  2  a^  +  b^  -ac—bc  3 

12.:.=  -.       13.x=-^-^_.  14.  .r  =  -.     15..  =  -. 

16.  a;=-.       17.  a;  =  5i.      18.  a;  =  a  +  6.  19.  a:  =  -^.  20.  a;  =  9. 
4  "  a  +  b 

„,  i  +  c  -^  bc(m-n)  +  ca(n  —  p)  +  ab(p-ni) 

21.  a;= — - .  22.  a;  = ^ j-^ — — -. 

2  o{m-n)  +  o{n-p)  +  c(p-m) 

ab  +  bc-^ca 


23.  a;  =  a  +  i  +  c.  2L  x  =  a  +  b  +  c.  25.  x  = 

26.  x  = 

27.  x  = 


a  +  b  +  c 
abc  +  bc^  +  cC-c  -  laV)  -  %d? 
be  +  ac  —  ab  +  c'^  -  a^  —  b^    ' 
3abc  —  o?b  -  Pc  —  (?a 


a*  +  6*  +  c'^  —  a6  —  6c  —  ca 
_  b\\b  +  c)  +  c\C-{g  +  g)  +  a^b\a  +  b)-  2nbc{ab  +  bc+  ca) 
~     2abc{a  +  6  +  c)  -  ac^a^  +  (?)  -  bc{b'^  +  c'^)  -  ab{a?  +  b'-)     ' 

m{ac  +  hd) 


29.  a;  = 


a  +  b 


EXERCISE  LVII.     (Page  134.) 

1.  168.  2.  80.  3.  28  and  32.      4.  36  and  9. 

5.  85  gal.  wine,  35  gal.  water.     6.  28  and  18.      7.  '2'^  days. 

8.  2  days.  9.  I5V  dji-ys.       10.  2G§  days.      11.  10^  days. 

1 2.  J5  and  (7  in  2 1 1\  hrs. ;  A,  B  and  (7  in  1 0.JH  hrs.    13.10  days. 
14.  A,  37|  mill.;  R,  25  min.         15.  44  hours.       16.  48  minutes. 
17.  72  lbs.  18.  300.  19.  1st,  10^  min.  after  2;  2iid, 

43/1  min.  after  2;  3rd,  27vV  after  2,  and  3  o'clock.  20.  1st,  5,^ 
min.  after  7;  2iid,  21 ,",  min.  and  54,"!  min.  after  7;  3rd,  38,-,  min. 
after  7.  21.  5,»,  min.  after  2  o'clock.  22.  $228f.  23.  $55,500. 
24.  $3700.  25.  10  gal.  from  first,  4  gal.  from  second. 

26.  2jl  miles  per  hr.  27.  1'i  miles  per  hr.  28.  -''^--L^J. 

/  "  r  «i(m+l) 


ANSWERS.  Si  7 

29.  2?  lirs.  30. hrs.     li  a  =  t),  the  rates  being  equal,  one 

will  never  overtake  the  other.     If  a  <  /»  the  last  loses  ground  in- 
stead of  gaining  on  the  first.     If  direction  of  motions  were  re- 

vei'sed  the  first  would  overtake  the  second  in  hrs.     (See 

b  -  a 

Appendix.)  31.  30  miles  per  hr.  32.  Distance, 

15  niiles;  speed,  2  miles  per  hr.  33.  32]\  min.  after  12. 

o^      A    ■  Imnp  ,  „   .  Irnnp  ,  ^   . 

34.  A   in days,   B  in days,   C  in 

np  +  pm  —  mn  np  +  mn  -  pm 

2mnp  .  ,    ^       ,  ^  ,       .  2innp 

days:  A,  B  and  C  together  in days. 

mp  +  mn  -np  °  mn  +  np-{- pm 

-_    ph(ma+na  +  mn-mp)  ,  „„      2inn(2m  +  n)    , 

35.  — ^^ '—  days.         36.   - — :p-^^^; — -— ^  days. 

mu{n  -p)  "^  ini-  -  n-  +  imn 

37.  6  hrs.;  31|  miles  from  A.  38.  £540;  17d.  in  the  £. 

39.  n  =  —  .       40.  £600.       41.  60  eggs.       42.  £180  and  £150. 

43.  112  lbs.      44.  84.  45.   1,000,000.  46.  £456i\,  £156§. 

47.  £1750,  £3472.  48.   26,^,-  min.  after  2  o'clock. 

49.  98  lbs.  of  copper.  50.     "^ min.  after  h  o'clock. 

EXERCISE  LVIII.     (Page  144.) 


1.  a;  =  4, 

2.  a;  =  5, 

Z.x  =  2, 

4.  a;  =  3, 

5.  a:  =  2. 

y  =  b. 

2/  =  4. 

2/=l. 

2/  =  4. 

2/  =  5. 

,          1 

7.  a:  =  6, 

8.  a;  =  7, 

9.  x  =  3. 

10.  aj=10. 

1 

2/  =  9. 

2/  =  5. 

2/ =  4. 

y  =  l. 

"-3- 

14 

12.  a;=10. 

13.  .r  =  30, 

14.  .r=15. 

15.  x=10. 

2/  =  8. 

2/ =  24. 

2/=  12. 

2/ =  24. 

2^  =  15- 

16.  ar=144,    17.  a;  =  6,        18.  a;=3,        19.  a:=17,      20.  a:=5, 
y=216.         2/  =  8.  y  =  2.  y  =  3.  y  =  2. 
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21.    X: 


25.  X-- 

y- 

28.  X. 


be 

''  a  +  b* 
ac 


22.  x  = 


263- 


37 

90 
^=37- 


23.  x  = 


,-b^ 


1-ai' 
b-a" 


24.  x=  -6, 
y  =  a  +  b. 


26.  x  = 

2/  = 

29.  x  = 


y= 


ab{a  +  b) 
'  a'  +  b^    ' 
a6(a  -  i) 

^2  +  c^  -  a"- 

c^  +  a-  -  b' 
26         * 


27.    X: 


macb"^ 

h'^c  -  a'' 

ina^b 


31.  x- 

y- 

36.    X: 

y- 

41.    X: 

y- 

44.  aj" 

y- 

47.  aj. 


a  +  6 

abc(ab  +ac  —  be) 

''  a^b'^  +  a'c'-bV 

abc{ac  —  ab—  be) 

a'b-'  +  a^c'-b^c'' 

etc 
:^— „    32.  a;=16,     33.  a:  =  5,       34.  .'r  =  ^,  35.  a;  =  25, 

«    +^  A  A  29  TO 

6c  2/  =  4.  2/  =  4.  ^3  y=13. 


2/  =  !! 

30.    X: 

383 


U'c  -  a?' 

c{a  —  b) 

c{a  +  b) 


a'  +  b''' 

154 

"if' 

56 

^47' 

1 
63' 

:18. 


^     29" 


37.  a;  =  8f,     38.  a;  =  2,        39.  a;=-,      40.  a;  =  6, 


y  =  ' 


y  =  6. 


y  =  60. 


y  =  ' 


p+l 

mp  -  1* 

m+  1 

mp  -\' 
m+1 

mn-h-  r 
m{n  +  1) 

mn+1 


42. 

x  =  2, 

y  =  3. 

45. 

7n-\-n 

V 

m-n 

y-  p 

48. 

a  +  l 

A  +  l 
J'-    a    ' 

43.  a;  = 


3/  = 


m^  +  mn  +  n' 
m  +  n       ' 
m?  —  mn  +  r? 


m  —  n 


46.  x  =  a-^h  —  Cy 
y  =  a  +  c  —  b. 


49.  a;  = 


7)1 +  n 

•2 
m-n 


50.    X: 


51.  x  = 


ANSWERS. 
h{d-  -  c')  -  0(0^  -  i») 


819 


y= 


52.    OC: 

y- 

\.x 

y- 

z- 
6.  X- 

y 


n  -  m 

pn  -  qm 
a  +  b  -  c, 
a  —  b  +  c. 


bd  —  ac 


dla?-b'^)-a(cP-c^) 

V  =  — -. 

•^  bd-ac 

53.  x  =  m  +  n,  5i.  x  =  (p^  +  l)(q^  -  \), 

i/  =  m  -n. 


y={p^ -IW  +  l). 


2, 

2. 

^2, 

3, 

=  1. 


EXERCISE  LIX.     (Page  149.) 

2.  x  =  5,         3.  x=  1, 
y  =  6,  y  =  2, 

2  =  8.  2  =  3. 

7.  a;=-4,      8.  a;  =  9, 

__ii       y  =  n, 

^~      3'        2=13. 
9 


4. 

x  = 

=  5, 

5. 

a;  =20, 

y= 

z  = 

=  6, 
=  7. 

2/=  10, 

2  =  5. 

9. 

x  = 

'2a 

> 
1 

y= 

V.  — 

ab  + 

ac  +  bc-b'^-2<P 

3bc- 

2{b^ 
-ab 

-  ac  -b* 

10.  x  = 
14.  ar  = 


5»  ■{.  c«  -  a* 

''  Wc  ' 
c'  +  a"  -  b* 
'        2ca       ' 


11.  a;  =  6, 
2/=-12, 
«=18. 


2{b'-c') 
12.  a;  =  — ,   13.  a;=-, 


335 


1 


y=i 


3' 


2ab 


z  = 


16 


2=  7: 


1, 

1 

2* 

1 

3' 


15.  a;  =  ^ r,  16.  £c=li,     17.  a;=-r, 

a  +  6  ° '  3 

2  2/  =  -^i.  2 

y=^,  2  =  2ii5. 


2/  = 


3' 


«  = 


2 

6  +c' 


19.  £C  = 

2/  = 


20.  .=  3. 
1 

y=2, 

1 

2=  -. 


21.  a;=5, 

y  =  4, 

2=3. 


1 

22.  a;  =  3, 
2/=-2. 

2=1. 


18.  a;=l, 

y=i, 

2=1. 


23.  a;  =  4, 
2/  =  5, 
2  =  6. 
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24.  a;=12,     25.  a:=2,       2Q.  x=  ~—^ ,  27.x  =  a, 

,  o  ab  +  bc  +  ca*  ' 

2/  =  4,  y  =  3,  y  =  b, 

z  =  2'L  z=-0.  y=—, ; ,  z  =  c. 

ab  +  bc  +  ca 

abc 


ab  +  bc  +  ca' 


2abc  _-  b  +  c 

28.  X  = : ,              29.  a;  =  ^r— ,  oQ.  x  =  n  +  p-m. 

bc  +  ca-ab                              2  ^ 

2abc                                 c  +  a  ^            ^       ' 

2/  =  -—,  z  =  m  +  n-p. 


ca  +  ab  —  be* 

2ahc  a  +  b 

ab  +  bc  —  ca'  2 

31.  x=-ll,  32.0;=-,         33.  a;  =  a, 

9  ,  y  =  b, 


3' 


5'  y=  =,  z=  -c. 


7 
5' 


1. 


EXERCISE  LX,     (Page  156.) 

1.  8  and  4.  2.   120  and  90.    3.  42  and  12.      4.  f 

5.  63.  6.  26.  7.  54.  8.  18  and  8. 

9.  $4  and  $2.    10.  4  and  2f .      11.  25  and  55.    12.  5  and  6. 

13.  90  cents  per  kilo,  for  butter,  75  cents  per  kilo,  for  soap. 

14.  $3.60  and  S3.        15.  $900  and  $400.     16.  2400  and  1800. 
17.  $12.40  and  $1.60.  18.   140,  90  and  130. 

19.  854.  20.  640,  720  and  840. 

21.  133J  lbs.  and  100  lbs.  22.  A\  24s.,  and  B's,  16s. 

23,  30  min.  by  A,  3  hrs.  by  B,  and  20  niin.  by  all  together, 

24.  2  gals,  from  i4,  14  from  B.      25.   Tea,  5s.;  sugar,  4d. 

26.  ^^^P~  ^^  days,  27.  A\  £40;  B'a,  £28. 

np  -  m 

28.  25  from  1st,  75  from  2nd.  29.  65.                        30.  Man  in 

21?  days,  woman  in  50  days.  31.  28  barley,  20  rye,  52  wheat. 

32.  iJ.                               33,  A,  £6;  B,  £18;  C,  £36;  D,  £48. 

34.  £21 /b,  £81  jt.                35,  A,  5^  hrs,;  B,  6,^,  hrs.;  C,  7^^^  hrs. 
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36.  Rate  of  pulling,  8  miles  an  hour;  distance,  20  miles. 

37.  Time  down  stream,  4  hrs. ;  time  up,  6  hrs. ;  rate  of  stream, 
J  mile  an  hr.  38.  20  lbs.  cheaper  tea,  10  lbs.  dearer  tea. 
39.  40  lbs.  and  90  lbs.  40.  52  bush,  of  rye  and  20  bush,  of  wheat. 

41.  A  in  If  hrs.,  B  in  3|  hrs.,  C  in  7  hrs. 

42.  A  in  20  days,  B  in  30  days,  C  in  60  days. 

.„      .  .  2(ibc  .        „  .  2abc  .       _,  .  2abc 

43.  A  in J  min.,  n  m  — r-  min.,  C  in 


ac  +  be  -  ab  ab  +  ac  —  be  '  bc  +  ab  —  ac 

min.  44.   12  ft.  long,  9  ft.  broad. 

45.  70  yds.  long,  38  yds.  wide.  46.   14  ft.  long,  10  ft.  wide. 

47.   9  gallons  and  10  gallons.  48.   10  gallons  and  4  gallons. 

EXERCISE  LXI.     (Page  166.) 

1.  2nb,  4a''b^c\   5ab\  4 A,   13u«iV. 

^      5aV/      16a;«      25a     7abV       „ 

^-  TL.V'   iTp'    I86'    Sc^-     ^'  ^  +  ^'  ^-*'  ^'^"  +  ^- 

i.  x^  +  x+l,  2x*-x  ~l.  5.  x--5ux  +  ia\ 

6.  7x^  +  i.ry  +  y\  7.  x'^-xy  +  y'^.  8.   2a»  -  Sa^ar  -  az». 
9.  ix--2ab  +  2b-.       10.   2ar'»-5.r  +  3.           11.  r«  _  2a:- +  3jr  -  4. 

12.   2a*  +  4aV  -  4c'.     13.   2a'-a2-3a  +  2.     14.  a^-2x^y+2xy^-i^. 
15.  .5r'-3.r2?/-4ry2^//.  16.  2/ -  3^/3  +  4«-'. 

17.  a  +  26  +  3c.  18.  u^  +  a%  +  ah'  +  b\    19.   3 -4.ir  +  7jr''- lOi^. 

20.  3a-2/>  +  4c.  21.  6x'^y-^xy'^+2if.    22.   2/j:  _  3y/^  +  2r*. 

23.  ^x-2y+-iz.  24.  2x'^-f-y. 

25.  m*-2m3  +  3».i-^-4.)i  +  5.        26.  2rt/>.  +  a-^  +  61 

EXERCISE  LXII.     (Page  167.) 

l.x^J'-l-f.  2.x--2Ty  +  y''--t,       3.  1  +  ?+^..+  ^^. 

4.^+1 -•  6"-l  +  5.  6.2.-36+''. 

2      3  b  a  4 

7".^.*  ol23  ^2a;a3y 

7.  a,- +  4  +  —.  8. +  -.  9.—  + ^. 

a:''  X      y      z  z      X      z 

,^    a      b      c      d 
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EXERCISE  LXIII.     (Page  169.) 

1.  3a^-ab  +  5b\  2.  a^-3ab  +  h\  3.  a^  +  P. 

4.  aV+3a.^■+l.  5,  a^  +  ab  +  ac  +  tc.      6.  a^  +  b^  +  c^  -  Sabc. 
7.  (a2  +  62)(c2  +  c^2).       8.  a--b''  +  c^-d\        9.  ab-ac  +  bc. 

10.  a;  — 2 .  11.  x^  —  xy  —  xz-yz. 

EXERCISE  LXIV.     (Page  172.) 

I.  x  +  2y.  2.  x  +  i.  3.  a-  3.  4.  x^  -  ax  -  a?. 

5.  a;2  +  .r+l.         6.  a;2-2.r+l.      7.  2a2_3;A  8.  a  +  6  +  c. 

9.  2.r^-3a;+l.  10.  \-3x^■^:3?.   11.  4.c2  +  4.r-l.    12.  o?-\-3ab-W, 

13.  c2-46c  +  46l  14.  x"-  -.  15.  ^  — ^.        16.  ar+  -. 

a;  2      oa-  x 

17.^^-1-^. 

EXERCISE  LXV.     (Page  179.) 

1.  x^,  x^,  x^,  a^,   a^,   a^,   a^b^.  J 

2.  x^y^z^,   x^y^z^,   a^b^c,   5ab^Jx''.  fl 

3.  ?<    ^^  4^^,  3;/^.     4.  i,     '      %,^,  5^.  1 

\y^      \y  a      x]f     of    if     ab^ 

6.  3xyz~^,  zx~^y~\  ab~^c~^,  c'^a'^b-,  x~^y^,  x~-y~^. 

6.  J,  b^,  c^,  d^.        7.  m^,  a^,   1.  8.  a,  1,  y^,  x^. 

9.  ac^d.  10.  x~^y^z~^,x^7j~^.  11.  a~">^,  ?/*a;~8. 

12.  a^cK'h  .  13.  a-\  c~*,  m'^  W^  14.  p^,  q~^,  a~^. 

27a»6*        64  a' 


15, 


27a''4*     3* 


EXERCISE  LXVI.  (Page  180.) 
1,  x  +  l.  2.  a*b-*-2  +  a-*bK 

3.  4x-»-a;-*  +  3.r-»  +  2.r-'  +  «-i+l.     4.  a*>' +  x-'^p  +  y*". 

5.  ar*  +  a;*y  -  •'''2/'  "2/''  Q.  x*  -  x\a  +  /v)  +  ab. 
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7.  a:'"'*-a''?/""'""*-a;"""-'*3/'"  +  2/'"".  8.  x  +  y. 

9.a  +  Jb^-b.  10.  a"+l  +  a-». 

11.  a;^ +2.r^  +  l +2.r~^  +  .r~^.  12.  a:"+l. 

13.  64a;'-729y^.       14.  x'-l.  16.  2""-". 

17.  x^-y^+z^.  18.   x^  +  2yi-zi.         19.   2r-«+3.r-^ 

20.  x  +  2-x-\  21.  x^-x~^  +  x-K      22.  2a*-3i*+4ci. 


23. 

16aJ^-16.c* 

+  12 

-  4a;  *  +  a?  ^. 

24. 

X*                 22/* 

25. 

a:-2-a;-^ 

26. 

2a*     ,      2c* 
— i--l+ . 

c*             a* 

27. 

-  (06)'+". 

28. 

.r'-l 

a;»+l* 

29. 

3a->x  -  4 
a-V-lla-i.c  +  21 

30. 

a;*  4-  1  -y^ 
a:*  +  2  -  32/* 

31. 

are"  +  2/^" 
xe'  +  ye^' 

32. 

a'-h\ 

33. 

4(a*6*  +  6). 

34. 

XP^. 

35. 

;J.P(3-1)    _    fMP-^\ 

36. 

a™-^ 

37. 

a"  -  h\ 

38. 

2x(x'  +  3) 
{l+xf  ' 

39. 

l+x^. 

40. 

aV  -  aV  - 

aV+1. 

42.  .t''+*+''. 

43. 

1  +  2-1 

44. 

I-       - 

11. 

x^  +  X+1 

47.  1. 

EXERCISE  LXVII.     (Page  187.) 

1.  xyW7,  2aV2ab,   Say  \^ 2a?,  2 -/ 6,   5a-dVd. 

2.  10 v"^,  2xy^^20^j,  3mVv'4^,  7a'b'^\'Ib. 

3.  (a-6)v^^  5(a-6)\/2; 

4.  ^  ^/5;   I  V 3,    ^  v'2;    1  ^4,   ^  ^25. 

a-6  a+6^  '2«  2c2/-  ^ 

6.   Vis,    v'se,    v'iOS,    v^TT25,    v^96. 
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/    „  la  +  b        I    X 

8.  V7n^-n\    .    -,    .    . 

9.  ^ac\^5ab-c\  27y\^3^,  55 /¥. 

10.  -  v'S.cy/V,  ~^8«^.   — •  11-  abx\/l^,  2a%*x\^b\ 

EXERCISE  LXVIII.    (Page  189.) 

1.    -^125,    v^Ie.  2.    A?' 6",    v'ig.  3.  'v^Ie,  '^27. 

4.   '^256,  'v/512.  5.  'v^el,  V625,  'v^216. 

6.  ''^f^  T5"*,  '-^(120)1  7.  TF^  '^¥\  VW. 

8.  ^^(a^-a6  +  6y,   V(TT67.      9.  ^^^   ^|. 

EXERCISE  LXIX.     (Page  190.) 

1.  3  ^^7  is  the  greater. 

2.  6  v/ 7",   dv^lO,  9^3.    (Descending  order  of  magnitude.) 

3.  51^/3,   4v'4,    3  1/5.     (Descending  order  of  magnitude.) 

4.  4v'9,   6^/7,    3v^l8.  (Descending  order  of  magnitude.) 

EXERCISE  LXX.     (Page  194.) 
1.  5  v/f,  7  v^B.  2.  10  \/7,   13  vTo.      3.  2  v/TT;  6  v/3. 

4.  3 ^"3,  4v/2.  .5.  6v"4,  5  v" 2.  6.   IbV'f,   1^5. 

7.  -  V2.       8.  12\/3.       9.  129  v/ 5.        10.    -4v'3. 

11.  {c-5)^'c.  12.  (a-b  +  2)\^'b.       13.  («=  + i^- 2ai)  v"^ 
14.  lOv^Tai.  15.  (4«-/;'-24r«6  +  3G)\/26. 

IG.    -y^4.  17.  ^  +  ^^/5:  18.  2A/r5. 

11       0»|1        

19.  —  v/6.  20. Va'-x'.      21.   (1 +a  +  2.c)\/«  +  .r. 

3  a-  X  ' 
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EXERCISE  LXXI.     (Page  195.) 
1.  9,  10,  6.  2.  3,  4,  8.  3.   3,  G,  2.  4.  11,  27. 

5.  72,  25.  6.   60,  I.  7.   10.  8.  4. 

4 

9.    a/5-4.  10.  10-2  \/ 2".  11.    -15-19\/3^ 

12.  36-15^/6".  13.  9\/2-3^/I5  +  12^/3-6V'l0. 

14.  8-8v/T2+  vTS.     15.    v/2l.  IG.    \/7^.  17.    VUl. 

18.  5.  19.  4.  20.  4.  21.  5.  22.   30. 

23.  86  +  T-  ^^-     24.  a:2-ar  +  1.     25.   2ab  +  2/.c  +  2ac  -a^-h^-c^. 
26.    v^200b,  5s/30.  27.    ViO,   125  v'n 

\|144'   NI    729  \|2401'   N/2x3'>* 

EXERCISE  LXXII.     (Page  197.) 

7     2     2 
1.  9,2,3.  2.  3,2,5.  3.  -,  -,  -. 

4.  VI+Sx/G".  5.  7  a/ 3"- 3^/5".  6.  4V35  +  8v/n. 
7.   °  v'42-4\/l4  +  ^\/l0.        8.  2  ^25- 6^5^4  +  5^36. 

9.  5  v'TS  +  3  vTS  -  4  v'se.         10.  a,  2y. 

11.  -/fi  +  l,   V'a+ VZ*,  1+  \/(/.    12.  a- V'(76+ 6,  aarV'z^- Jy  i/y. 

13.  3,   ;J^.     14.  -,   ;J^.         15.    -^-,   ^^2;;;^.. 

EXERCISE  LXXIII.     (Page  201.) 
1.  2-  -v/S.  2.  1+  v/3.         3.  5+  v^I         4.  5-  ^\ 

5.  1+  a/5".         6.  1-  a/s".         7.  2  f  a/G".         8.  4  -  v/S. 
9.    A/a^+  a/6.    10.   a+  ■^6.         11.    A/a  +  /^  +  Vo  -  Z». 

12.  A/a''^  +  «6+62+  A/a^ - a6  +  i^.  13.    \^\  \/\ 

o      o 
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17.  b-Va'-b^  18.  (a-6)-2\/«6. 

EXERCISE  LXXIV.     (Page  202.) 

1.  V~7'+V%  Vn  +  V5,  2^3"- V 2". 

2.  Vlb-VS,  2a/5-3\/2,  3V5"-2V'3". 

3.  3  +  \/5,  2^3"- 2^2",  3-^2". 

4.  V7-V2;  3V7-2\/6,  2V3  +  V'5'. 


1. 


EXERCISE  LXXV.     (Page  204.) 

6  +  2V3'    8  +  \/55    28\/5"-75\/2"-35 
3        '         3        '  55  • 


84  +  21\/6  /-  /-   24^7+211/2 

2.  10       .  >  20V3  +  12\/5,  — ^^^    ^     . 

23-2\/i30    10^/3  +  5^6"- 61/2"- 6 

3.  4 -Via,  3 ,  — . 

11+5A/14  ,—    12  +  20\/3+9a/2+15\/6 

4.  2         '  *  +  Vlo,  _2 

^    V2  +  VQ 


-,  ^2  +  ^3,  \/5  +  2\/2-\/l0-2. 


2 
195  +  137v/6-75\/3-187\/2 


94 
33  +  99 V5  +  63 VT5  +M^^  +  59>/3"+  36 VTO  -  39\/f -V 2" 


76 

a  +  Vrt'  -  a^    a'  +  V^"*  -  b* 

X  +  Var'  -  9a«    2a»  +  Vx»(4rt»  - 

-^ 

®*  3a  '  iir'-2a' 
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2^  -  4.3^  +  2*  .3^  -  6  +  2^3^  -  3* 

1^4^  _  4¥.3i  +  64.3^  -  4*.35  +  4^.3  -  16.3*  +  4^3*  ] 

2.3-|  I 

^^  -  4^.3^  +4  X  9  -  4^.3^  +  4^.3^  -  S^) 

229  ' 

(2V2-  V3  )(3'  +  3.5*  +  3^.5*  +  5^) 


10. 


18  -  34\/5 


11 


13.  5. 


11.  4.         12. 
V/(7+7r-/l 


57V2-25\/3-9v/6 


14. 


a  +  x  -  1 


1     '-.     '- 


4.   10. 
8.  1. 


EXERCISE  LXXVI.     (Page  208.) 


2.  a^  i 

)     (I- 


\|     6     '   \|4a-/>* 


5.  l  +  v/2.  G.   .2679492. 


7.5^-2 


0. .  1. 


10.    lLy  +  -).     11.   c,  -. 
2  V  xi//  c 


EXERCISE  LXXVII.     (Page  210.) 

1.  25\/^,  5V^,  9\/^,   12\/^,   ftV^. 

2.  aV^,  8V^,  3a^V^,  9mV^. 

3.  -1,  1,  -\/^,  1,  V^.      4.  ISV^.       5.16  +  4^31. 
6.  18  +  (3  +  2A)\/^.  7.    -12,  -35,  - 127/«3. 

8.  47  -  V^,  9.1- +  24  -  15.vV^. 

9.  2ac  +  3ic;  +  (36c-2rtc/)V/^,  w/t  +  62  +  ^,(„_„i)v'3T. 

10.    -aV~^,  -V~;VJ,rV2.       11.0.       12.0.       13.   J. 
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EXERCISE  LXXVIII.     (Page  215.) 


1.  ar=2. 

2.  .r  =  3. 

o         49 

O.   0.  = . 

4 

4..=  1. 
9 

..=  1. 

-=^ 

-=:- 

8.x=-l 
3 

9.  a;  =  3|. 

10.  x=l. 
5 

11.  a;  =  5. 

12.  a:  =  49. 

13.  a;  =  25. 

14.  a;  =  9. 

15.  x  =  5. 

16.:.  =  -. 

17.  a;  =  25. 

18.  x  =  9. 

19.  .r  =  64. 

20..  =  ^. 
5 

21.  x  =  25. 

22.. =  1. 

23.  .r=100. 

24.  a;  =  64. 

25.a:=^. 
4 

26.  .f  =  0. 

97            2275 

2B..J:-f 

2a  -  b 

29.  a:  =  2f. 

30.  x=l. 

4 

32.  X  =  2a. 

33.  x=  -2a. 

34.  a:  =  25. 

35.  .r  =  4. 

36.  .r  =  4. 

37..=  /^'    . 
J +  2 

38.  .r  =          . 

(Pure  quadratic.) 

Q 

39.  a:=^. 
5 

40.  a;  =  3.  (Pure  quadratic.) 

41..=  -^-. 

42.  ..-|. 

«.,=4^ 

EXERCISE  LXXIX.     (Page  221.) 

1.  2(a'  +  6-  +  c»  +  a6  +  /;c  +  cfl).  2.   2(a'+6»  +  c'-aft- ic-ca). 

3.  a'  +  6'  +  c^  +  3(ai  +  6c  +  ca).         4.  ab-¥bc  +  ca-a'^-h'^-c-. 

5.  ab  +  bc  +  ca-a--b'^-c'.  6.   a^  +  b'^  +  c'-ab-bc  —  cn. 

7.  3(a' +  i« +  c')- 2 (a6  +  ic  +  crt).    8.  3(a'^  +  i^  +  c2)  -  2(rt6  +  6c  +  c«). 

9.  0.  10.  2(a6  +  ic  +  ca).  11.  0.  12.  0.  13.  0. 

14.  0.  15.  3.  16.  0.  17.  0.  18.  0.  19.  x\ 

20.  3x^+2(a  +  b  +  c)x  +  ab  +  bc  +  ca. 

21.  3x*-2{a  +  h  +  c)x  +  ah  +  bc  +  ca. 

22.  {a  +  b  +  c)x'^-2{ab  +  bc  +  ca)x  +  3ubc 
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23.  (a  +  b  +  cy-Sabc.      24.  0.      25.  <^{a-b)  +  a?{b-c)  +  b\c--a). 

26.  S{a%b-c)  +  &c.}x-{c\a-b)  +  &c.)}.       27.  ab(a-b)  +  &c. 

28.  2{a+b  +  c)x^-{ab(a+b)  +  &c.}.  29.  0. 

30.  abc{bc{b-c)  +  &c.}.         31.  6c.  32.  a'^  +  b^  +  c'. 

33.  ab  +  bc  +  ca.  34.  2(o6  +  6c  +  ca).       35.  a6c. 

36.  «2.  37.  (r».  38.  »».  39.  8abc. 

EXERCISE  LXXX.     (Page  224.) 

1.  1.  2.  1.  3.  1.  4.  0.  5.  -4--       6.  1. 

abc  1 

7.  1.  8.  x'.  9.  a;-.        10.   1.         11.  0.         12 


3 


X  ,  ,  X 


13. — -.  14. 


{x  -  a)(x  -  b){x  -c)'  (^  -  c){^  —  ^)(^  -  c)* 


EXERCISE  LXXXI.     (Page  226.) 
1.  -(a-b)(b-c){c-a){a  +  b  +  c).       2.  -{a-b)(b-c)(c-a)(a  +  b+c). 

o  L  A  t  ^    a  +  b  +  c 

3.  a  +  b  +  c.  4.  a  +  o  +  c.  5.  ; . 

abc 

6.    -(a  +  b  +  c).  7.  a  +  b  +  c.  8.  a  +  b  +  c-  x. 

a  +  b  +  c 


9.  Sx-(a  +  b  +  c).      10.  abc(a  +  b  +  c).       11.    , 

^  '  {a  +  b)(b  +  c){c  +  a) 

lo    n    /T    *         ;  ;.  \      lo      4(ar+ l)(a  +  6  +  c) 

12.  0.  (Let  a- b=:x,  b-c  =  y,  c-a  =  z.)     13.    ,  ^    ,,,,  — -, L. 

^  '  :/»  /  (a  +  6)(A  +  c)(c  +  a) 

14,  a  +  b  +  c-  {x  +  y  +  z).  15.  a;  =  a  +  6  +  c. 

EXERCISE  LXXXII.     (Page  228.) 

1.  -{a-  b){b  -  c){c  -  a){a^  +  b^  +  d^  +  ab  +  be  +  ca). 

2.  -{a-  b){b  -  c){c  -  aXa""  +  b^  +  c^  +  ab  + bc  +  ca). 

Q      s  ,  72  .    2  ,     A  .  ^    ,  A    (i^  +  b^  +  c^  + ab  +  bc  +  ca 

3.  a^  +  ¥  +  c^  + ab  +  bc  +  ca.  ^ 


a^  +  b^  +  c?  + ab  +  bc  +  ca 


{a  +  b){b  +  c){c  +  a) 


=• * — —•     «■  ("+'+")'• 

(a  +  b  +  c)* 

(a  +  6)(i  +  c)(c  +  a)  ^  ''  ^ 

+  ab  +  bc  +  ca.         9.  -3r'  +  3(a  +  6  +  c).r-(a2  +  6HcHa6  +  6c  +  ca). 
22 
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10.   ah  +  hc  +  ca-d}-b''-c\  11.  \x{a''  +  b''  +  c'''^-ah  +  hc  +  c'i). 

3  1 

12.   -X,  13.  x=  -{a^-\-h'^  +  c"  +  ah  +  hc  +  ca) 

14.  x  = ^ .    15.  x  =  a^  +  b-  +  c^  +  ab  +  bc  +  ca. 

a  +  b  +  c 


EXERCISE  LXXXIII.  (Page  229.) 

1.  —  (a  —  b)(b  —  c)(c  —  a)(ab  +  be  +  ca). 

2.  -  (a  -  b){b  -  c){c  -  a){ab  +  bc  +  ca). 

„       ,      ,                          ab  +  bc  +  ca  ^    ab  +  bc  +  ca 

3.  ab  +  be  +  ca.          4. .  5. ; . 

abc  abc 

-{a  +  b  +  c)x^  +  (a  +  b  +  c^x  -  (a  +  b){b  +  c){c  +  a) 


6.  1.  7. 


(x  -  a)(x  —  b){x  —  c) 


a^^p^c^  1 

8.   —, ; .  9.    --(a  +  b  +  c).       10.   x  =  ab  + bc  +  ca. 

ab  + bc  +  ca  o 

n  "*^  io  n  iQ  ^       a  +  b  +  c 

11.  x  = J — .  12.  x  =  0.  13.  x  =  0, 


a  +  b  +  c  ab  + bc  +  ca' 

EXERCISE  LXXXIV.     (Page  231.) 

1.  3ab(a+b).  2.  5ab{a  +  b)(a^  +  ab  +  b^). 

3.  7ab{a  +  b)(a''  +  ab  +  b'y.  4.    -  5ab(a  -  b)(a^  -  ab  +  b"^). 

5.  -1ab{a-b){a?-ab  +  by.         6.   7 ab(a  -  b)(a' -  ab  +  b-)\ 

7.  Z{x-y){y-z){z-x). 

8.  7{x - y){y - z)(z - x){x^  +  y^ +  z^ -xy -yz-  zxf. 

9.  (a  -  b){b  -  c){c  -  a){a  +  b  +  c). 

10.  (a-b){b-c){c-a){ab  +  bc  +  ca). 

11.  2(x'' +  xy  +  i/y.  12.   2{x'  +  y'  +  z'-.vy-yz-zry. 

13.  S(a  +  b){b  +  c){c  +  a). 

1 4.  5(a  +  /^)(6  -  c)(a  -  c)(a»  +  ft'  +  c'  +  aft  -  6c  -  ca).  1 5.   2ixyz 

16.  3(2a;  +  i/  +  z)(a:  +  2y  +  2)(ar  +  y+2z). 

17.  -3{a-c){b-d){a-b  +  c-d). 

18.  -5(a-c)(ft-rf)(a~ft  +  c-</)(a'  +  ft'  +  c'  +  J'^--aft-ftc-c<i-c?a). 
24.  16(6  -  c){c  -  a){a  -  b){x  -  a){x  -  b){x  -  c). 
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EXERCISE  LXXXV.     (Page  232.) 

1.  (a  i-b){b  +  c)(c  +  a).  2.  (a  +  b  +  c){ab  +  be  +  ca). 

3.  {a  +  b){b  +  c)(c  +  a).  4.  (a  +  b){b  +  c)(c  +  a). 

5.  6abc.  6.   {a  +  b  +  c  +  abc){l+ab  +  bc  +  ca). 

7.  (a  +  6  +  c  — a6c)(l  -  a;y-2/2;-«x). 

8.  2{a  +  b  +  c  -  abc){l  -  xy -1/z-zx). 

9.  2(a  +  6  +  c)(a^  +  b-  +  c^-ab-bc-  ca). 

10.  (a  +  6  +  c)(a2  +  62  +  c2  _  ^5  _  jg  _  ^^^^j,  _^  j^^^2  _  3.  ^  j^^ 

EXERCISE  LXXXVI.     (Page  236.) 
1.  a=-6,  6  =  9.  2.  a  =  4,  6  =  2.       3.  a  =  20,  6  =  85. 


4.  ar=10.       5.  a;  =  4,  6.       6.  m=12.  7.  ar  = 


P? 


'^mq-p 


3  .         .       4«(a-  +  62)    W{d'-l>')     7b- -a'     . 

8.  .i:  =  0,   -4a,   -^, ^,    ^-— — ^,   -_ — ,  etc. 

10- -a-  -^3  12a 

9.  x=   /"  ,    T/"     ,.  10.  6^  =  00.      15.  No.     16.  Yes, 

p{a-p)-{b-q) 

17.      8c  =  a(46-a2).  _n2-n  +  2 

64  J  =  (46  -  a?y.  '  '         n^  +  n    ' 

20.  a=  -  6,  a=  -  14;  21.  x  =  a  +  2c, 

6  =  2f,     6  =  0.  2/=6  +  3c. 

EXERCISE  LXXXVII.     (Page  242.) 

3.  2a'*  -  6a6(a  -  6),  26=*  +  6fl6(a  -  6),  2a?-\.2b\ 

6.  a  =  8,  ■^.       7.2000.        8.1.        9.0.        10.1230,    -382. 

X  —  D 

EXERCISE  LXXXIX.     (Page  249.) 
1.  a;=-2,   -7.  2.^  =  3,5.  3.  ar  =  4,  -3. 

4.  x=~,  -.  5.  x=-,   --.  6.  a:  =  4,    -5. 


2'  3'  •         5'       6 

11  «  1.        1 

-,   --.  8.  ..=  14,  --.  ...=  .,--, 


7.  ^=i,   -L  8.  .f=14,  -1.  9.  .r=l,  -!. 


BBl 

I 
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10. 

-  =  2,  -J-. 

11. 

x=l,  —a. 

12. 

x  =  3,-?. 

13. 

-|,17. 

14. 

1       1 
"^"10'  Tl" 

15. 

1             1 

"^"13'  60* 

16. 

x=l,  -4. 

17. 

33 

18. 

x  =  5,  -1. 

19. 

.  =  3,-^. 

20. 

0  58 

21. 

a"         2a2 

22. 

a    3a 

^=2'T- 

23. 

x  =  2a,  26. 

24. 

x  =  2a,  -8. 

25. 

32 
^  =  -3.1. 

26. 

n         77 

-7,  --. 

27. 

.=..-|. 

28. 

z  =  8,  -1. 

29. 

.r  =  4,  -5. 

30. 

x  =  a-2b,  a  + 

EXERCISE  XC.     (Page 

254. 

) 

1. 

-=^,3. 

2. 

.=  17,  |. 

3. 

3        1 

^~2'  ~  2' 

4. 

a;=3,  11. 

5. 

x  =  4,   -1. 

6. 

x  =  G,  -1. 

7. 

x-5    -? 

8. 

x=2,  -2. 

9. 

^  =  B.  I- 

10. 

a:=10,   -2, 

11. 

3     2 

"'"To'  3- 

12. 

X  =  ±  V  6". 

13. 

..,J. 

14. 

X  =  3.  —  - . 
'       5 

15. 

.r  =  0,  4. 

16. 

-0,  |. 

17. 

.  =  3,-|. 

18. 

^  =  6,-. 

19. 

--^/- 

20. 

a;  =  4,  -1. 

21. 

.-2i? 

6/ 

22. 

a;=6,  -6. 

23. 

„    1 
.  =  3,  -. 

24. 

1          1 
"=a'-2- 

25. 

a:=100,  - 

10.       26. 

:r  =  4,n. 

27. 

\  c                                                                 c 

''  01           c    c  --          0(^1  ±V73) 

30.  ar-a,  —  .  31.  a:=--,  r  32.  x- -^ 5 <. 

na  a    o                                        o 
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33.  x  =  a±2J— .       34.  x  =  a,b.  35.  x  =  0,   -1. 

36.  .r  =  5,  -3i.  37.  «="(-!! ±\/T3).     38.  x  =  0,  37. 

0 

TiV^S          ,^          ,    b-a-\      ^, 
39.  a;  =         /  40.  x=l,  .    41.  x=±a. 


42.  .  =  0,   ±V/.7T^'.  43.  x  =  ^-\  ^^ 

44.  x-{a^  +  6-  +  r  +  3{ab  +  bc  +  ca)}  -  3.r(n  +  b){b  +  c){c  +  a) 

+  a-'6^  +  b'^c-  +  (r'a^  +  3abc(a  +  6  +  c)  =  0 


45.  a:  —  -  a,   -  b. 


46.  ar=±\/aH2a6,  ±J^^-^'. 


a6  +  6c  +  ca 


47.  .^  =  0,  -      "  .  48.  x  =  0,  ±V(a-b)(b  +  c)--b-(c-a). 

a  +  b  +  c  \        /\         /         \        / 

-  Sabc  _.  ac^  +  bd^  ac^  +  bcP 

49.   a;  =  0,  -5 5*  oO-    - 


a2  +  6^  +  c2*  •       2a  +  3(1  VT       2a  -  3(/V7 

51.   1. 

EXERCISE  XCI.     (Page  258.) 

1.  x  =  %   -i.  2.  ar  =  24,  8^  3.  x=l,  ^. 

4.  a;  =  8,   -8.  5.  a;=2,  -3.  6.  jr=l,  4J. 

7.  a;  =  -^-^^ ^.    8.  x  =  8,  -20.  9.  x=l,  -4. 

a 

10.  a:  =  2,  -3,  2 •     11-^=2'"^' 4 • 

12.  .r  =  2,  3,  -2,  -1.  13.  a:=  -7,  ^. 

14.   x=\,  -2,  -*^.  15.  a:=±2,  ±^^6. 

16.  z=2,  -3.  17.  a.=  ^i^^,  -3,2. 

18.  a:=±8,  ±1.  19.  ar  =  3,  7,  5±VTI. 

90  61±\/T80l  ^ 

JO.  y  = where  y^x^~  k>x. 
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EXERCISE  XCII.     (Page  261.) 

1  9     50 

l.T=l,-.  2.  .  =  3,  12.^  3.  .=  3,-. 

4.  a;  =  2a,  -2a.  5.  x=±W^.  6.  a-=±l. 

7.  a;=±-.  8.  x=--,  -.  9.  a;=5,   -30. 

5  5     5 

>/35 
2    * 


10.a:=±22A/2.  11.  .r=  ±^^.  12.  .i-=  ± 

15.  x  =  0,   -7.  16.  a;  =  7,  4,-1,-4.    17.  .^=±4,  ±A^23 

,«          -       5    5±V97             ^-          3        7±\/33 
18.  x  =  6,  --,  ^ .  19.  x=-,  2, ^ . 


3±V5     9±\/-83     .^          .    7     ll±V-663 
20.  x  =  — 2— ,  g .    21.  x  =  2,  -, . 

22.  x  =  0,  ^,  3,  -—.  23.  x  =  0,  a,   ^ . 


24..  =  2,i-,^±^.  25..  =  2,-16i. 

26.  i:  =  l,   -^.  27.  ;r=^,  -^.  28.  ;c  =  3,  -3f. 

29.  a;  =  3,  -^.  30.  a:=  ±2.  31.  a:=±-. 

32.  a:  =  4,  J.  33.  x=±2.  34.  a;=±^. 

35.  a;  =  4,   -  J.  36.  .r  =  -l(l  ±  VITTi^). 

4  2« 


2a 
37.  a-±-— r. 
V6 


38.  j  =  ^^^^^).     39.  x  =  b±Vl>'-nb. 


a     la'  -  4 
40.  ar-±26.  "^l-  ^- ±2\a»^'  *^'  """   '  "' 

43.  z-±V^.  44.  a;-±— rr.  46.  a;  =  a,  6. 

V3 
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a-h       (a  +  b)c  ,_  a  +  b       (a-b)c 


2        2\/c*+4  2        2\/c2-4 


a  +  6     a-6    ,^ — J  ,„  a  +  6±V'(«  +  6)''+32a6 

48.  a;  =  — -  ±-^r— Vc*+ 4.  49.  x  = ■^-- . 

2  2c  o 

5  /— 

50.  a;=±-^r.  51.  ar=±V5. 
V3 


nJs' 


52.  a:=±.    -.  53.  r  =  9a,  -a. 


F  ±  ytA/P  +  4a     ,         ,  a      Va«  +  46 

54.  a:= ^ where  «=  -  -  ± ^r . 

2  2  J 


55.  a:  = ^^ .  56.  .r=55±24v5. 

57.  .c=-^(l:fV5).  58.  a:  =  0,5?a. 
2  Go 

59.  a;  =  2-\/3,  2(^3-2).  60.  x=\{-\±y/h). 


EXERCISE  XCIII.     (Page  276.) 

1.  a;=10,  30;  2.  x  =  4,  9;        ,  3.  a;  =  50,  -5; 

y  =  30,  10.                    y  =  9,  4.  y  =  5,  -50. 

4.  a;=25,  4;  6.  a:=12,  6;  6.  a;=18,  -3; 

v/  =  4,  25.                      2/  =  6,  12.  y  =  3,  -18. 

7.  a;=10,  2;  8.  x  =  20,  -6;  9.  a;  =  49,  9; 

y  =  2,  10.                      2/  =  6,  -20.  2/  =  9,  40. 

10.  a;=13,  -3;                              11.  a:=  -  ^(5±V265), 


2/  =  3.  -13. 


35±\/265 

y=    24    • 


12.  .  =  4,   -1^2;     13.  .  =  6,-^;  U.^^-^M^^, 


^^^  ANSWERS. 

15.  x=3,  3;         16.  x=-l±^^ 


y  =  3,  3. 


10.  a;=  -,  -• 
2'  3' 

_1     1 

^     3'  2* 


2/  = 


42        '     ^^-  *=4'  2; 
9±\/l77  2^=2,4. 


EXERCISE  XCIV.    (Page  270.) 

1.  a:=±6f,    ±3;  2.   x=  ±5^^^ 

52  \/7' 

y=±y.  ±5.  .- 

N  ^  V'2 

1  /2"  9 

5.  a:=±3Vj,  ±4;       .  6.  x=±2,    ±V2; 

y=±V3,  ±5.^  y^±4^   ^3^^ 

7.  a:=±3,   ±5^1;         8.  a:=±3,         9.  a.=  ±2,  ±2fJ; 
/I-  3'=±4-  y=±3,   ±2,1$,. 

10.a:=±3.  11.  .=  ±7.        12  .=  ±6,   ±J[; 

y=±5.  iii^Jg-' 

13.  «-±6,         14.  x^±l,    ±1^;      15.  a;=4,  -3: 

y-±6.  V2         y„3  _,; 

y-±2,  ±-l=- 

V2 
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46  10    |~T 

16.  a;=±6,          17.  a;=  ±2,    ±y;  18.  a;=  ±2,  ±— ^-^  ; 

y=^^'                 5  1-3- 

2/=±5,   ±^.  y=±i,  ±6^--. 

85  5 

19.  £B=±12,  ±9;    20.  x=±4,  ±— ;  21.  x=±— ^,   ±7; 

.=  ±9,  ±12.                              f^  v/2 

2/=±9,     ±-g.  y=±_^_,      ±2. 

22.  a;=±8,    ±2;      23.  a;=±6,  24.  a;=±3v/3,   ±4; 

2/=  ±2,   ±8.             y=±2.  y=±V^3,   ±5. 

25.  a;=±4,  ±2;      26.  a;=±3\/2;  27.  .x-  =  0,  15; 

y=±2,  ±4.              y=±V2.  y  =  ^>  45. 

28.  a;  =  3,  4,    -6±2\/6; 
y  =  4,  3,    -  6^:2^/6. 


EXERCISE  XCV.     (Page  273.) 

1.  10,  11,  12.      2.  3,  4.  3.  1,  2,  3.           4.  12. 

5.  31^  cents.       6.  $11.25.  7.  12  pieces.       8.   12  inches. 

9.  121  and  120  yards.  10.  1|  yards. 

11.  30-10^5" and  10\/5"-10.  12.  7  hours  and  5  hours. 

13.  5  hours  and  3  hours.  14.  39.                 15.  35. 

16.  78.                 17.  15,20.  18.  5  miles  per  hour.       19.  $80. 

20.  $60.               21.  100  shares.  22.  5  per  cent.    23.  7,5. 

24.  34,43.  25.    ^^{3±V5),   ^(1±V5).      26.  1±V^2. 

27.  16,  10.  28.  9,  12,  15.        "  29.  5,  4. 

30.  SGOOO,  $7000;  7  per  cent,  and  6  per  cent. 

31.  20  barrels  by  A,  16  by  B.     A's  price,  £1   15s.;  B's,  £1    14s. 

32.  12  inches.     33.   12,16,20.    34.  8  and  10ft.   35.    ?     ? 

3    4 

23 
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EXERCISE  XCVI.     (Page  288.) 

aj(6  +  c)  +  6,(c  +  fl)  +  Ci(a  +  6 

(^  a-'c'  J      \     ac     / 

15.  2P=9ac.  16.  a:2_3  =  o.  17.  x^-2mx  +  m*-n^  =  0. 

2 

18.  (aiC-aci)='=(ai6-a5i)(M-*Ci)-      19.  m  =  8.      29.  m  =  6,  -. 

o 

80.  Roots  of  x^(a  +  b  +  cY  +  3x(abc)  +  abc{a  +  b  +  c)  =  0. 

EXERCISE  XCVII.     (Page  294.) 

1.  An  identity y  true  for  any  value  of  x. 

2.  No  value  of  x  caji  satisfy  the  equation ;  it  is  impossible  un- 


3.  X 


less  a  =  6  or  c. 
a  +  b  +  c 


3 

4.  True  for  any  value  of  x. 

5.  Impossible  unless  {in  +  w)(a  +  6)  =  0. 

6.  Impossible  unless  a  +  6  +  c  =  0. 

7.  An  indefinite  number  of  solutions  may  be  given.     One  solu- 

tion is  a:  =  5,  7/  =  10,  «  =  5. 

8.  a:-=  3,  but  y  and  2  are  indeterminate  and  may  have  any  values 

BO  that  2y  +  3z  =  7.     One  solution  is  a:  =  3,  y  —  2,  2  ■■  1. 

9.  Impossible. 

10.  Impossible  unless  m  +  n  +  p=»0,  and  then  an  indefinite  num- 

ber of  solutions  may  be  given. 

11.  The  second  equation  is  simply  the  cube  of  the  first. 
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